PC1134 Lecture 20
Topic:

Calculations of multiple integrals in cylindrical
and spherical coordinate systems.

Relevance:

Many physical systems have cylindrical or
spherical symmetry. Double and triple
integrations can be done more conveniently
using cylindrical or spherical corodinates.

Applications
e Area e Centre of mass
e Volume e Moment of inertia
e Mass

Scope

e Polar coordinates
e Cylindrical coordinates
e Spherical coordinates
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Polar Coordinates

YA
(xay) P
(r,6) r
T = rcosbf 5
y =rsiné > X

f(z,y) = f(rcost,rsinfd) = f(r,0)

A rdo

46 Area element:

dA = dr - rdf = rdrdf
:
6
>

// f(z,y)dzdy x = rcosf

A

y =rsinf
_/_/Af(r’ O)rdrdf dxdy = rdrdf
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Polar Coordinates

r2(6)
//fr@rdrd@—// f(r,0)rdrdd
r1(0)

/ / F(r,0)rdrdd = /0 ” /0 " . O rdrds
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Example

Moment of inertia of a circular disk (density p)

Consider a small element

Volume: dV = dr(rdf)h
Mass: dm = pdV = phrdrdf
Moment of inertia: dmr? = phr3drdf

R 2w
I = /dmr2 = ph/ r3dr/ do
0 0

R? 1
— —2 = — 2
ph 7 2T 2MR
(M = TR*hp)
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Cylindrical Coordinates

(z,y,2) — (1,0, 2)

p(r'%a
_Z . xr = rcosbt
r >
/<9>\ y = rsinf
¥ zZ = Zz
1 rde
\\\% dr
- dv = dxdydz
= adz
= dr(rdf)dz
Tl ] = rdrdfdz
de

/// F(z, y, 2)dv —> /// £(r,0, 2)rdrdodz
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Example

Volume of a solid cone:

V = ///dv:///rdrdﬁdz

o R h(1—r/R)
/ dH/ rdr/ dz
0 0 0

om /0 S rdrh(1 — r/R)

R
27rh/ h(r —r?/R)dr
0

= 27h[R?*/2 — R?/(3R)] = mR*h/3
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Spherical Coordinates

(%, y,2) < (r,0,9) !

D)

rcosd 0 o
. f rsinBsing
r = rsinfcos¢p 7| - .
. . rsinBco -
y = rsinfsing 4

rd@

dV = dr(rdf)(rsin 0d¢) = rsin Odrdfde

///f:p y, 2 d:pdydz:>///fr9 $)r? sin Odrdfde
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Example

Moment of inertia of a uniform sphere about its axis

x2+y2—|-22:R2

I, = ///(y2 +2%)pdv
/ // (2% + &%) pdv

///(w2 + %) pdv
By symmetry, I, =1, =1, =1.

3 = 2,0/// + 9% + 2%)dv
= 2,0/// ridv = 2,0/// r* sin Odrdfde
2w ] R
= 2,0/ dqb/ sin HdH/ rtdr
0 0 0

1 8 2
2p27T (— COS 9|6T) 5R5 = 57T,0R5 = g]\4fg2

o~
|

.
|

PC1134 Lecture 20, Slide 8



General Coordinate Transformation

Polar dA = dxdy — rdrdf
Cylindrical dV =dxdydz — rdrdfdz
Spherical  dV =dzdydz = r?sinfdrdfd¢

2-dimensional coordinate transformation

r = x(u,v)

y = y(u,v)
dxdy = |J|dudv
Oxr Oz

o(z,y) ou Ov
O(u,v) 0y Oy
ou Ov

x =rcosf, y=rsind

Ox Ox
dz,y) | or 00
o(r,0) Jy Oy
or 06

cosf —rsinf

sinf rcosf
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General Coordinate Transformation

3-dimensional coordinate transformation
r = x(u,v,w)

y = y(u, v, w)

z = z(u,v,w)

dzxdydz = |J|dudvdw

Oor Ox Ox

ou Ov Ow

;_9zyz) | 0y 9y Oy
o(u,v,w) Oou Ov Ow

0z 0z 0z

ou Ov Ow

x =rsinfcos¢p, y=rsinfsing, z=rcosb

sinffcos¢ rcosfcos¢ —rsinfsing

J=1| sinflsin¢ rcosfsing rsinfcos¢ |=r“sinb

cos 6 —rsin 6 0

PC1134 Lecture 20, Slide 10



