PC1134 Lecture 19
Topic
Double and triple integrals
Applications
Area of surface
Mass

Centre of gravity
Moment of inertia

Scope

Double integrals

Calculation of double integral
Triple integrals

Calculation of Triple integral
Polar coordinates

Cylindrical coordinates
Spherical coordinates
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Double Integral

Consider f(z,y),

/f(:p,y)dx is a function of y.

Let
o) = [ flap)do
o /g(y)dy = /dy/dxf(x,y)

| [ f@wzdy
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Double Integral

ff f(x,y)dzdy is the volume under the surface
flz,y).

]
/L
AX
Ay

X

Divide volume into thin columns.
Base area of a column: AzAy

Volume of a column: AV = AzAyf(z,y)

Total volume

V=> f(zi,y)Az; Ay,
When Ax; — 0, Ay; — 0,

V://f(x,y)dxdy
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Calculating Double Integral

y)\
Case 1: S
Rectangular
domain C |
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Example

Find the mass of a rectangular plate bounded by
xr=0, =2 y=0,y=1Iif its density is

f(z,y) = xy.

y A
1

dx

oy
0 >

0 2 X
dA = dxdy

dM = f(x,y)dzdy

/ dM = / / xydzdy
1
= / / xydzdy :/ xdx/ ydy =1
=0 J y=0 0 0

<
||
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Calculating Double Integral
Case 2: f(x,y) is defined over an arbitrary region.

b Y = 09

VL —
| yEe
a X b ;
¢2($)
//fxydxdy—/dx/
¢1(z)
Y a

X=W(X)  X=Uy(X)

| .

N /

XY

¢2(’y)
//fxydxdy—/ dy/
Y1(y)
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Example

Evaluate [ [, zdzdy where A is the area between the
parabola y = z2 and the straight line 2z — y + 8 = 0.

?J1=fE2

Yo — 2T + 8 %7

Intersection |
Yy = Y2

2 =92+ 8

4
= / [—£E3 + 222 + 8:10] dx

4 2 4
= (- 4P +4a®) =36
173 S
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Triple Integral

///f(x,y,z)d%lgﬁg

(volume element)

Y
<

Calculation:

e All limits are constants:
integration can be done in any order.

e Complicated volume:
geometry — order of integration.
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Example

Find the volume between the planes z =2z 4+ 3y + 6
and z = 2x + 7y + 8 and over the triangle with
vertices at (0,0), (3,0) and (2,1).

Z=2x+7y+8

y @y

>

(0,0 (3I, 0

3—y 2w—|—7y—|—8
V = ///d:cdydz—/dy/ d:c/
2x+3y+6
3—y
:/dy/ de(2x + 7y + 8 — 2 — 3y — 6)
0 2y
1 3—y 1
=2/ dy/ (2y+1)dz = 2/ dy(2y+1)(3—y—2y)
0 2y 0

1 1
—6 [ dyy+ DA -9) =6 [ (-2 +y+ Dy =5
0 0
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