Fermi Golden Rule
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Fermi Golden Rule 18 an equation thot descrlbes the
+transttion rote between 2 stotes. Before we derive the
eguotion . we Con cbtain the Form of the ejuation
by using some physical oarguments.

Physical Trbwition

Gonsider a. Hamittonion

‘7'1,':%“"\/)

where V is o small pertusbotion to the unperturbed system
Ho. Suppose the unperturbed system has elgenstates

?‘Lol'ﬂ?: In> En—

We are nterested in the tonsttion probobilty between
different states under the perturbation V. Natwrally, we
ore looking at final states thot are different from the inval
state. Then, ‘he -Hansition probability ampUtude should be
proporticonal to 5 time —evolution operotto—

it it
<ml €FH1n> = <m| g%V 0
_& _x :
~ <l @ e cFV In> PIs: Remembes thot this is not a rigomus
desivottion, put o rough physical apgument
Since V is a small perbusbation »

~ el €T 0> £ <mle REVITIN
T —

Hence> “the tronsition rote is proportional *o:
N & | <21 VInP|*

Also, ff there are more number 0% faal Stotes, there s o higher
chance for tne system to tonsit into the Snal stoke . Therefore,

Tamm & | <@iVin>|® PCEN)

where PCEWD iz the density of States.

Since tonsition Mte 12 probobility per untt time , & has

dimension of
Ynom ~ Cme :

By dimenstonal analysis:
[ <oV in>]" ~ [enegyl® >
(Er) ~ —\
PCEAD Toogq]
we must have
Ynsen ® = <V 107172 (EmD

S dimension [energyl Ctime]

This is exactly the oem o the Fermi Golden Rule, Lohich
States that

Yoom = 2% |<miVin»|* pCEm).

Pls: This tonsition fote was actually mainly due to Dirac,
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Yamm = S |<mivin|? oCEm).

PIS: TThis tonsition roke was actually meinly due to Dirac,
despite “the name

Derivoation Fom Festurbation Theony

To derive the factor 0§ 2T, we need to use perturboction
‘the,orzj. Consider the Hamilttonion

H = Ho + AV >

where we include the 2mall porometes A more explcitly
1o use perturbotion theony. The dynomies of the system
s governed by the Schrdinger eguoction:

NS B> = HITY.

Since AV ig a small perturbottion » as before , we expand
1Y in the unparturbed eigenbasis:

Ho |n7 = IV Ea s
So that
g
1Ty = Z a. €™ " In7.
By opplying it into the Lenrodinger equottion
-
=1y SE 20 €5 lny
: -ty
X (B - P) T

N D0q '%51
L (S rab)e™ Iy

)|

0

HITY = (o 2D Zae ™o |ny

~it
2 (anBy + 2aaV) e "‘E"\n>
n ar——
stll an operottor
Hence -
X g ot e gy = Z“Aanews" Viny
ij Opp],:jmg o braa <m\ n both Sides:
i Bam gHEn L 5 X0, &7 <m|Viny

(5222 o A3 a, 7T dmiviny

Plthough an cse present on both sides of the ejuaction , there
i a amoll parametes 2 at the right hond stde. We con uge
the self - consistent Solution ™ethod, which efectively
expands OGn in powers of A.

Frstly, when 2 = O at the gzepth order,

()
ith B'ac.r =0 = QM)=- constant.

Sujostltw\:lng this intp the ﬁ3h4c hand side ,

C\) ;&
ch aa‘b = 7\2 ce) CBn~Bm) 2miviny >
where 05 i3 the Bret order approximaotion. For coavenience ,
- &
we deSae Conm = B\ﬁ ™

and solve the differential eguodtion:

e -

iR ;‘; :.7\;&?) & ™ 4w I VinS
>asy : () ~iteo,
= - —%—)z"za: e ™ <miViny

a2 - o) = - 5A e d f ot € <miVinY,
—_—
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ot n n o -
. T -
a2 - o) = =2 Y [at €7 <miving,

ot £=06, this (S the jepth order golution
B ¢ T ~¢tco
= t‘)(__‘_) - to‘) _L_quio)fdtec nM<MIVln>,

tohere we observe thot G CT) {e Bret order In A. We con
Contrnue to Substitutte into the diffkrentral eguation to
sbtain hgher order AR with higher ordes A exponsien.

Tor the pwpose of the Ferm' Golden Rule. we gtop ok the
$icst order approximation. We are nterested in the transition
rote from intial stz 11> to Rnol stoke £ when (£ £,
Therefore. we Start with €7 -

a® =0 Yntc and aX0= 1.

For the Snal stote £, we have:
:'f.‘
ag(T) ~ Q‘“J ‘ L0 Z (2 f ot o <frviny

‘J/ =O =0 exczpt Qt

= '--—-7\f ot € LLivies.

Sinee by Ansotz
.‘(‘ta‘
1E7 = Zamer " vy

the probability of being in In> s anced|® Then, the probabiliy
of being in £y ofter time T Fom /i7 is

1<t uei> \* = [agcry)?

= “—i legivies)® | (Jar €% |

d e-—ctw _ [_|_ _teo ]T
- ¢ o < €=0
I ,_e-[Taa
- fco
_ \ gTw _i{Tw
< o e” (e - ")
\—_‘J
= Q¢ 8in 'L'i-::r
2 _ e
= 5 e~ sin3
J 2 2
2 A lswio (Ao aa 2L

To proceed, recall that we are nterested in obtoxning the
tonsition rocte , which is the Tondition procokibity per unit time.

