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Question 1(a) 

Given that � = � + �� + ��  and � = �� − ��,  find the value of ����  at the point 
corresponding to � = �. 
 

 ���� = �������� = 1 + 2� + 5��3�� − 2�  

 � = 1, ���� = 1 + 2 + 53 − 2 = 8 

 

 
Question 1(b) 

Let A be the point (�, �) and B be the point (�, � + �), where � and � are 2 
positive constants. Let P denote a variable point (�, �), where � > �. Find the 
value of x (in terms of � and �) that gives the largest angle ∠ !". 
 

 
 
 
 
 
 
 
 
 
 # = tan'( ) + *� − tan'( )� 

 �#�� = 1
1 + +) + *� ,� −() + *)�� + 11 + )���

)�� 

= − ) + *�� + () + *)� + )�� + )� 

= −() + *)(�� + )�) + )-�� + () + *)�.-�� + () + *)�.(�� + )�)  

= * +/)() + *) − �, +/)() + *) + �,-�� + () + *)�.(�� + )�)  = 0 
 ∴ � = /)() + *) 
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Question2(a) 
The region R in the first quadrant of the xy-plane is bounded by the curve � = ��, the x-axis and the tangent to � = �� at the point (�, �). Find the area of 
R. 
 

 ���� = 3�� 

 )� (1,1), ���� = 3 

 

Equation of tangent at (1,1) is � − 1 = 3(� − 1)    ⇒     � = � + 23  

 

∴ Area, 

4 � + 23 − �(5(
6 �� = 7��6 + 23 � − 34 ��5:6

( = 16 + 23 − 34 = 112 

 

 
Question 2(b) 

A thin rod of 2 unit length is placed on the x-axis from � = � to � = �. Its 
density varies across the length given by the function ;(�) < = + � � ≤ � < �@ − �� � ≤ � ≤ �.A 
 
Find the x-coordinate of the center of gravity of the rod. 
 

 

�̅ = C �D(�)�6 ��C D(�)�6 ��  

= C �(6 + �)(6 �� + C �(9 − 2�)�( ��C 6 + �(6 �� + C 9 − 2��( ��  

= F3�� + 13 �5G6
( + F92 �� − 23 �5G(

�
F6� + 12 ��G6

( + -9� − ��.(�
 

= 7375 
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Question 3(a) 
Find the radius of convergence of the power series 

I (−�)JJ + � (�� + �)JK
JL� . 

 

 

M(−1)NO(P + 2 (5� + 2)NO((−1)NP + 1 (5� + 2)N M = P + 1P + 2 |5� + 2|    ⇒     |5� + 2| 
 |5� + 2| < 1   ⇒     R�— 25T< 15 

 ∴ radius of convergence, 15. 
 

 
Question 3(b) 

Let `(�) = a� − b�a for all � ∈ (�, b). Let 
I �Jdef J�K
JL�  

 

be the Fourier Since Series which represents `(�). Find the value of �� + ��. 
 

 *N = 2g 4 a� − g2a sin P� ��h
6  

= 2g i− 4 +� − g2, sin P�h�
6 �� + 4 +� − g2, sin P�h

h� ��j 
= 2g i1P 4 � − g2

h�
6 �(cos P�) − 1P 4 � − g2h

h� �(cos P�)j 
= 2Pg iF+� − g2, cos P�G6

h� − F+� − g2, cos P�Gh�
h − 4 cos P� ��h�

6 + 4 cos P� ��h
h� j 

= 2Pg kg2 -1 − (−1)N. − 2P sin Pg2 l 
 ∴ *( + *� = 2g (g − 2) 
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Question 4(a) 

Find the distance from the point (�, −�, m) to the line  nop(�) = q̂ + �ŝ + tuv + �w−�q̂ + ŝ − �uvx. 
 

 )p = (2, −1,4) − (1,2,7) = (1, −3, −3) 
 yop = −3ẑ + {̂ − 3|}√3� + 1 + 3� = 1√19 w−3ẑ + {̂ − 3|}x 

 

)p × yop = � ẑ {̂ |}1 −3 −3−3 1 −3� � 1√19T = 1√19 w12ẑ + 12{̂ + 8|}x 

 

∴ distance = �|)p × yop|� = 1√19 /12� + 12� + 8� = �35219  

 

 
Question 4(b) 

Let `(�, �) be a differentiable function of 2 variables such that `(�, �) = ���= 
and 

�`�� (�, �) = m. It was found that if the point Q moved from (�, �) a distance 
0.1 unit towards (�, �), the value of f became 1505. Estimate the value of �`�� (�, �). 
 

 ���� (2,1) = ) 

 

unit vector from (2,1) to (3,0), yop = (3,0) − (2,1)|(3,0) − (2,1)| = 1√2 (1, −1) 

 ���(2,1) = 4 � 1√2T + ) �− 1√2T = 4 − )√2  

 1505 − 1506 ≈ 4 − )√2 (0.1) = 4 − )10√2 

 −10√2 = 4 − ),   
 ∴ ���� (2,1) = ) = 4 + 10√2 
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Question 5(a) 

Find and classify all the critical points of `(�, �) = m�� − ��� − �m − ��. 
 

