PC1134 Lecture 16
Topic
The V operator, divergence and curl
Objectives

To understand the properties of the operator V.
To know how to calculate divergence, curl and
Laplacian in Cartesian coordinates.

Relevance

e Field and potential: potential (scalar) is
easier to handle in many cases

E=-V¢

e Being a derivative in nature, V appears in
many differential equations that describing
physical systems and processes.
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The V Operator

V has no meaning by itself. It must act on a function.
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Divergence

Operate V on a vector?

—

V=Veo+Vyg+V,2

oV, N oV, N oV,
Ox Oy 0z

—

is the divergence of 1%

= divV

V.-V =
V -

Physically, divergence of a vector represents a source
that produces divergent field lines. For example

—

V- FE =4mp
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oy Zz
i o 0 O
vxVo= Oor Oy 0z
Ve Vo, Vg
_ ov, 9V, i ov, IV,
- y 0z ) Y\ 6: oz
5 ov, 0V,
Ox Oy
= curlV

V x V is the curl of V

The curl of a vector represents some source that
produces looped field lines or current flow. For

example

VxH=—J
C
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Laplacian Operator

Vo is a vector. V-V =7

V:-V¢ = divgradg

0 o .0
B V-( 8x+y8y+ %)qb

0 (8¢ 0¢\ , 0 (09
- a—(a—)+a—y(a—y)+a—(a—)

52 2 2
0 P9 0%
0x? Oy? 0z2

82 82 82
VoV = (8x2+8y2+@)¢

A v/

V2 (operator)

o> 9% 0

2 __ 7
v _8x2+8y2+822

V2 is the Laplacian operator.
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Examples of Laplacian Operator

P

:@‘Layﬁaz?

Laplace’s equation

Vip=0
Wave equation )
1 0%¢
2 —_
Vo= v2 Ot?
Diffusion equation
1 0¢
2, _ ~9¢
Ve a? Ot

Schrodinger equation
2

—h—vqu +V¢=E¢

2m
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Vector Operations (Reference)

Cartesian

0y oy Oy

v i - -
v=25 19 Yoy T %52
o. 1L 04a 04y 04

ox Oy + 0z

. (aAw 8Az> (aAy 8A$>
Y - + 2
0z ox Ox Oy

82y 8%y 9%y
= +
2 8y2 022

0Az; 0OAy )
Oy 0z

Cylindrical
- , 09 10y Y
Vi =
¥ ep8p+ ¢p8¢+ E
8A¢
a¢ az

. 10A 0A DA 8A 1/8 DA
VxA=ep| 222 _"9¢ +é¢( P _ z>+2—(—(pA¢)——p>
p O0¢ 0z 0z Op p p

10
V-A= ;—(PAp) + —

2 2
10 0 10 0
V=, ( ¢>+ rags + o8
pOp dp p= 0 0z
Spherical

8 8 1 8y
Vv = - -
Y= e""a +69r89+ “¢rsin 6 8¢
1 a 1 1 04y
A ¢
eae(sm 0)F T 5ino 99
. 1 a 8A9 1 8Ar 18
VxA=¢ 2 (sinfA,) — 20| 4o ——Zra
% er [ (sin ¢) ] G [rsine O¢ rar(r ¢)]

170 O Ay
N
e [BT(T 6) ~ 6 ]

2
0 13(2&0) 1 a(, {w) 1 0%y
V%Y =—5—1r"— )+ — [ sinf— ) +
L4 3 2 5in 0 00 r2 sin2 0 2

PC1134 Lecture 16, Slide 7



Vector Identities (Reference)

8%y 8%y 9%y

V - V¢ = div grade = V2 =

+ +
o2 8y2 022
V X V¢ = curl grad¢p =0
2 2 2 2 2
- — o°V. 8 V. o°V. 8 \% oV,
V(V-V) = grad divV = & w + Z z y 7 vz
o2 8w8y 0x0z 8w8y oy2 Oy0z

. a2vw+a2 v, 8%V,
z
Ox0z Oyoz 022
V- (VxV)=diveurl V=0
VX(VxV):curlcuer:V(V-V)—V2‘7

V- (V) =¢(V-V)+ V- (Vo)

V X (¢V) = ¢(V x V) =V x (V)

Vx({UxV)=(V -VWU—-(U-VYV-V(V-U)+TU(V-V)
VU -V =Ux(VXV)+ (U -VIV+V x(VxU)+ (V- -VU

V- (Vo x Vi) =0
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