[<Sluem > ~ o T -
I8 time T 1g too Smoll . then there i not enough time +for
bansition, Since )
N ~12 N —%51% ~12
|<cluen1>]™ = (<l g 1>
~ &t [1- S« £ (- )T e s Ty
PN Ii >
| (V=5 - <ny) |
T 2
(V- Toeun) + 4z
T2 3
~ 1 - W <<:N}> 14 )
\ _ —_;,_ S}L /\/OnDI\C.Q.
and the probobility Liffers in +the order of OCT?). Therefore,
n ie . RN A
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\ _ -kz S}LQ /VOHDACQ.
and the probability eug’i‘ers in the order of OCT?). Therefore,
Lor the Systam to Tonstt, T must ve Lor\s enough but lnrg
with fespect to what 7 W respect +to the time Scole et
by the tronsition -g'fe%,u.encﬂ. ThereSre. we are. looking ot o
tegime whepe, W T — o9,

(Bl
Cong!der
; 2 I
Fon (S e

Fom the groeh - we See that
as T = o 5, it ooks Uke
a Dirac delta funcuion .

To Show thok it ts o Dirac delka function , we uge tts
definttion fwdx ;f‘C?c) 8Cxd = :F(C*)

and congider
L ad a
f deo FC2d C—j’,— sin 2T ST 7

=[S0 0 7] e fer (B enedy

Consider @ :

f o F0d (5 sin G-

[T9(2D) $03 (Z s o) ar

a

r

J Let y= =L
= fe‘r/ sy §(Z) (Smy) =T

-}

The Same applies o €]

[}]

f deo \’ch.) Ch Sr/\'cah-r

The integral s evaluated opund -€Sco sE€ Por €<=1.
Thoefore, at this region, Fed ~F(o)

$o) f deo C—s«nc"—:
Repeat the Substitution

= @«

2

fo {70 G2y
<o [T 4 (2

[T (S5 = - [T emu

—

1]

__(8nyd? = + f"“ ay Q Siny cosy
J ye—o Y

- d sin Yy
f.o,, J oy
To get ‘the integrotion of o snc Snckion, consider

S‘dw_::’f\?mk

Define Sinx -t
o [ 2E ST @

= f d02y)D .M.
Yy
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—ou °

o ; —xt
Define vy - fdx 2Zx e —®

Then .,

d e

_ Sin Xx
dt

>

e—-xt C-’C)

[T
= .cfbwdk Snx €
ffa(-xt)
[Tace™)

-xt
e

xt

—-xt
e

Sin x
€

i

Sin Xx
t

4 -2}
- f dx
o ©

x

-xt
e

Cos X
€

Sin x
t

l =o

[}

»
~
&2
o\
1)
b
a
1Y
(7]
K

) &——
]
l

1

% —xt
t—’,—<~l +/: dxsinxew)

= j-mdw en)ct Sin x !

R
dXIe  —\
dt T 1at?
T) = ¢, — erctanCt)

Fom @

T(t» ) =0 = D 6="1T

-
Co - =

Hence TG = % — orctan C‘b)
S | “ Sin x
Il) = L = J:dx sin x
Co .
Ll f dx ﬂ =
oo x
= TC
= 2w T )
Nence ,
22
._zrim (Ti— .sirx%r— = 2x T S(w).
T 0o
Then ,

|41 w1y — _%_:—- |<RIV1E>\* ot T 8(earg D
ond

'Y;,-y{_ = % \<'-S:\\/lt‘.>\z by S(_Eg.;_&>

= % | <s1avie>" 8 (B - E0)

Finally, ¥ we inegrotte. over all degenerote Sinal stotes by

using ‘e density of states , the total -wonsttion ot is
v = [ pB) 3K [<RIAVIETT SCB - B
Y = % €81 AV1e>|™ pCB)
(

N> = pCErD because &f Dirac
delta Gunetion
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)]

v - |41V P
(
N> = pCErD because &f Dirac

delte. fnction

This i3 the Femi Golden Rule.

PIS: We could obtain the lLmit through FPuster tansform:
F (5]

e [lseds (R (€ e

- J—;n‘: f: do = (& v "a’)e“wc

- _ JE_: f_: deo :)]_; (e;wc-r-e>+ e-cc.:CT+-e) ~ 26—iwt>

We con use Residue, theorem to evoluste

Cco —iest
j deo £
-0o w
Thee is only o pole ot eo=O. To Ml vt residue, we,
expand & anto lourest Sotes
_L_érm'b a1 Z (-—‘:‘oo‘l:)'1

Y =

N

\

w w? ‘" n!
| (ot > t?
= A =2 '
= w* Deo> + OC D

The residue. is .
-t

We then considesr the contous: SOr t >D

6-2 \® 33 residue. theorem:
W/ O+@«@+@® = o
©) @+@=m’crz8ro( we wont
@ = i x Residue ><3|
@
= Tt
.23 -t
> [ def— = Tt
oo w
Similosly &£ t<o, e e it
o =
Jq-oo “ w2 T

)]

—,12\(—‘.‘.(-‘ [ TCE-TY sgnCt-TD + T+ sgn(T+t) — 27t 3801;]

l We take Umt taT — 0o

o

J—Ql—;[ TCT~1) + 7 (Trty — 2]

I

T 2 (T~w)

- [ T > which s a constost
TThe inverse Pousier tronsfbrm is -

N - — 2 N T
L P FI(& s y]]

l 0o

— v(d—t T et

U]

Ja= v
2T SCw)

as expected
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