 �� = 0   ⇒     4� − 4� = 0   ⇒     � = �    ① �� = 0   ⇒     4� − 4�5 = 0   ⇒     � = �5    ② 

 ① = ②, �5 = �   ⇒     � = −1,0,1 
 ∴ (−1, −1), (0,0), (1,1) are the critical points. 
 

critical point ��� ��� ���  ������ − ����  (−1, −1) −4 −12 4 + (0,0) −4 0 4 − (1,1) −4 −12 4 + 

 

∴ (−1, −1) and (1,1) are local maximums. (0,0) is a saddle point. 

 

 
Question 5(b) 
Let k be a positive constant. Evaluate � ������ ���� 
 
where D is the plane region given by � ∶ � ≤ � ≤ �u �f� � ≤ � ≤ ��u 
 

 

� ������ ���� = 4 4 �����(��
6 ����

6 �� 

= 4 -����.6(����
6 �� 

= 4 �� ��� − ���
6 �� 

= 2| 4 �� +� ���,��
6 − 4 ���

6 �� 

= 2| �F�� ���G6
�� − 4 � �����

6 ��� − �12 ���6
��

 

= 2| �2|� − 2| F� ���G6
��� − 2|� = 4|� − 2|� = 2|� 
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Question 6(a) 
Evaluate 4 4 def ��� + �� ��

√� ���
� ��. 

 

 4 4 sin ��5 + 12 �(
√� ��(

6 �� = 4 4 sin ��5 + 12 ���
6 ��(

6 �� 

                                         = 4 �� sin ��5 + 12 �(
6 �� 

                                     = 7− 23 cos ��5 + 12 �:6
(
 

                               = 23 �cos 12 − cos 1T 

 
 

 
Question 6(b) 
Evaluate � |�|� �����  
 
where D is the spherical ball of radius 2 centered at the origin. 
 

 
Using spherical coordinates, 

���¡� = ¢£ sin ¤ cos #£ sin ¤ sin #£ cos # ¥ , �����¡ = £� sin ¤ �£ �¤ �# 

 � |�|� �� �� �¡ = 4 4 4 £ sin ¤ |cos #|£� sin ¤ �£ �¤ �#�
6

h
6

�h
6  

= 4 £5�
6 �£ 4 sin� ¤h

6 �¤ 4 |cos #|�h
6 �# 

= 4 �14 £��6
� 4 1 − cos 2¤2h

6 �¤ 4 cos #h�
6 �# 

= 4 × g2 × 4 = 8g 
 

 
Question 7(a) 

A force given by the vector field ¦oop = (� +  )q̂ + (� + �� )ŝ + (� + ��)uv moves a 
particle from point !(�, �, �) to point §(�, �, �). Find the work done by ¦oop. 
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 ¨©ooooop, £p(�) = (�, 2�, 3�), 0 ≤ � ≤ 1 
 

∴ Work done, 4 ª-£p(�). ∙ £p¬(�)(
6 �� = 4 36�� + 10�(

6 �� = 17 

 

 
Question 7(b) 
Evaluate the line integral 4 +­f /� + �� − ��, �� + +�� + /� − def� �, ��®  

 
where C is the boundary with positive orientation of the region between the 

circles �� + �� = � and �� + �� = m. 
 

 

Let D be the region between �� + �� = 1 and �� + �� = 4. Applying Green’s Theorem, we 
have 4 +ln /1 + �� − �5, �� + +�5 + /1 − sin5 �, �� = � 3�� + 3��° �� ��±  

= 3 4 4 £5�
( �£�h

6 �# 

= 6g �14 £��(
�
 

= 45g2  

 

 
Question 8(a) 

Evaluate ∬ ¦ ∙ �³³  where ¦ = ��q̂ + ��ŝ +  uv  and S is the portion of the plane � + � +   − � = � in the first octant. The orientation of S is given by the upward 
normal vector. 
 

 ¡ = 1 − � − � 
 
Parametric representation of S, £p(y, ´) = yẑ + ´{̂ + (1 − y − ´)|} 
 £p� = ẑ − |}, £pµ = {̂ − |} 
 

£p� × £pµ = �ẑ {̂ |}1 0 −10 1 −1� = ẑ + {̂ + |} 
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 �ª ∙ �¶·  

= � ª ∙ (£p� × £pµ)° �y �´ 

= � ´� + y� + 1 − y − ´° �y �´ 

= 4 4 ´� + y� + 1 − y − ´('µ
6 �y(

6 �´ 

= 4 �´�y + 13 y5 + y − 12 y� − ´y�6
('µ(

6 �´ 

= 4 2´� − ´5 − 2´ + 13 (1 − ´)5 + 1 − 12 (1 − ´)�(
6 �´ 

= �23 ´5 − 14 ´� − ´� + 112 (1 − ´)� + ´ + 16 (1 − ´)5�6
(
 

= 13 

 

 
Question 8(b) 
Using the method of separation of variables, solve the partial differential 
equation �¸� − �¸� = �, 
 

where � > 0 and � > 0. 
 

 y = ¹º 
 �¹¬º − �¹º¬ = 0   ⇒     �¹¬º = �¹º¬   ⇒     � ¹¬¹ = � º¬º = » 

 ¹¬¹ = »� , º¬º = »� 

 ln|¹| = » ln|�| + ), ¹ = |(�¼ ln|º| = » ln|�| + *, º = |��¼ 
 ∴ y = ¹º = |(��)¼ 
 


