PC1134 Lecture 17
Topic
Line integrals

Application example

Work done by a force. 1 5

dr F

Y

Scope

e Review of integration
e Line integral
e Calculation of line integral
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Integration

The difinite integral of f(x) between the lower limit
x = a and the upper limit x = b. f(x) is called the
integrand.

= /abf(x)d:p

A f (X)

/

a b

/

/

Xy

I i1s the area under the curve.
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Integration from First Principles

Divide the area into slices of width dz (not required
to be uniform). The area of each slide is

dA ~ f(xz)dx

A f (X)

/

a Ax b

Xy

Total area

A~ Z f(x)Ax
The error is reduced when Az is small. In the limit of
Az — 0,
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Properties of Integration
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Integration of Simple Functions

/adac = azx

1
/x"’dar; = gt

n+1
axr
e
e®dr = —
a
dzx
— = Inzx
€T
Sin ax
cosaxdxr =
a
, COS AL
sinaxdr = —
a

d 1
/ 5 v 2dx — Z“tan~ ! <£>
a“ +x a a

/\/% = sin™* (g)
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Integration by Substitution

Example 1

B / dx

V1 —z2
Let
T = Ssinu

then

dx = cosudu

7_ cos udu CcoS udu du—

\/1 — sinu Vv cos? u

I =sin"lz
Example 2

I—/ dx _/ dx
) 2244z +7 ) (z4+2)2+3

Let y = = + 2, then dy = dzx and
dy 1 _1(y) 1 _1(£E—|-2)
I = — —tan — ] = —tan
/y2+3 V3 V3 V3 V3
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Integration by Parts

If © and v are functions of z

d dv du

Integrate both sides

uv = /u—dw—l—/—vdw

This can be rewritten as

/u—dx = UV — /—vdac

Example

I= /xsinxdw = /xd(—;osx)dx = x(— cos x)
T

— /(1)(— cosx)dr = —x cosx + sinx
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Work Done by a Varying Force

dr F

Y

dW = F - d7
W = / F-dr
e Fis a function of position

ﬁ(f’) or ﬁ(ac, Y, 2)

e Object is restricted to move along the curved path.
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Line Integral
W = / F.dr

2D

A curve is described by one equation

¢lz,y) =0 =  y=9()

/ Flz,y) - dif — / f(z)dz
’ / Flz,y) - dif — / f(s)ds
3D

Two equations relating x, y and z are required to
describe a curve

—> Only one independent variable

—> One dimensional integral
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Example

F = zyi — 2%

W:/ﬁ.df

Calcualte

along

Path 1 (black) y = x/2

Path 2 (red) y = z2/4

Path 3 (green) x =0 and y =1
Path 4 (blue) z = 2t3, y = t2.

==
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Example
Path 1 (black)

1 1
Y= 5% dy = §dac

1 1
dr = dxx + dyy = dxx + §dx@ = (:% + 5@) dx

F-dr = Fydz+F,dy = :Eydac—yzﬁdx = (:Ey — §y2) dx
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Example
Path 2 (red)

0.5 A1

1 1
Yy = sz’ dy = §£Ed$

1 1
dr = dzxx + dyy = dzx + §:L'dx?j = (:% -+ 5:10@) dx
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Example
Path 3 (green)

0.5 A

0

0 0.5 1 1.5 2

Along the vertical segment, x = 0 and dz = 0

F - df = Fydx + F,dy = —y*dy
1
- 1
Wao = [ Frdi= [ (~y)dy =
0 3

Along the horizontal segment, y =1 and dy =0
F-df = Fydz + F,dy = zdz

2
WBbZ/ﬁ.dFZ/ rdr = 2
0

1 s}
W3:W3a+W3b:_§+2:§
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Example
Path 4 (blue):

T =23, y=t

—
A

F = zyi — y*) = 26°% — t*4
dr = dz3 + dyf = 6t2dts + 2tdty

F . dF = Fydz + Fydy = 12t7dt — 2t°dt

1
W4:/ -df’:12/ t7dt—2/t5dt:g
0

g1l
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Summary

—

e F(x,y,z) is a function of one variable because z,
y and z are related.

e This variable can be one of x, ¥y and z or can be
something else.

e The integration over F' - dr is an one-dimensional
integral over this variable.

e The line integral between two points can be path
dependent. (W7 =1, Wy =2/3, W3 =5/3,
Wy =17/6).
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