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MA1506 Examination

Question 1 (a) [5 marks]

The intensity, I, of light at a depth of x meters below the surface of the
Singapore River satisfies the differential equation

dI

dx
= (−0.9) I.

Find the distance below the surface, correct to two decimal places in meters,
at which the intensity of light is equal to half the intensity at the surface.

Answer 1(a)

(Show your working below and on the next page.)
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(More working space for Question 1(a))
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Question 1 (b) [5 marks]

Romeo was standing directly below Juliet’s balcony. He threw a stone
vertically upwards at a velocity of 20m/s. To his horror, T seconds after
he threw the stone, Juliet stuck her head out of the balcony and the stone
hit her on the face on its way up. Luckily for Juliet (and so also for Romeo),
at the moment of impact the velocity of the stone was zero. Find the value
of T correct to two decimal places, based on the following assumptions: the
stone’s mass is 0.3kg, the gravitational constant g equals to 9.8m/s2 and
the value of the air resistance at any time equals to 0.3v Newtons where v
is the value of the velocity of the stone at that time measured in m/s.

Answer
1(b)

(Show your working below and on the next page.)
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(More working space for Question 1(b))
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Question 2 (a) [5 marks]

(i) Find the general solution of the differential equation

y′′ − y′ − 2y = 0.

(ii) Find the general solution of the differential equation

y′′ − 2y′ + y = 0.

Answer
2(a)(i)

Answer
2(a)(ii)

(Show your working below and on the next page.)
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(More working space for Question 2(a))
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Question 2 (b) [5 marks]

The growth of the population in Singapore follows a logistic model with
a birth rate per capita of 1.16% per year. Currently the population in
Singapore has reached its logistic equilibrium of four millions. The Singa-
pore government has decided to allow a constant number, E, of foreigners
to settle down in Singapore each year so as to reach a target equilibrium
population of six millions. Find the exact value of E.

Answer
2(b)

(Show your working below and on the next page.)

8



MA1506 Examination

(More working space for Question 2(b))
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Question 3 (a) [5 marks]

A circus clown tries to balance a pendulum at its unstable equilibrium
point. At the start of the performance, the pendulum is slightly away
from its unstable equilibrium and it is initially at rest. The length of the
pendulum is L = 39.2 cm, and the clown’s skill is such that he can stop
the pendulum from falling provided that the angular deviation from the
unstable equilibrium position does not exceed three times the initial value.
Estimate the speed of his reflexes. Give your answer in seconds correct
to two decimal places. Assumption: the gravitational constant g equals to
9.8m/s2.
(Hint: You may want to use the fact that the angular deviation from the
unstable equilibrium position, φ, at any time t, satisfies the differential

equation
··
φ = g

Lφ.)

Answer 3(a)

(Show your working below and on the next page.)

10



MA1506 Examination

(More working space for Question 3(a))
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Question 3 (b) [5 marks]

Let x (t) be the solution of the initial value problem

dx

dt
= x sinh

(
100− 30x+ 2x2) , and x (0) = k.

(i) If k = 9, find the exact value of lim
t→∞

x (t).

(ii) If k = 10, find the exact value of lim
t→∞

x (t).

Answer
3(b)(i)

Answer
3(b)(ii)

(Show your working below and on the next page.)
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(More working space for Question 3(b))
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Question 4 (a) [5 marks]

A horizontal spring system has one end of the spring fixed to a vertical
wall and a weight attached at the other end. The weight lies on a perfectly
smooth horizontal floor. The system is initially at rest and it is then set into
a small oscillation about its equilibrium position. At time t = π

4 seconds
the weight is suddenly struck with a hard blow in a direction parallel to
the spring. If x measures the displacement of the weight from the
equilibrium position at any time t, then it is found that the system
can be modelled by the initial value problem

x′′ + x = Aδ
(
t− π

4

)
, x (0) = 1 and x′ (0) = −1,

where δ is the Dirac delta function. Find the exact value of A if it is

known that x (t) = 0 for all t > π
4 .

Answer 4(a)

(Show your working below and on the next page.)
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(More working space for Question 4(a))
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Question 4 (b) [5 marks]

An RLC circuit consists of an inductor of inductance 1 henry, a resistor
of resistance 2 ohms, a capacitor of capacitance 1 farad, a switch and a
battery of voltage 3 volts connected in series. At time t = 0, the switch
is in the open position and there is no electric current in the circuit. The
switch is then immediately turned on and stays on until at time t = 1
when it is turned off. It is known that the electric current I at any time t
satisfies the initial value problem

dI

dt
+ 2I +

∫ t

0
I (u) du = 3 [1− u (t− 1)] , I (0) = 0,

where u is the unit step function. Find an exact expression for the
current I at any time t.
(Hint: You may want to use the formula L

(∫ t

0 I (u) du
)

= 1
sL (I (t)), where

L denotes the Laplace transform.)

Answer
4(b)

(Show your working below and on the next page.)
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(More working space for Question 4(b))
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Question 5 (a) [5 marks]

Suppose you take a piece of rubber in two dimensions and shear it parallel
to the x axis by 30 degrees, and then shear it parallel to the x axis again
by 30 degrees. It is known that the result is the same if you just shear it
parallel to the x axis once by an angle θ. Find the value of θ. Give your
answer in degrees correct to the nearest degree.

