Angular Momentum
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There are mony ways to approads angulsr momestum in guontum
medhontes . We will approach this by storting from classical

phﬁs:cs. In clossical mechanics. angulor momestum i
-—

L = F ¥
2oy g
= x Y %
Pxr Py Pz

% (ypy—3p) + G (3pe—xp) +F(7Py-yp=) -

Theefore , in guontum mechonics, we Can constuct the angulor
Momentum operator by

- - -
L = R x®»
whee we obtain These ore %}AOI\'WM
L. = YE§ _ Z% mechonics OPQJ‘(X‘:O".S
x

Ls = ZEx"K?;

L = X'Ed - Y Px
We con check thot they ore hermition :
.‘,
LL =L; Sor c=%Y, 3.
“These opesators do not commute with eadh other. We can
obtoin their commutotion relation ffom the commuctortion relotion

f poston and momentum oprotors. Using the Biastain gummortion
convention (where fepected indices ofe Summed over)-

¢ = ¢l Rj ?k B L‘,J,kE{"’“gJ £} >
where £y is the Levi—Civita Jymbol. Then, the commuctortion
[Le, Lp] = YEUK RJPK ) Spc‘r R%_Er]

= Sijl'{ Eptb,r [ RJ Ek > R3 Pr]

— Konecker delta

Recall - [Rc, PJ] = /b 80‘

[An Bc) » [a,81C + g(a.c]

f

€k Epge ( Re LRI B, Br] + [Ri By, Ry Br )

= k& P = —i'F\Sk%. R;

1)

K € Epge ( Ry B 8jr - Rj Br Skz,)
= (R (R% PK E;_-lk gp‘b{j - RJ' Er géjk E’Pk")

From

€5r Epgm = 8 é{‘jm = &em SJ1
= 'k ('—— Re P Stp + R,:PP + Re B &‘P - Rp.l?f)
= -lﬁ CREEP" RPE()
This Shows that
[lx, 1yl = L3

[La,\q,]:.(ﬁ]_,t Loy = &b €5k Le

[L}, Lw] =i L‘d
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Another compact Sorm 1s
[&:T % L] =lailes ¥ 1]

= arby [ Lo, 153

a:by th €Lk

=|[a-T .8 -T]=ch(@ss)xL

Eigenstatms of angular momentum oparatoC
e con learn a bt about the properties o the angulor
momentum operctor just From their commutation relation.
Frst o% all»

[ [l c—;ut] = [L; Li> Q3 L_',l
= oy (LilLe, 57 4+ Traple)

a5 ( €sk Li L + Egk LkLl) th
L —

it

=0

t <

o .

Therefore , L* Commutes with Lx, Ly, ond Lg.
Recoll thot we need to consbuct common eigenstates usting

commuting vanobles. Suppose
Ala, by = ala,b> and Bla,bYy = blasb>

= AB la,b> = A la,b>b

la,b> ab

I

1§

Bla,bya

\!

BAlca,b> V o,b

AB la,b><asb] = 2. BA |o,b>4a,b]

RS (=31~

AB = Bﬁ% CA;B]:O

Therefore, We con constiuct A common eigenstate using the

operators L* ond Lg, because they commute.

Pls: We could also choose Lx of Ly instead of Lz. The choice
of Ly is by convention and Sor ¢ts convenience when

we use geheical Coordinotes.

Defne the common egenstates 1. m>

2 18, m> = AR —> B becouse % umts

Lz 1Rom> = fim [BmD>

83 definrcion »
LB, ml LX\a my = W <@.mIR,m> =LK

<R ml CLx + Ly +Lz) 1A my

I}

Il

<ol Cla+LGY1AmYy + W%
> © becouse o§ squoied guonty

- [F=]

ThereSore, the Volues o8 m ope bounded
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Next, by observation
[lz, Lyl = ~iflx
Lig, ] = th Ly
=D [Llz, Laxily] = thly ThLx
= tH (lx = ily)

lOhen e obaesve a comm utartion Me\otion of the form

CA, Bl = «B % Alo>y 2lova,

8 2 alwoys a ladder operator :
[a>8] 1ay = (A - BAD la>

(]

17

rBla> A Blay — a Bla>

=2 A(B laY) = (1) (Blan)-
In other words , BlaYis oan ejgenstote of B ond = lat1>.
Therefore > we deSine.
Ly = [xxtily
and tecognise “thot
Le g, m> o< B> me1y
Since Bz2m2 ® ~JF Sm SJF, mis bounded from above

ond fiom below . Suppose the maximum value of m is £.

Then » Ly lﬁ,£> = 0.

