PC1134 Lecture 6

Topic
Higher Derivatives & Taylor Expansion

Objectives

(1) To understand and able to calculate higher
derivatives; (2) To understand Taylor series and
able to calculate the first few terms for a
function of one variable and at least the linear
terms for function of two variables.

Relevance

Dependence of one physical quantity on others
can be expanded in power series and different
level approximation can be obtained by keeping
certain terms in the expansion. Example:
harmonic oscillation.
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Higher Derivatives
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Example

2z =ay? — 3zy® —zy + 1

% = 32y’ -3y —y
g_?j = 2z%y — 9zy® —
% = 6acy2

8328236 = 62%y—9y*—1

88:§y = 6zly—9y° —1
8—22 = 2z° — 18zy
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Expanding Functions in Power Series

Using sin x as an example,

SiIliE:ao—l—alx—l—agxz—l—-u—l—anw”—|—---

sin0=0 — ay=0

Differentiate both sides

cosx = a1 + 2a9x + 3a3x2 + - -

cos0=1 — a1 =1

—sinz = 2as + 3 - 2asx + 4 - 3a4x?

sin0=0 — ay=0

3 x°
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Maclaurin Series or Taylor Series

f(CU) — a0+a1(m—mo)—|—a2(m—x0)2—|—- . -—|—an(m—m0)n+. .

f’(f’?) = a1 + 2az2(x — zg) + - - - + na,(x — :co)"_l 4+ ...

(@) =2a3+ -+ nn —1ap(z —z)" >+ -

FfNz)=nn—-1(n—2)--3-2-lay+---

Let ¢ = xg
f(o) =ao  fl(zo) =a1  f'(z0) = 2as
7 (o) = 3lag ce F™(z0) = nlay,

Taylor series about x = x¢:

F@) = F(@o) + (@ — 20)f (w0) + 5 (z — 20)*f" (o) +

coe i'(:c _ CUo)nf(n)(Cvo) 4.
n!

Maclaurin series:

2 n
£(@) = £0) +2f' () + 5" (0) +- -+ =" (0) + - -
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Power Series for f(z,y)

f(z,y) = a0+ a(z — xo) + aoi(y — yo) + azo(z — x0)° +
a11(z — o) (y — Yo) + ao2(y — yo)* +
aso(z — z0)° + a2 (z — z0)*(y — yo) +
a12(z — zo)(y — yo)2 + aos(y — y0)3 +

fi = a1+ 2ax(z — x0) +aii(y —yo) +---
f; = a1+ a11(x — x0) + 2a02(y — yo) + - - -
fon = 2ag0+---
f;,y = a1+ -
fpy = 2a02+---
Let ¢ = z¢ and y = yo,
f(zo,y0) = aoo
fo(®oyy0) = ao
fy(zo,y0) = ao
fan(®0, y0) = 2ag
f:;,y(m07 Yo) = an
foy(Zosy0) = 2a02

PC1134 Lecture 06, Slide 6



Power Series for f(x,y) (cont.)

flz,y) = f(zo,y0) + folz — o) + f,(y — vo) +

[ = a0+ 2£8 (@ — 20)(w — o)+

Foy(y — yo)2] +
If £ — xg = Az and y — yo = Ay, then
flz,y) = f(fvo, yo) + frAz + f,Ay +
[ a2y + 270, (Az)(Aw) + £, (A0)] +

Using the notation

of 8f ( %, 8)
A+ —=Ay = | Ae— + Ay—
B w+8y zo—+ Y5, f(z,y)

2 2 2
ila (Az)? +2aag AmAy+8—<Ay)]

1 . 9\ 2
— — [ Ae— + Ay—
i (Bogn +8u5) (o)

o0

fe) =3 o [(8os- +Bug-) fGew)

n=0
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Function of Many Variables

Let

Or

f(x) =

f(mlam%" °7fcn)

x = (X1, T2, -, Tp)

f(xo0) + Z

o0

Z % [(AX . V)nf(x)]xzx()

0
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