Answer 5(a)

(Show your working below and on the next page.)
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(More working space for Question 5(a))
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Question 5 (b) [5 marks]

Let rn and wn denote the number of rabbits and weasels respec-
tively after n years. Suppose that(

rn+1

wn+1

)
=

(
4 −2
1 1

)(
rn
wn

)
and r0 = 100, w0 = 10. Find the exact value of lim

n→∞
rn
wn

.

(Hint: You may use the fact that the eigenvalues of

(
4 −2

1 1

)
are 2 and 3. The corresponding eigenvectors are

(
1

1

)
and

(
2

1

)
respectively.)

Answer
5(b)

(Show your working below and on the next page.)
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(More working space for Question 5(b))
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Question 6 (a) [5 marks]

The billionaire engineer, Ms. Tan Ah Lian, credits her enormous success
to the fact that she never talked and she always paid attention in her
classes at NUS. One day she learned Markov Chains in MA1506. Using
that knowledge, she classifies a day as a Down day if the Straits Times
Index drops more than 10 points, an Ordinary day if it stays within a 10
points range from the previous closing, and a Good day if it goes up by
more than 10 points. She observes that, if today is a Down day, then the
probability that tomorrow will be a Down day and the probability that
tomorrow will be an Ordinary day are 0.5 and 0.3 respectively. If today
is an Ordinary day, then the probability that tomorrow will be Down day
and the probability that tomorrow will be an Ordinary day are 0.3 and 0.5
respectively. If today is a Good day, then the probability that tomorrow
will be a Down day and the probability that tomorrow will be an Ordinary
day are 0.2 and 0.5 respectively. Based on her observations, she constructed
a Markov matrix which she called a DOG matrix for the events: D (down
day), O (ordinary day) and G (good day). She used her DOG matrix to
play the stock market and made her first million dollars. The rest, as they
say, is history. Use Tan Ah Lian’s DOG matrix to answer the following
two questions. Give exact values for your answers.
(i) If today, a Tuesday, is an Ordinary day, find the probability that two
days later, a Thursday, is a Down day.
(ii) If today, a Tuesday, is a Good day, find the probability that three days
later, a Friday, is also a Good day.

Answer
6(a)(i)

Answer
6(a)(ii)

(Show your working below and on the next page.)
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(More working space for Question 6(a))
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Question 6 (b) [5 marks]

Let A be a 4 × 4 matrix with entries from 1 to 16 such that each
number is used exactly once and that A is a 4 × 4 magic square,
that is, all rows, all columns, and the two diagonals have the same sum.
Let λ1, λ2, λ3, λ4 denote the four eigenvalues of A. Find the exact
value of λ1 + λ2 + λ3 + λ4.

Answer
6(b)

(Show your working below and on the next page.)

24



MA1506 Examination

(More working space for Question 6(b))
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Question 7 (a) [5 marks]

(i) Solve the following system of differential equations:{
dx
dt = 7x− 12y
dy
dt = 4x− 7y

with x (0) = 1 and y (0) = 1.

(Hint: You may use the fact that the eigenvalues of

(
7 −12

4 −7

)
are

1 and −1. The corresponding eigenvectors are

(
2

1

)
and

(
3

2

)
respectively.)

(ii) Classify the following system of differential equations (that is,
say whether it represents a nodal source, nodal sink, saddle, spiral
source, spiral sink, or centre.){

dx
dt = x− 4y

dy
dt = 3x− 5y

Answer
7(a)(i)

Answer
7(a)(ii)

(Show your working below and on the next page.)
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(More working space for Question 7(a))
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Question 7 (b) [5 marks]

Two kinds of bacteria A and B are fighting with each other. They can
reproduce themselves at a certain birth rate per capita and they are also
killing each other at a rate proportional to the other kind at any instant.
Suppose that we model this situation using the system of ordinary differ-
ential equations {

dx
dt = 3x− y

dy
dt = −2x+ 2y

where x and y denote the number of bacteria A and bacteria B respectively
at any time t. At time t = 0, there are 100 bacteria A fighting against k
bacteria B. What is the maximum positive integer N that k must be less
than (i.e. k < N) in order that all bacteria B will eventually be killed.

Answer
7(b)

(Show your working and drawing below and on the next page.)
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(More working space for Question 7(b))
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Question 8 (a) [5 marks]

Find the solution u (x, y) of the partial differential equation

uxx − 2ux − 3u = 0

which satisfies u (0, y) = 2y and ux (0, y) = 2y − 4 sin y.

Answer 8(a)

(Show your working below and on the next page.)
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(More working space for Question 8(a))
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Question 8 (b) [5 marks]

Using the method of separation of variables, find the solution u (x, y) of
the partial differential equation

xux = uy, x > 0,

which satisfies u (1, 0) = 9 and u (2, 0) = 36.

Answer
8(b)

(Show your working below and on the next page.)
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(More working space for Question 8(b))

END OF PAPER
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