Otherwise, we hove L+ (g 2> 18, 2+17, tohich 18 not allowed,
This mecns +thot

D= L_L(p2e>

I

(Lx—iLy)Claxilyd 18, £

n

CLR 15 ~i[Lw, Lyl) 182>
[ —_— L —

==Ly = thly

N €e=———

(-8 - w L) 12>

)

R -L~L gLy,
which implUes

[ = ec2ed. | —O

We fepeat the Same Sor the lower bound. Suppose ‘the min
volwe $or m s K.

O = L_Ila k>

n

Le Lo 18, K>

CLx vilgdUn~ilyd (B K>

)]

(Lx <15 =i [Le1yl) 185>

I

= CleL; +hlg) 1B K>

= (B - K+ R) 18 k>

)

= B kCk-1) ——@

Rnee @B e the 2ame Qe ® and @,
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= ﬁ = kCk-1) —®
Qae B e the game HBe @ and @,
L2(L+) = —~k(C~Kk—+1D

- [F===]

Hence , we hove dsm<L

with g = L£CL+1),

For conventence, we relobel the eigenstote such thot
1 gomy = £CL+DRT [Lom>

(]

]

Ly 12, m7 mh \Lmy

Since the ladder operators Li shifks the values of m by 1,
we }ust have Integer differences between —£ and £:

2/ € zZ — integers.

This meons that £ must be holf integer:

£=O9M’=~D

»

) =
Lok o mand, 2
L:‘,; m= ~(, o0, |

Boch £ has 24+1 volues o8 m. Therefore, the angulas
momertum guontisation rules Gan be cotained just Lrom
the CoOMmmutattion relotions and olee,bm.

For completeness . Y's derive the exact €xpression of
Lelg, m>. Suppcse
Ly Lim> = C L mx1Y

Since Ly = Lt Ly

+
= Ll = L'x:\—'LLH = L;;
then

]2

s |cl?

<bml LxLellom)

—

l From before | Lzle= P13 5%ls

f

<low| (LF-15 FHLz) | 2sm>

W [e(L+d-m* Tm ]

C w J LCL+1) =m Cmz1)

U

Hence ,

Ly | 2:mY = J2c+1) —memz1) 12, my

Pls: Spin~ V2 porticles ore descibed by Pouwli matices.
Recall Tom AM 1L thot the Pauwli mob-ices have the
comm uccation relofon ?

[2-8>8-83] = 2:(ax8)-F

2] = th (axB) - B2 .
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=[a-Zz,.5.22]l =Lz

o
=
‘Thm%&: -é = .R?

y

has the fame Commutotion celotion as ongulos momentum
operotors., Tt Sollows that spins are intiasic
angulor momentol

Addition of Aogulor Momenta

Suppose we have 2 systems Wt angular Momenta .
For gystem 1, we hove -the e[genstotes 8 3% ond Tz,
For system 2, we have the eigenstates of I3 and Tap.
To describe the combined systems of 1 and 2, we con

use the bases : | G md Cjs madY .

However,  we view the 2 Systeme as 1 combined compostte
system, the composite sysmm has its cwn anguos momentum

— -~ —_—
J = J, + Jz .
Using 3 and Tz, +the totol angulor Momentum can alse form
a complete basis

‘J";jn LJ’M7 >
where the volues of possible j and ™M depend on j andjs .
How do the 2 bases relate to each other 7

Consides
33, = 3\} +* K;; >
we have
:rg ‘(juﬁ'h) (j:u‘"h)) = |Qr«'ﬂn) CJ’:;"’;)? (mi+madh

Since. the moximum value of m, ig Jr > ond the maximum
volue of ™My s Jr » € Pollowos that the maximum value of
Mg G ada. Since thee s only one Stode in both bases
wth “the maximum m |, they must be the same

‘C:h md Qi M=)> = l\jl’\jx 5 j"‘d""\i’ > m=\_‘]|*\l2>-
Starting Fom here, we con Constuct j=jixja and
M <jivjz2 state by applying the lowering operctor

J_- = 8- + Ja-

Se.%ucf\‘bia\lﬁ. For examp\e .

T- Wiagasgomy = B G+ -mnm=1) |jisjas3.m7
S T Lings sdveor Jegey = B 2G5 1503s s3i%0s 5 300a =12

(,3\- -+ 3;-) ‘Cj"dl) C\fa 1:):‘)>

(]

1]

® LG Gr0-0p G- 1GudimD Gasgad>

s LG G s (2013 1 13D (o 3am107

> lJ) 7\_')2 3J;+Ja ,jﬁ_];—l) = '/% | (j);\jl—l) Q:;j:)}

+ ’ \j\{i,jz |Cj\’\jl) CJ> Jj>-|)>

This compostte Stote involves 2 states | (hodi=) €G=,3237
and [Cinga) Gas5 =107 5 wohich form o 2D subspace . To make
tt completz , we need the or'thosonol Stote

17y =[5 [ Goj-d Gy = L | Guo) G o3am1DY -
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and |G ida) Wasjp-1)7 , which Yorm o 2D SubsSpoce . lo Make
tt completz; we need the orthqgonol state

|?> = ’7:_:\’;1 l (j);jr-\) (\j:;ja)) - \]% l Gl’J!) Cj> ,j;-l)) .

lohich compostte gtate does this correspond to ? Rince
[ md GarmadY is an eigenstate of Tz,

3-3 ‘7> = C\jl*'\:\:'\D L) l’)>

Since M= Jitja—V con only happen for J=jitja and Jedith-ls
we Must have

\?7 = \\j|;:]= S\]\*J:—l ,\]U\j:—'\}—
We hen continue o apply T- seguertially ond construct

the other atates.

