WKB Approximation
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In Guontum mechanics ,» we do not alwoys get to Sslve
the. &c‘nr’édir\ger otion exacty, ond we need to sowe
them opproximately. One of these powerful opproximation
Methods S the WKB Approximation.
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T NeO changes slow enough ond we can view PO as locally
constant, we mignt Mecognise the differentral eguction
ond quese that, opproximoitely
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Mocthematical Detail

Using the, Ansxty: PCx) ~ es_:crm +8.(%)
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We moteh the terms bd ordes of H:
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Hence UG ~ C, po }’:eﬁf red G /3(70'5 egf ®'plx’)

This s the WKB approximation

Ple: Whot about @ ? @ s importont “or hteher order
Cofrections to OKB approximation ; with the general

pansion 2%x) ~ exp { Té"ﬂ%'ﬁ" S..CRJE >

where we see that t IS on exponsion in ordes f F-
Qnce B & Small, hBher order Coftections will become
Salles .

Pls: The wkB approximation Works for when V<D does not
change much. Tn other words, #0) oscillotes multiple
times before s ampltude chonges appreciably. The
important potat & then when B 18 considered small

LOKB Auontisation Rule.

In the WKB approximertion obove ., thee e a dingulosity ot
the fuwrning points  when E= V0, because af plo .
Mothemettically . whet we ghould do is to bect the 'bwr\\r\'g
pomnt dx??ﬁre;vblg We approximate the fegion oround the
VO turaing pont by o Unecs potential,

E whose solution 18 given by special
linear fnctions called Proy Sonction. e
potential +hen Moatch the coeflcients betweon the

3 fggione ! clagsical fgron , linear

Potmbla\ l‘%g(ol\, ond Sorbidlden regeon. e then Quther

Match the conditions ot both 'burr\‘mg points . end we Sotain
the WKB gquontisation ule.

we will not do t here, because the moth can be quite
involved . Tnsteod; we desive thig b-d cansiden‘rg +he,
Cnumblr\g :&ncb‘(oq
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Relow Eo, thee arg no shotes, €0 N(e<B.) = ©
Subseguently , N(B<s<E&E)=1I

N(E<e<£)=2

and so on. We obsesve that this j¢ just @ Sum of +the

step fnction :
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We can approximate this trace by o classical intggrotion-
Rrst, toce sums over all 8tates, wWhich In classical Mechanics
s on \nteggration over the phose space. But in guortum
Mechanics, because of uncertainty prnciple.s they mut be
cells of size Omth.
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Tn classical opproximattion ; e Smocth over the N(E) fnction
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We notice that at +he eigenvalues, when smoothing the,
tion, ho
stzp foction, we have N(En)—‘= (r)-r—AL'),

Mence, we have the wKB quastisation mule :

(reDws = [“ax [EmCe-vor)

Pls: Compore. this torth the Sommesfeld guantitation rule that
wos guesced at the eorly stoges of guostum theory

b pdx = nh
{%r allowed enegy stotes.
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