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Question 1(a) i
I
For what value of m is the line y = mx + ¢ perpendicular to the tangent I
line of the graph of the function y = vVx2 + 16 at the point (3,5)? i
_________________________________________________________________ |
dy X
— () = =——=
dx Vx2 +16
dy 3
x® =3
1 5
M= — e = ——
3/5 3
_________________________________________________________________ -
I
Question 1(b) !
(122" |
. ' . _ x(1—x
Find f'(V3) if f(x) = (i) i
I
I

1
Inf(x) =Inx + In(1 — x?)? — Eln(l + x?)

f'tx) 1 4x X

f(x) Tx 1-x2 1+x2

_@a- x?)?  4x?(1—x?) B x%(1 — x?)?

PO e T e are
f’(\/§)=2+12——=22—5

Question 2(a)

7l
I
I
I
I
I
2 points A & B start at time t = 0 at the origin and move along the !
positive x-axis with B moving 3 times as fast as A. Let C denote the ]
fixed point (0,1) on the y-axis. Let 6 denote the value of the angle 2LACB :
at any time t later. What is the maximum value of tan 6? I
I

=
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C

”ffi e

Let A be at the point (x,0) at time t. So B is at (3x,0) at time t.

tanf + tan«a tanf + x

3x
T= tan(60 + a) = =

d
a(tanG) =
x =0, x <

Question 2(b)

Find the value of

1—tanftana 1—xtanf
3x —3x%tanf = x +tan @

2x
3x2+1

tan 0 =

23x2+1) — 2x(6x) _ 2(1—3x)(1+V3x)
(3x2+1)2 B (3x2 +1)2

1 d 1 d
— = —(tanf) > 0, x>—=>—(tan0) <0

V3 dx V3 o dx

~ maxoftan g =

x—-37t |3——x|

1

1

1

1

1

1

1

I
x [V +9dt :
1

1

1

1
-t

x? [[NE+9dt y x? [[NE3+9dt
|3 — x| = x—3
2x [ VE3+9dt + x*Vx3 + 9

x—37t 1
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I
Question 3(a) i
I
. i . Vi5 . ;
Let 6 be the angle in the first quadrant such that sin # = == Find the i
value of |
f”BOsin3xd |
x I
0 VCOSXx :
_______________________________________________________________ I
51
raib
/
9805in3xd 9805in2xd( )
————dx=—| ———d(cosx
o Vcosx o Vvcosx
= —80] — (cosx)zd(cosx)
o Vcosx
2 517
= —-80 [Zx/cos X — < (cos x)i]
0
= 49
______________________________________________________________ -
I
Question 3(b) ]
I
I
Let x > 1. Find I
ok |
Inx (Inx)? x :
_______________________________________________________________ I
[ Gor =) = [t~ [ e
Inx (Inx)? = ™ (In x)? x
x +f L1 f L
" Inx x(lnx)zx x (Inx)? *
=i+c
Inx
_________________________________________________________________ =

Question 4(a)

I
|
I
I
|
By using the Ratio Test, or otherwise, determine whether the series :
6" (n!)> |

I

I

I

|

I

I

I

|

|

— (2n)!

n

is convergent or divergent. Show clearly all your steps.
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i 6" (n+ 11> 2n)! . 6(n+ 1)? 3 .
noves 2n+2)!  6r(nh)?2 noses 2n+2)2n+1) 2 >

-~ the series is divergent.

Question 5(b)

Let

FO =it

Let f(x) = X,-o c,x™ be the Maclaurin series representation for f(x). Find
the value of C3 — C37 + C3g-

e o o S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S S — —
1 1 (o] (o] oo
- X
()_ — _(1_x)zx3nzzx3n_zx3n+l
f x2+x+1 1-—x3
C36 = C312 = 1, C37 = C3.1241 = —1, C3g = C3.1242 = 0

S C36 — C37 + C33 =2

Note: This solution will only be valid for -1 < x < 1.

e T
I I
: Question 6(a) ]
I I
| Let :
| (0 if-1<x<0 |
i f(x)_{1 ifo<x<l. i
I I
| Let f(x) = ag + X, a,cos nmx + )7, b,sinnmx be the Fourier Series |
I representation for f(x). Find the value of a, — ma; + mhs. I
I I
L A
_ 1 (1 dx = 1 Jll d = 1
@ =3) f@dr=3] 1dr=3
1t L sin 3mx1*
as = —f f(x)cos3nxdx = f cos3mx dx = [ ] =
1)_; 0 3 I

cos 5nx]1 2
o 5T

1 (1 _ t
bs = If_lf(x) sin 5tx dx = fo sin 5mx dx = [— =

ull DN

1
ao—na3+nb5=§+
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Question 6(b)

Let f(x) =x(mr—x) for0 < x <m. Let),_; b,sin nmtx be the Fourier Sine
Series which represents f(x). Find the value of the coefficient b;. Give

your answer in terms of m«.

