AY 207fof, Ja |, PC327% , Test /
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Tl locs

Since we want to evaluate the smallest value (or extremum value) that is possible for the

integral, we let

[y + bwr =

which can also be expressed as

and hence applying the identity,

. OF
F—-y 7 = constant.
Substituting (5) into (6) :

y'?+y3—y'(2y") = constant .

However, as x 00, y’ and y are 0, therefore the constant is 0 too.

(4)

(5)

(6)

(7)

(8)

(9)

(10)

Simplifying,

y?=y3
Therefore, we get a differential equation in which ¥’ must be negative because y decreases as x
increases :

dy %

dx = 07
Bringing the y term over, f —y_%dy = f dx .
Solving (iO) gives, -

-1
2y 2=x+c,

where c is a constant to be determined by boundary conditions.
When x=0, y=1, substituting this into (11) :  c=2.

Therefore, squaring (11) and using the fact that c=2, we get:

(11)



Question Z/é
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_ 4
T (x+2)?

y

Substituting (12) into the integral below,

[ ax ([%y(x)]z +DP),

we get

o) 2 3
fo dx ([_ (x 32)3] " [(x fz)Z] ) '

which can be evaluated as

fow i ((x i42)6 T -6|-42)6) :

Evaluating (14), it becomes
128 oo 4
5(x+2)5(0 " 5°

. . 4
Hence the smallest value for the integral is =

5 . I | s7 ; ;
In Cartesian coordinates, L(z %, y, z)—-zm(x + 2% + z%)-mgz.
Using the given parameterization,

Z=y/x°+ 2+ 2

=,/& sinh? ¢cos? @ +a* sinh? ¢sin2 p+ 42

=ay/sinh? ¢+1

=acosh¢,

Then,
¥=acosh¢cose ¢ asinh ¢sing @,

y=acosh(sing §'+asinh§'cosgo @,

Z=asinh§¢,
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(12)

(13)

(14) ——

(15)

(16)
(17)

(18)
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4P+ 7=2% cosh? §cos? ¢ ¢Z+a% sinh? G sin? @ P
+ # cosh? §sin? ¢ 24 4% sinh? G cos? ¢ @2
+ & sinh? ¢ ¢2
=4 (cosh? §+sinh? §)¢2+2%sinh? ¢ &2

Note that the terms containing (;'(p) in (19) cancel out.

So in the new coordinates,

L(S S gi))z%maz[(cosh2 ¢+sinh? ¢) ¢+ sinh? ¢ ¢*]-mgacosh§.

To find Hamilton function, we need pcand p,, 7

oL 2 12 s
pg':a—.sd:maz(cosh ¢+ sinh? §) ¢,

" Pg
- . §= ma*( cosh? §+sinh2 ¢)’
oL
p,p=%=mazsinh2 S,
|+ e S
= maZsinh? ¢

Substituting .g'and @ into
H=p&+p,9—L,

Finally,
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(19)

(20)

(21)

(22)

(23)

(24)

(25)

7%

- . a
(S ps Pe)= 2ma*( cosh? ¢+ sinh? ¢) + 2ma*sinh? ¢

+mgacosh¢.

(26)

Equations of motion:

dp,p_ 0H

dt  d¢ '

(27)
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dp;_ oH
dt ~ a¢
3 P 4sinh ¢cosh ¢ Po(2cosech? ¢coth ¢ .
~ 2ma? (cosh? ¢+ sinh? ¢) 2 2ma? I
y P 2sinh¢cosh ¢ P cosech?¢coth ¢
" ma? (cosh? ¢+ sinh? ¢) 2 ¥ ma? -mgasinhg, (28)
== o - s : —
dt P, "~ ma? sinh? ¢’
|
d§' oH Pe (30)
dt 6p; ma*(cosh? ¢+ sinh? ¢)
@ We know that %p = 0, so by the general form of Hamilton’s equation of motion,
d p dx(t) dp dp(t) (31)
= t
a? = @ 7 PGO,p(0),1) = it T ap dt T ot at
ap
. ={pH —=0.
o H}+ =
Hence, by Liouville’s equation
ot ' op dx Odx dp
Taking time derivative of the function in question,
(33)

0
Et-(J dxdp p(x,p, t)) = fdxdpé—tp(x,p,t),

Substituting equation (32) into equation (33),

d dpoH 0poH
—( | dxd . t) | = (___ ___)
dt(J Kip p e )> fdxdp op 9x _ 9x 9p

i = [ dxdp 258 — [ dxdp 25