(Dhi\e the descsiption of the procedwe Sounds complicated .
t is clearer t§ we view this pictorally

M,
1 N e first tdentify
\
N N /T e storting point
1 o N at the upper Aght
\\ A corner, to construct
| \\.\ e \j:Jw\jz,M'—ﬂrﬂ‘
M3jia-2 Aok -
[ Then > we oppléj J- %o
. X , , m construct the J‘J\ﬂ‘ >
T T T -T—> 2
Ja Mm=J+ja ~1 state

Notice that 2 points are involued, so thee are 2 degrees
of freedom . Theefore, the State that i€ orthggonal to
J=dikiz > majigja-l Stoie in This M=« -1 sector Mmust
be the j=Jixja =1 5 m3ji+ja~1 stote. Fom the msjis-
fector, we apply JI- agoin and octain the jaji<ia » majig—2
ond \3:\](-\} -1 Ml -2 Stotes . Since there are, 3 points
\n this Sector , the state thot @ ortvogonal <o these 2
constucted stotes must be j=jitja—2 ., m=jitia -2, I§ we
repeat this procedute and tavel down the m values, the
we construct all the [ji-3s3J>mY Stotes in terms of

| Goomd Garmad 7 States.

When do we Stop ? When we exhaust all degrees of freedom
o 1GH-mD GaomadYy. For Giomid s we have CRjit1) Stotes.
Vor Giaumad ;, we have (ja+1) states. In totals we will
have C2jv\D (Ada+1D gtortes.

For the number of states v Gisjs33>mY s for each §s we
have 2«1 different m toftes using the properties o€ J*ond Tp.
Therefore »
NIEARY
€« C24art) = 21 (25+1)

Symin

:J'li E(,j*\)z "“\31]

Jjmin

= Cj:-\]a*l); ~ j::.,
= J(::n = Q(a\-ja«-\)’ - CD\S\+\)()5:+\)

= JPda ®) 2254252 + ja — 4jga -2y~ 2ja ~1
- = W = W T

= 23 ja +3a

G -32>°

Ll

Notes Page 6



jmiﬂ = \_). ~Ja )

becouse Jmin connot be neﬁo:\:ivc..

n sSuMmany » wWe Nowo hove a. pmcedure. ‘o felote
\Qhﬂn) CJ:. m;)} o L_]v;\ja Bj:\\'\> >

ohere . _ - - . .
J a2 5 JiAada~\ o ree 2 13, ~3al|

and . N .
m N IR Bl T e Vx> )

The coe$Siciets a
1223 my = Za VGemd Caomady <Gromd Gaomad)didasdsm>

LUVE P

Clebsch-Gordan coefficienrts
ore well~studied and flouloded . One popesty «f the C-G
coeffcients HUows Immedioctely from owr disScmssion :

<g|,m\> Qx;m:)‘j\ ALEN) MY =0

unless s - s
M= M %My ond |Ji-j=| < § < =

Example : 2 spin-Ya sSystem

Let's apply this to 2 gpn-—Ya System . Frst of all, we
ddertify
[2-25010% = 1(X (%57
We opply I-
Tty s IS (&5
(G010 Hhds 07 = 5 EED ~ 260 (16D (555

DY)

Mok soy = 1 bieb) + 13 i) ]

In our usual notdtion, this is

|41 « 117
S=\ = - —
‘ sMm=07 =
The stote thot s Woeona\ ‘o |S®1, m=0> isS
]S=0;M=°7 - %W .

We opply T- once more:
T 16k ney = 5 3 [l DBy« 1t 4,-H7]
Con only apply to this. pthercwise O
AT [ Es ey s E 2l (B (E-b)

445 = (&) (5-3)7

In summony , we have
£:|>m‘-‘ =l > I‘l’\l>

M=o, (™7 + WAy Trplet stote
J2
m= 1\ > \M>
IND>- (37

L=0, m=0 > —> sSinglet state

J=

as we have leorned in 3uor\-btm mechonics.

Pls: The Clebsch- Gordan coefliciests ove teloted to
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as we have learned in 3\uon-bwn mechonics.

Pls: The Clebsch- Gordan coefliciests ove teloted to
+the, l.Oigner 3j-symbol -
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