Noether’s Theorem
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Review of Logeangian Mechanics

The congesvation laws are clog reloted to s mme{t?j
understand “Bhat, let's start from classical mechanics and
teviewo the Lograngian foemalism .

Recall calculus of voriation :
Suppose we wonst to optimise o Tnctional

S = fdt L(t, g6, 360)

Then, amund the stotionany point:

O =
fdt (—‘QL 8 « 2k 53
23 3 29

we use ‘in‘tzgm:txoh b po.rds

L “dt( 5) ~ 3¢ az)gi

i—g—sc}fbw - /d‘t 8;[ )]

Yor gxed bou.ndo/HI Sﬁ.lbu,\do,\\j = O

I

| €&———

So, r 83 =0 % all choices of 83 . we must hove
d =
dt ( 29 T 29

Tusns out, Newton's eguation can be Cast as a problem f3r
cleslus of voriation. Tn 1D, Newton's equation :

dp - _ 2V
de 2%

where V(=) is the potantial enagy e o congesvortive force
et d /a2

df m%) = e CA\/)

d ) .

*(GEEm) = 56

T we take
L = "L’m';tl— V(") 2 —— L%fmgl*an
then d (

is the Newton's e%ua‘b(m. We call
S[@L@ 56)] = f dt L(t 3.300)

action . Sinceg action 18 just o number, & does not mattes what
CoordiinoT2 system we choete o fepresent L, so we speak of
3e;\era\,tsed coordinattes (£ .

Noether's Theoten

Noethes's theprem Stotes thot e every Continuous gymmetsy
there is & cbvrespondmg congesrved %ﬂﬂn“'«d}_ﬂ[ . To view this
phystcally - Consides gn optimited path F0t). 5§ we pesturb the

poth slghtly by &g, sinee $Lt)
8% s optimised, we must have
e &% =0
)
> cound the optimised peth,
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7© &8 =0
<)
E; oound the optimised  peith,

P

By symmety, we mean thoat the toncthemotion leaves the
dg#\&ﬂﬁcs aond 8ystem unchanged. This meone that we

must have o
Ll = [g'ce]
A6
But since $60
88 =0, ®&
we hove '

sl = & « lywl - $p

-ve bbecouse @ Should go
the other direction

It Hollows -that some %mia o = S® s conserved.

TheeSore . i§ there is o continuous symmety » there is a

Congerved guontity. This i¢ Noether's -“theprem

Ple! We talk of continuous Symmetyy becouse we avestigated
diffesetial changes. This dpes not work $or discrete symmertyy .

I¥ we Consider ‘the fonsformation as chonging the Degtoning
ond end pants of gfe) 1n %, we see fver obove

aL - 0

2k | boundany
Since ——;\: = p = momentum,

we hove
P?r\‘f\'jo‘, = P'Pma\, :

Trons laction ngme’_b}j leads +to congervotion of momentum

Pls: We see that by Uonslating the boundoy ponts . we
chonge the OCtion by P & . Wwe speak of momentum
P os & genefator o tonslation. This (s how we identified
the momestum operator in M

Some  Examples

We, have Just seen ot Tons\ation %Mmew leads to congesvaition
of momentum . We couwld olso deduce it Fom

d (aL\ _ -~ 2L
I \ax 'f[%"o_ax

T \s d saL L
gee .&—(:Ca_;{): % )

o gymmety in geroralises coordincies lexd o conservaition in the
gensratised momentum . For exomple, & g (s rotortional  angle »
then we hove Congesvotion of onsutor momentum .

Whett obout time tonslation gymmety ? GConsider

sb_ oL 3l d3 2L dF

3t 2t 23 dt 35 dt
d 2l 2\ _ 5 d /a2l
3?3333 & o3

d faL , _ = - 2L
= ey ? ") s
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d fak . _ = - 2L
4t (o5 ¢ "> ot

L\ Ths (s because of convestion

L oss independasit on time t, ~e. time tonslation §ymmetyy,
then SL - L s conserved.
25 %

"

T BN R I T
o%

SR I A RV
= -%m*’ ~ V0D

= H, T Hamiltonion

So. time fromslation Summetyy mples thab totol energy i conserved.
Pls: Now You see why the comvention. T ¢s to make swe that
the conserved gquontity ie the enegy

Noether's theorem appies o BM oo In AM, suppose we hove
o gymmetry tonsforemotion W that [(eaves the Homiltonian FH
undnanged:

WaHu =H
Hu = Ut = [wH]=o0
Then, by Heisenberg eguotion o sotion:
Su= 8% . Lyl o
—2 . |
o =0

So, W is consesved.

Fima\{ﬂ, in EM, we Sow thee Is Something called the gouge
SYymmety - the toneformartions

KH’Q;.*-@)A,VHV—%%

whidh leaves B ond B Held unchql\ged» “Thig leods to
Consesveotion of chorge Via the eontinuity efuation

20 .7 -
3¢ T V+J "o
but that s more Mc(ﬂf\emdtlcu\,lﬂ iovolved and the derivation &
lbeyond the, gcope of this medule
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