MA1506 Examination

Question 1(a)(i)

d 1 [d 1
— In(l —I1 = :
dx n{lnz) = In <daznx) rlnz

Question 1(a)(ii)

dy+ 1 oz
dx xlnxy_lna:'

Inlnz

Integrating factor = el iz = e = In x. Hence,

ylnxr = /—lnx——+C

Inzx

— yle)lne=0 = —+C — (= ——.
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MA1506 Examination

Question 1(b)

dN 1 1
=00ldt = |(—————|dN =dt
N(N — 100) (N ~ 100 N)
— In|N —100| —In|N|=t+C
N — 100
— T = Aet.
N(0) =101 = A =1/101. Therefore,
N-100 1 , 10100
p— N p—
N 0 101 — ¢f
10100
—  N(4.61) = ~ 19579.

101 — %61
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MA1506 Examination

Question 2(a)
For homogeneous solution yy,, solve

MA22A+1=0 = A= —1.
Hence y;, = (Ax + B)e™". For y,, try
y=ue ' = y =ve " —ue"
— ' =u"e™" —2/e™" +ue™".
S0

e ™ —2ule P+ ue F + 2 (u'e_“” — ue_x) +ue ' =qxe "
1
— v =r = u:6x3+C’a}+D.
Thus y = (Az + B)e ™ + sade ™.
y(0)=1 = B=1.

Since

23:13—;1:

1
y = Ae™ — (Ax+1)e™" + ST = cue

y(0)=0 = A—-1=0.
Finally,

1 1
y=(r+1e "+ 63:36_’” =(1+x+ 63:3)6_33.
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Question 2(b)
For homogeneous solution yy,, solve

N4+l=0 = \=+i.

Hence y;, = Acosx + Bsinx.
Wronskian W = cos* z — (— sin

: sin
u = — [ sinzsecr = — = In(cos x)
COS T

vo= /Cos:csecx:/lzx.

Hence y = Acosx + Bsinx + In(cos x) cosx + x sin .
y0)=1 = A=1.

2x) =1, s0

/ . . .
y = —sinz+ B cos x—In(cos x) sin x —tan x cos x+sin x+x cos .

y'(0) =1 = 1= B. Hence

y = cosx +sinz + In(cos x) cosx + xsin x.
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MA1506 Examination

Question 3(a)(i)

T . .
O<az<§ — (<shr<]l] — O0<7mwsinz < .

. . T
hence cos(msinz) =0 = Tsing = o = z=

(=5)

. . 77
= —sin(rsinz)mcos z|,—x (:U — —)

6
_ sin(ﬁ(%))ﬁ COS(%) (:U — %)

E.
Using Taylor’s theorem,

. d .
T ~ — cos(msinx)

dx

_T
T=%

2 6
Set
T V3
=X — —= ~ ——T
(Y G (Y 5 Y
Hence x = § is a stable equilibrium.

Question 3(a)(ii)

[V 3
w %W@ 1.65.
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Question 3(b)
Before the pirates,

N — Ne(B—D)t
ON = NP P — B D= 1—151112.
After the pirates,
N = Ne(B-D)t
%N:Ne(é—fmo . B—D:—%IHQ

1
—> 0.00B —1.5D = —1—Oln 2.

Solving for B,
1
L5B = 0.05B = 2(15In2) = B~ 0.0936.

or B ~ 9.56%.
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Question 4(a)

B =0.1, Ny = 200,000 = s =0.1/200000 =5 x 10"

Hence,

dN

— = BN -sN*—F
dt

— 0.1N — 5 x 107"N? — 3000.

Since B?/4s = BN, /4 = 5000 > E, we have two equilibriums
given by the roots of BN —sN? — E. Solving, this quadratic gives
us two roots, 81 /& 36754 (unstable) and (G ~ 163246 (stable).

Limiting population is then ~ 163246.

40



MA1506 Examination

Question 4(b)
dN
= 0.001N (100 — (N — 100)?)
— —0.00LN(N — 90)(N — 110).
The curve F(N) = %Y has 3 roots, giving us 3 equilibriums.

N = 90 is an unstable equilibrium while N = 110 is stable.

(i) A =90
(ii) If N > 110 then N — 110.
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MA1506 Examination

Question 5(a)
Apply Laplace transform to get,

L{y") = s°Y = sy(0) —y'(0) = Y — s
Lly) =Y
L(0.55(t — 27)) = 0.5¢ ™,

Hence

s, 0.5~
s2+1  s2+1
Since L(f(t — a)u(t — a)) = e *F(s) and L(sint) = -

32+17

(s 4+ 1)Y =5 +0.5e % —= Y =

1
y =L 1Y) =cost + 5 sin(t — 2m)u(t — 2m).
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Question 5(b)
Completing the square,

6—77'8 6—77'8

s2+25+5 (s+12+22

Using s-shifting,

L(e 'sin2t) = .
(e™"sin 2t) EESIEE:

Using t-shifting, L(f(t — a)u(t — a)) = e”*F(s), we have

L_l 6—71'3 _
s24+2s5+5

L_l e—7r$
s2+2s+5H

e~ gin(2(t — m))u(t — )

s
e 4.

O~ DN~

_5
=%
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MA1506

Question 6(a)

) |

O O —H NN
O — O — — O
— O O A O O

|
|
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Question 6(b)

R—-RF—RS—R 0.3 0.7 0.5
M=| R—-F F—-F S—F |=10402 02
R—S F—-S§S S— S 0.3 0.1 0.3
0.3 0.7 0.5 0.3 0.7 0.5 0.52 0.4 0.44
M? = | 04 02 02 04 02 02 | =1 026 034 0.3
0.3 0.1 0.3 0.3 0.1 0.3 0.22 0.26 0.26
0.52 0.4 0.44 0.3 0.7 0.5
M3 = | 026 0.34 0.3 0.4 0.2 0.2

0.22 0.26 0.26 0.3 0.1 0.3

0.448 0.448 0.472
= 0.304 0.28 0.288
0.248 0.232 0.24

Answer = (0.28.
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MA1506 Examination

Question 7(a)
Rotate -30°, shear 45° parallel to x-axis, then rotate 30°.

cos 30 —sin 30 1 tan4b cos 30 sin 30
sin 30  cos 30 0 1 —sin 30 cos 30

V3 o1 11 V3ol

_ 2 2 2 2

V3 01) 1 V3

2 2 2
( V3

T:
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Question 7(b)

1 —A 2

det(A—)\])—‘ 5 9

o

= MN+A-6=0

A =2,
—1 2 1 0
(2 2) () -() = o=
So )
! L2/t
re(hy) = res(id)
Hence
s (11 24 -1
4= -2 3 5\2 1
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MA1506

Question 8(a)

=)

Trace = —1, Det = —4 = Saddle.

(:7)

Trace = 2, Det = 16 > 0

Tr? - 4Det = —60 < 0 = Spiral Source.

2 1
1 2
Trace =4, Det =3 > 0

Tr? - 4Det = 4 > 0 = Nodal Source.

(< 70)

Trace = 0, Det =16 > 0
Tr? - 4Det = —64 < 0 = Centre.
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Question 8(b)
Let P, S be the number of Persians and Spartans respectively.

dP 15 15

b _ _p_lLig 1 _BN /P
dt 2 2

p- e = (3 70)(8)

dt
Since det < 0,we have a saddle.
—1-) =2 15
2 — 2 _— =
53
= A=——, -
2" 2

The corresponding eigenvectors are

()

Using the first eigenvector, we see that as long as .S > 10000, the
solution curve will intersect the vertical axis where P = 0.
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