Lecture 33

Topic
Transformation of Coordinates &
Change of Basis

Relevance

Linear transformation is common and
important. Even though the physics laws are
not changed by a change of basis, the
mathematics involved of a given problem may
be much simpler in certain basis.

Aims
To understand

1. invariance of physics laws under coordinate
transformation;

2. the general properties of coordinate
transformation or changing of basis;

3. orthogonal tranformation;

4. the application in eigenvalue problem.
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Transformation of Coordinates:

Examples

Cartesian <= cylindrical (polar)

r = rcoséf
y = rsinf
z = z

Cartesian <= spherical (polar)

x = rsinfcoso
y = rsinfsing¢
z = rcosb

Two body system

(x17y17217x27y2722) < (X7 Y7 Z,x,y,z)

Here (X,Y, Z) is the center of mass position of the
system and (x,y, z) are the relative coordinates.

Rotation

xcost + ysind
—xsinf + ycosl
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Linear Transformations

Transformation between Cartesian coordiantes and
cylindrical coordinates, or between Cartesian
coordinates and spherical coordinates are non-linear.
But between coordinates of individual particles and
centre of mass and relative coordinates, and a rotation
of cooridnate system are linear transformations.

A linear transformation is one in which each new
variable is some linear combination of the old
variables. In two dimensionals the linear
transformation equations are

/

x ar + by
/
y = cxr + dy

where a, b, ¢, and d are constants. Or
rl = M7

M tells us how to get the components of the vector
¥ = 7’ relative to axes ' and y’ when we know its
components relative to axes x and y.
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Rotation: Transform a Vector

A rotation (and other transformations) can be
interpreted geometrically in two ways: the “change of
cooridnate system (geometric language)” and
“change of variables (algebraic language)”.

Change of variables

T = rcosbq
y = rsin 6,

— r cos b9
— rsin 65

S
|

<
|

x' =rcos(f; +60) =rcosfycosf — rsinf;sinb

y =rsin(f; + 0) = rsinfy cosf + r cos b sin 6

x' = xcosf —ysinl
xsin 6 + ycos b

<
|
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Change of Coordinate System

Transformation of coordinates generally refer to
change of coordinate system (change of basis).

y

/

y)\

T = T COS z' = rcospf
y = rsinq y' = rsinf

x' =rcos(a—0)=rcosacosf + rsinasinf

y' = rsin(a —0) = rsinacosf — rcosasinf

/

x xcosf 4 ysinb
/

y = —xsinf+ ycosb

PC1134
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Change of Coordinates vs.
Change of Variables

7' = R(0)F
o 0 in @
i | costf —sin
| R(9) = [ sinf cos@ ]
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General Linear Transformation

In general, the axes ' and ¢’ given by the linear

transformation
/

¥ = axr + by
y = cx + dy

are not perpendicular.

>

Y 4

When they are, the equations represent a rotation and
a, b, ¢, d can be written in terms of the rotation angle
@ so that the equations become

x/

/

Y

xcost + ysind
—xsinf + ycosl

Such a linear transformation is called a orthogonal
transformation.

PC1134 Lecture 33, Slide 7



Orthogonal Transformation

By definition, an orthogonal transformation is a linear
transformation from z, y to z’, ¥/, such that

x2 _I_y2 — x/2 _I_y/2

That is, the length of a vector is not changed by an
orthogonal transformation.

Since /

¥ = axr + by

/

y = cxr + dy
z'? +y"? = (az + by)” + (cx + dy)*
= (a® + c*)z? + 2(ab + cd)zy + (b* + d*)y?

In order for z'? + y'? = z? + y?, we must have

2, 2 _
ZQ::__CCZQ:} a=d=cosf
ab+cd =0 b=—c=sinb
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Orthogonal Matrix

The matrix M of an orthogonal transformation is

called an orthogonal matrix. For an orthogonal
matrix,

MM =1 oo MT=M"1

If :
a
w=(0 )
T a C
w5 4)
2 2
T+, [ a“+c ab+cd
MM_(ab—l—cd b2—|—d2)
Therefore,
a+c2=1
V+d?=1 <— M'M=I
ab+cd =0
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3D Example

Consider two basis sets:
1. 7,7,k (Cartesian)
2. d,b,c (Basis vector of crystal lattice)

