PC1134 Lecture 24
Topic:
Stokes theorem and applications
Relevance:

e The Stokes theorem converts a surface
integral to a line integral and vice versa. We
can then evaluate whichever one that is
easier.

e Stokes theorem has very important
applications in magnetism and other physical
problems.

Scope

The theorem

Physical meaning of curl

Application in magnetism (Ampére’s law)
Examples
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Stokes Theorem

If F and its first derivatives are continuous, the line
integral of F around a closed curve X is equal to the
normal surface integral of curl F over an open surface
bounded by .

A

In other words, the surface integral of curl F taken
over any open surface o is equal to the line integral of
F' around the periphery X of the surface.
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Example
Given V = dyi + zj + 22k, find IV x V - d& over
the hemisphere 2 + y? + 22 = a2, 2 > 0.

A
X2+y2+22:a2

X2+y2:a2

Method 1: Evaluate the surface integral directly.

R . o
VxV=|08, 0, 0, |=0-4)k=-3k
9y x 2z
do = doé,

V x V-dd = (=3k) - é,do = —3 cos0do
do = r?sin 0dfd¢

//VxVod&’:—3a2//sinﬁcosﬁd9dqb

27 /2 1
= —3a2/ dqb/ sin 6 cos 0df = —3a2°27r°§ = —3ma’
0 0
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Example (cont.)

Method 2: Using Stokes theorem

//VXV-d(?:j[V.dX
o A

A

V= dyi + zj + 221%, dX = dfaég

V.d\X = adb(4yi-ég+ ] - éo+ 22k - &)
= a(—4asinfsinf + a cos b cos d)db
= a?(—4sin?6 + cos? ) = a?(1 — 5sin” 6)do
27

V.dx= / a*(1 — 5sin® 9)db
A 0

27 27
— a? (/ df — 5/ sin? HdH) — —3ma?
0 0
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Example (cont.)

Method 3:
//va-dgzj{VodX://VxVod&
hemisphere circle any surface
bounded by
the circle
= //V x V- di
plane area
inside
the circle
V xV =-3k
da = dzdyk

V x V -dé = —3dzdy

va-d5:—3//dxdy:—37ra2

circle
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Physical Meaning of Curl

Consider rotation with a constant angular velocity.

X (Wx7)=0(V -7)— (- V)
+yj+z2k, = V-F=14+1+1=3
0 0 0 s A
(- V)= (wx%—l—wya—y—l—wza) (xt + yy + zk)
:wx;l—l—wyﬁ'—l—wzl%:df
VXT=30—0 =20

@’:%(Vxﬁ)

Angular velocity!
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Physical Meaning of Curl

General case:

V x V at a point is a measure of the angular velocity
of the fluid in the neighbourhood of the point.

VxV#£0
VxV=0
VxV#0

Vmeaybe =%

il
Y it ®
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Ampére’s Law

Maxwell's equation:

— -

VxH=J

H: magnetic field
J: electric current density

//G(Vxﬁ)-d&://‘jf-d&:I

I: total current linking C'.
C': curve bounding o.

//Vxﬁ-d(?:j[ﬁ-dF
o C
N A

A
A
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Example

Magnetic field due to a straight conducting wire.

By V X H = J and symmetry, H is along the
direction shown above and |H| is the same along the
circular curve in a plane L to the wire.

%ﬁ-d?z/H(rd@)zZ%Hr:I
C
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