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a) 
������ + 9� = sec 3
 
��
����� ��������, �� + 9 = 0   ⇒     � = ±3� 
�� =  cos 3
 + " sin 3
 �% = � cos 3
 + & sin 3
 
' cos 3
 sin 3
−3 sin 3
 3 cos 3
' = 3 
� = − 13 * sin 3
 sec 3
 +
 = 19 ln|cos 3
| , & = 13 * cos 3
 sec 3
 +
 = 13 
 
� = �� + �% =  cos 3
 + " sin 3
 + 19 cos 3
 .ln|cos 3
|/ + 13 
 sin 3
 
�.0/ = 0, �0.0/ = 3   ⇒      = 2, " = 1 
 

∴ � = 32 + 19 ln|cos 3
|4 cos 3
 + 31 + 13 
4 sin 3
 
 

b) 5.�/ = 56�7.9: = 250�7.9: 
i) 5.3/ = 250�7.< ≈ 615 
ii) 

�?�: = 0.35 − 0.0015� − 20 
iii) 

�?�: = −0.001.5� − 3005 + 20000/ = −0.001.5 − 100/.5 − 200/ 
Equilibrium at 100 (unstable), 200(stable). 
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In the long run, 

 

a) 
9@.@AB/C = 9.@AB/D9.@AB/C

S-shifting, EDB
 

b) 
 + F
 = 0   ⇒
G����+ = 2H√F =

J + H�
 = −5K
Apply Laplace Transform,

L�M − L
.0/ − 

M = − 5�DB7@

L� + H� +
t-shifting, 


.�/ = − 5H �.�
 � � = 12.5,
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In the long run, 5.�/ → 200 the stable equilibrium.

 

/ 9/ = 9.@AB/O − 9.@AB/C 
B P 9@.@AB/CQ = 9� ���D: − B� �9�D: =

⇒     
J = −R�
,    R� = F 
= 2   ⇒     F = H� 
K.� − 10/, 
.0/ = 2, 
S

Apply Laplace Transform, / 
S .0/ + H�M = −5�DB7@ 
+ 2LL� + H� 

. − 10/ sin.� − 10/H + 2 cos H�
�.� − 10/ = 1 
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2] 

 

the stable equilibrium. 

 

= B� ��.3 − �/�D: 

S .0/ = 0 

H� 
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∴ 
.12.5/ = − 5H sin 2.5H + 2 cos 12.5H = − 5H 
 

 

 

i) T = ������ ��������U    0.8    0.3    0.2    0.7    X       �������������� 
 

ii) det.T − �[/ = '0.8 − � 0.30.2 0.7 − �' = .� − 1/.� − 0.5/ = 0 
� = 1, 
U −0.2 0.30.2 −0.3X U
�X = 0   ⇒     U
�X = U32X 
� = 0.5, 
U 0.3 0.30.2 0.2X U
�X = 0   ⇒     U
�X = U 1−1X 
 

 

iii) G = U 3 12 −1X    ⇒     GDB = BD9D� U −1 −1−2 3 X = B\ U 1 12 −3X 
T = 15 U 3 12 −1X U1 00 0.5X U 1 12 −3X 
 

iv) In the long run, 60% will be enrolled. 

T] = G^]GDB → G U1 00 0X GDB = 15 U 3 12 −1X U1 00 0X U 1 12 −3X = U0.6 0.60.4 0.4X 
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i) `.
/ = −2GK U
 − a�X − GK.
 − E/ 
 

ii) Apply Laplace transform with �.0/ = 0, �0.0/ = 0, 
�00.0/ = − 2GEb[ , �000.0/ = 3Gb[  
Lcd − L9 ∙ 0 − L� ∙ 0 − L 3− 2GEb[ 4 − 3Gb[ = − 2Gb[ �Da�@ − Gb[ �Da@ 
d = Gb[ 3 3Lc − 2EL9 − 2Lc �Da�@ − GLc �Da@4 
�.
/ = Gb[ .12 
9 − E
� − 13 3
 − E249 � 3
 − E24 − 16 .
 − E/9�.
 − E/ 
 

iii) 
 = Bc , � U
 − a�X = �.
 − E/ = 0 
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� 3E44 = Gb[ f12 31449 − E 3E44�g = − 7GE9
128b[ 

 

iv) E = 4, G = 3, 
 = 9ac = 3, �.
 − E/ = 0, � U
 − a�X = 1 
�.3/ = 3b[ h12 ∙ 39 − 4 ∙ 3� − 13 .3 − 2/�i = − 1372b[ 

 

 

 

a) Bernoulli form, +�+
 + � cot 
 = �� sin9 
 , � UH2X = 1 
& = 1��    ⇒     &0 = − 2�0

�9  
&0 − 2& cot 
 = −2 sin9 
 
�D� jklm �mno ��� = �D� po mno � = csc� 
 &sin� 
 = * −2 sin 
 +
 = 2 cos 
 + q  
1�� = & = 2 cos 
 sin� 
 + q sin� 
 


 = H2 , q = 1 
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∴ � = 1sin 
 √2 cos 
 + 1 
 

b) .[ − r/ sbtGu = s30105 u  `ℎ��� 
[ − r = s 0.6 −0.3 −0.6−0.2 1 −0.2−0.3 −0.3 0.6 u 
det.[ − r/ = 0.6.0.54/ + 0.3.−0.18/ − 0.6.0.36/ = 0.054 

.[ − r/DB = 10.054 s0.54 0.18 0.360.36 0.18 0.270.66 0.24 0.54uw =
x
yy
z10 406 1109103 103 409406 5 10 {

||
}
 

 

∴ sbtGu = .[ − r/DB s30105 u ≈ s427.8155.6300 u 
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a)  

i) M = U 5 2−13 −5X 
r� M = 0, det M = 1, r��M − 4 det M < 0   ⇒     ������ 
 

ii)  = U 1 1−2 −3X 
M =  " DB    ⇒     " =  DBM  
" = U 3 1−2 −1X U 5 2−13 −5X U 1 1−2 −3X = U0 −11 0 X 
 

iii) ��� = �������
 

=  ��� DB 
= U 1 1−2 −3X Ucos � − sin �sin � cos � X U 3 1−2 −1X 
= Ucos � + 5 sin � 2 sin �−13 sin � cos � − 5 sin �X 

 

b) Let M�, M� be the amount of salt in tanks A & B. ++� 3M�M�4 = 1100 U−3 21 −2X 3M�M�4 
For simplicity, we ignore the factor 

BB77 , the 
phase diagrams remain the same. 

T = U−3 21 −2X , r� T = −5, det T = 4 
r�� T − 4 det T > 0   ⇒     ��+�� L��F 
'−3 − � 21 −2 − �' = .� + 1/.� + 4/ = 0   ⇒     � = −1, −4 
� = −1, 
U−2 21 −1X U
�X = 0   ⇒     �����&�q��� U11X 
� = −1, 
U1 21 2X U
�X = 0   ⇒     �����&�q��� U 2−1X 
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 M�.�/ > M�.�/ 
Since trajectories never cross, M�.�/ > M�.�/ for ∀� until M� = M� = 0. 
 

 