A vector 7 can be written in terms of either set

F=xzi+y] + 2k

r=q«ad+ Biﬂ— yC
Assume that

&’:axz—l—ay]—l—azk
b:bxz—l—b]—l—bk
c

r=ad+ 554- Ve = Oé(%z + ay] + azl%)
= (g + Bby + v¢e)i + (aay + Bby + vey)J
+(aay + Bb, + v,k
T = aay + Bby + yey

— Yy = aay + Bby + ey
z = aa, + Bb, + ye,
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3D Example

Rewrite the equations in matrix form

0] OV QY

|

S

8

S

@

)

N
O S0

x a;, by cg Q
y | =1 ay by ¢ p
Z a, b, c, y

The first equation relates the basis (unit vectors) of
two coordinate systems. The second equation relates
the components of a vector in the two systems.

One matrix is the transpose of the other.
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Change of Basis

Choose a basis ¢;,1 =1,2,---, N, a vector x in N
dimensional linear space can be written as

N
X :$1é1—|—$2é2—|—°”‘|‘$NéN — E xzéz
_ _ i=1
Consider a change of basis

(é17é27°°°7éN) = (é/17é1277é3\7)

For linear transformation,

N
~l ~
ej: E S,,;jef,;
1=1

where S;; is the ith component of ¢
the old (unprimed) basis.

/

; With respect to

The physical facts described by the answer to a
physical problem do not depend upon which basis we
decide to use. For a vector z,

N N
_ A ! ~/
xr = ZZE,,;G,,; — ijej
i=1 j=1
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Change of Basis

N
E ! ~1 E § S A
j=1 1 j=1

71=1 1=1 1=

N
— . » /
=D_ S}
j=1

r=2Sz, =851z

Consider the operator equation

y = Ax, y = A'x!

J (z = Sa',y = 5Y')
Sy’ = ASx'
Y (multiply by S=1 from left)
y' = S 1AST!
A =8"1AS

This is referred as a similarity transformation.
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Orthogonal Transformation

Consider
/
r =Mz
/
Zq mip Mmi2 -+ Min Iy
/
Lo . ma1 M22 -+ M2an Z2
/
X Mp1 Mp2 - Mpp Ln

The norm of x is given by

2 2 2
— x1—|—x2_|__|_xn

ey’ = (Mx)' (M) = 2" M Mz

T T

In order for x'* £’ = ' z, there must be
MM=T o M'=M"1

The transformation matrix must be orthogonall!
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Three-Particle Oscillation

Consider again the three-particle oscillation discussed
in the last lecture,

wl=0, ,w?®=uwy, w’= v 3wo

1 1 1
zt=11 T = 0 2= -2
1 —1 1

The unnormalized eigenvectors will be used for
simplicity.

Introducting the normal coordinates, w1, us and us.
Uy =21+ T2+ I3

U9 — 1 — I3
’U,3ZZE1—25E2—|—$3

U1 1 1 1 1

U9 = 1 0 -1 Z2

Us 1 -2 1 I3
w= Stz
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Three-Particle Oscillation

Consider
Ar = —w?z
u=8"1r — z=Su
ASu = —w?Su

Multiply by S~ from left

S7ASu = Alu = —w?u

1 1 1 (2 3 1
ST'l=11 0-1 —>S:6 2 0 —2
1 -2 1 2 -3 1
-1 1 0 00
A=wl| 1-2 1 |, A=8148=—-wi| 01
0 1-1 00
000 U1 Ui
—wg | 010 uy | = —w?| ws
003 us us
0 = —w?uq
—wiugy = —w?uy  Decoupled!
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Observation

Each column of S is an eigenvector of A. If
normalized eigenvectors were used, then

1/v3 1/v3  1/V3
STt=1 1/V2 0 —1/Vv2
1/vV6 —2/vV6  1//6

1/V3  1/V2 146 )
S=1 1/v3 0 —2/vV6 | =| z' 22 23
1/v3 —1/vV2  1/V6 Lol
In general,
A:Ej:)\jxj
T 1
S=1| .1 2 ... ;3
Loy I
A1 0
A =8"1AS =
0 AN

Given a matrix A, if we construct the matrix S that
has the eigenvectors of A as its columns, then the
matrix A’ = S~1AS is diagonal with the eigenvalues
of A as the diagonal elements.
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