2 T
b =—J x(m — x) sin 3x dx
TJo

T 2 T
=2] xsin3xdx——j x? sin 3x dx
0 T Jy

T 1 2 (™1
= 2[ ——x d(cos 3x) +—J —x2 d(cos 3x)
0o 2 T)y, 3

T

= [-5reos3
= 3XCOS.X'0

71'+[2 in3
g Sin x_0 3 "3,

—[4 3 +4fn'3d
=173 x sin 3x 9nosmx x

[— ——COS 3x

Question 7(a)

2 (" 2
+—f cos 3x dx + [—xz cos Bx]
3 3n

" 2 2 (72 _
—x d(sin 3x)

2 T
——f 2x cos 3x dx
3 J,

Find f(x) which satisfies the differential equation

F'()+ = f() = 8x,

and the initial condition f(1) = 3.

x>0

Inu=2Inx =Inx?

d 2 _83
a(xf)— x

f()=3 = 3=2+4c¢ =

> u=x?
x2f =2x*+¢

c=1
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2x*+1 1
~flx) = = =2x2+ﬁ

Question 7(b)

Solve the differential equation
2yt +xt
=3

!

, y@) =2

1
Zln(u4+1) =Inx+¢ = u*+1=cx*

y*+x* =cx®

y(1)=2 = 16+1=c = c=17

Question 8(a)

Find the general solution of the differential equation
y'—2y +10y = 0.

A2—=22+10=0

2++v4—-40
Azlei&'

~y = e*(cy cos3x + ¢, sin 3x)

Question 8(b)

Solve the differential equation
y'—y=e', y0)=2 = y'(0)=
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—1=0 = A1=+1

General solution,

y=ce*+ce ™

Particular integral,
y = Axe*
y' = Axe* + Ae*
y'" = Axe* + 24e*

1
y'—y=e*¥ = 24e¥=¢e* = AZE

1
y=ce*+ce ™ +§xex

1 1
y' =ce*—ce*+ Exex + Eex

Using y(0) = 2, ¥'(0) = %

Question 9(a)

A tank initially holds 100l of a brine solution containing 20kg of salt.
Starting from time t = 0, fresh water is continuously poured into the
tank at the rate of 5//min, while the well-stirred mixture leaves the tank
continuously at the same rate. Find an expression for the amount (in kg)
of salt in the tank at any time t.

Let Qkg be the amount of salt at time t.

a5  Q

dt 100Q_ 20
dQ— 1dt = 1 = 11:+ EE = ‘%
Q20 ne=-ogptte @=ce

Att=0,wehave Q =20, = ¢=20
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I
- I
Question 9(b) :
I
Find the inverse Laplace transform i
1 I
-1
L [s(sz T 4)]' i
1 _ A 4 Bs +C
s(s2+4) s s2+4
1 1
1=A(s>+4)+Bs?+Cs=(A+B)s?+Cs+44 > A:Z' B:_Z' C=0
'L‘l[ 1 ]_L—1[11 1 s 11 2t
o lsszr ol T las 4sz+4) a4 g
_________________________________________________________________ 4
- I
Question 10(a) !
]
3 I
Given that the Laplace transform of vt is L(Vt) = %\/Es_f. Find the |
]
3
Laplace transform of the function f(t) = tz. |
________________________________________________________________ i
t 2 31t 2 3
\/adu = [—ui] = —t2
,l;) 3 1, 3
t L(vt) 1 5
Ll \/ﬂdul = (Vo) ==ns2
0 S 2
2 3 1 3 3
L(—ﬁ) =—\s2 = L<t2> =—+\ns 2
3 2
_________________________________________________________________ s
. I
Question 10(b) !
I
Find the functions x(t) and y(t) which satisfy |
dx =—-2x+ dy =2 3 :
at KTy g T i
I
and the initial conditions x(0) =1, y(0) = 0. :
I
_________________________________________________________________ -

Taking Laplace transform with L(x) = X, L(y) =Y, we have

L(dx>— 2X+Y
dt)

dy
L(=)=2x-3Y
(dt) 3

{SX —x(0)=-2X+Y
sY —y(0) =2X —-3Y
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{ (s+2)X-Y=1
22X+ (s+3)Y =0

__s+¥3 2.1 11
 s2+45s+4 3s+1 3s+4
v = 2 _ 2 1 2 1
" s2455+4 3s+1 s+ 4
2 1
— _p—t _ p,—4t
X = 3 e+ 3 e
2 2
y =§e—t _56_4t
Solutions provided by : NUS Mathematics Department
Solutions typed by :John Soo Yue Han
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