MAT1101R Linear Algebra I AY?2017/18 Semester 1

Question 1:

(@ /1 0 1 0 0 10100 1 00 -1 0

~1 0 0 1 0| porr, |0 0 1 1 0| go—r, |0 0 1 0
— —_—

1 01 0 1| R-B [0 0 0 0 1| Ra=R2 |0 0 0 1

0 01 10 00110 00 0 0

(b) Basis for row space: {(1 00 -1 o),(o 01 1 0),(0 00 0 1)}

(c) 1 1 0
) -1 0 0
Basis for column space: 11171,
0 1 0
(d) |z1—aa= 0
r3+x4 =0
T5 = 0
Let o = s, x4 = t, for some s,t € R. Then 1 =t and z3 = —t.
X t 0
To S 1 0
zz3| =|—-t]=s|0|+t| -1
Ty 0
s 0 0 0
0
1 0
Basis for nullspace: 0, -1
0
0 0
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Question 2:

us - 1 us - 2
V3 = U3 V1 — V2
| v1][? |[v2]]2
1+
:(1 a 1 a)f a(l 1 0 0)
2
:(ka a=1 1-a a;l)
2 2 2 2
—a_1(1 1 -1 1)
- 2= (- _
L ! (1 10 o)
w1 —) V1 —
[[v]] 2
! 1(0 0 —1 1)
Wao —F V2 e — —
[[vz]| 2
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If a = 1, dim(V) = 2. Orthonormal basis for V: {wq,w2}.

Otherwise, suppose a # 1.

1

wg =

a—1

1
1)3:5(—1 1 -1 1)

Orthonormal basis for V: {wi, ws, ws}.
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Question 3:
T
U3 = w3 [vslr = <O 0 1)
Vg = W — 2’03
T
= W9 — 2’(1)3 ['U2]T = (0 1 —2)
V1 = wyp — 2’1)2
T
= w; — 2w,y + 4ws [vi]r = (1 -2 4)

The transition matrix, P, from S to T is given by

Pz(['ul]T [va]T [1’3]T)

1 0 0
=1-2 1 0
4 -2 1

Since P is invertible (|P| # 0), T is linearly independent. Furthermore, span(T’) C W = span(S5)
and |T| = |S|. By Theorem 3.6.9, span(T’) = span(.S) and thus T is a basis for W.
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Question 4:

(a) p(x) = |«I - B|

z+2 0 2 —1
1 a4l 2 ~1
| -1 0 2—-1 1

0 0 0 x+41
T+ 2 0 2
=@@+1)| 1 r+1 2
~1 0 z-1

r+2 2

=(z+1)2
( ) —1 rz—1

= (z+1)*(@@? + )
=2z +1)3

The zeros of p are -1 and 0, which are the eigenvalues of B.

b (1 0 2 -1 10 2 —1
1 0 2 —=1] Ry—gr, |0 0 0 O
-1 0 -2 1 Rs+Ri O O O O
0 0 0 0 00 0 O
1 +2x3—2x4=0
T r—2q 0 -2 1
1 0 0
T2 _ p =p +q +r , for some p,q,r € R.
T3 q 0 1 0
Ty T 0 0 1
0 -2 1
1 0 0
Basis for F_q: , )
0 0
0 0 1
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(c) 2 0 2 -1 0O 0 0 O 0 0 O
1 1 2 =1\ Ri+2Rs—R, 0 1 0| Rs—R. 1 1 0
-1 0 -1 1 Ro+R3 -1 0 -1 1 -1 0 -1 0
0 0 O 1 0 0 0 1 0 0 0 1
To+2x3=0
—($1+$3)=O
1'4:0
T —s -1
To -8 -1

= =s , for some s € R.
T3 S 1
Ty 0 0
-1
. 1
Basis for Ey:
0
(d) 0 -2 1 -1 -1 0 0 0
1 0 -1 0 -1 0 0
pP= D= (Answer is not unique.)
0 1 1 0 0 -1 0
0 0 1 o0 0 0 0 O
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Question 5:

(a) Vo € nullspace(C),Cv =0
— C?v=C(Cv)=C0=0
— v € nullspace(C?)
Therefore, nullspace(C) C nullspace(C?).

(b) From the rank-nullity theorem, nullity(C?) = nullity(C). Since nullspace(C) C nullspace(C?)
(from part a), by Theorem 3.6.9, nullspace(C) = nullspace(C?).

(e) No. rank(AB) < min{rank(A), rank(B)} < rank(A)
Therefore, rank(C?) < rank(C).
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Question 6:
(a) Th(u) = Au — du
= Au — \,u

=(A-A,)u
Standard matrix for Ty : (A — A1l,)

(b) (A= M)A —pul) =A% = MNA — pAT + \ul?
= A% — NAT — uI A + pAI?
= (A—pl)(A—-X)

(¢) Suppose the eigenvalues of A are Ay ... \.

(i) Since Av = A\jv = A\ [v,
(A—XNT)v=Av— \Iv=0.
Applying the result in part (b) repeatedly yields
(A=XMI)...(A=XNID)...(A= D)= (A—M1I)...(A= N ])(A—\]I)
Therefore,
(A=XMI)...(A=XNID)...(A=Dv=(A-\1I)...(A= N\ ])(A— N\;])v
=(A-XMI)...(A=X\I)(0)=0

(ii) Since A is diagonalizable, by Theorem 6.2.3, A has n linearly independent eigenvectors,

which will span R™. Let {v1,...,v,} be one such basis.

Vv € R",3a4,...,a, € R, such that v = a1v1 + ... + apVn = > p_; QKU

Sv)=S5 (Z akvk>
k=1
= Xn: akS(’Uk)
k=1

n
= Z a0 from part (i)
k=1

=0

R(S) = {0}, and therefore, S is the zero transformation.



