MA1102R Calculus AY2017/18 Semester 1

Question 1:

(i)

(iii)

f is continuous and differentiable everywhere. The first derivative

d d
fl(z) = %(:ﬁ +42% + 11z + 14)e " + (2® + 42® 4 11z + 14)%(6*”0)
= Bz +8x+11)e ™ + (2° +42® 4+ 11z + 14)(—e ™)
= (—2*—2* -3z -3)e®

= —(z4+1)(2®+3)e "

is zero at x = —1.

When z < —1, f'(x) > 0. Applying the Increasing Test, f is increasing on (—oo, —1).
When 2 > —1, f'(z) < 0. Applying the Decreasing Test, f is decreasing on (—1, 00).

x = —1 is the only critical point.

Since f’(x) changes from positive to negative, from the First Derivative Test, f has a local

maximum at £ = —1. The value of the local maximum is f(—1) = 6e.

The second derivative

() = —(—2—2% -3z —3)e "+ (—2® — 2? —337—3)%(6_3”)

is zero when z =0 or z = 1.

When 0 < 2 <1, f’(z) > 0. f’ is increasing on [0, 1].
When 1 <z, f”(x) > 0. f’ is increasing on [1, 00).

Since f’ is increasing on [0,00), f is concave up on (0, 00).

When z < 0, f”(z) < 0. Applying the Concavity Test, f is concave down on (—o0,0).

Since the concavity only changes at = = 0, that corresponds to the only inflection point.

70) = 14
Coordinates: (0,14)
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Graph of y = f(x)

Question 2:

(a) Given € > 0, let § = min{1,3e}. If 0 < |z — 2| < §, then
3z — (22 +2)
3(z2 +2)
—(x—=2)(z-1)
3(z2 +2)
(x—2)(x—1)

6
[z =2)((z—=2)+ 1)
6
< |z —2|(|x — 2|+ 1)

T 1
2+2 3

IN

(b) Expressing the limit as a Reimann sum

.3 ) 1

n

1
lim E —_
2(mn2 12
'n~>ooi:1 n (n “+1 )

triangle inequality

6<3e
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Using the substitution

I

(¢) When z > 0, both e —1 > 0 and

lim
z—0t

(

Using L’hopital Rule,

(

z _
lim —In €

rz—0t T x

e’ —1

du

u:1+x2,ﬁz2x
x3 1 [t 22
——dr = = ——(22)d
1422 v 2/0 1—|—x2(w)$
1 (Pu—1
:f/ Y du
2/)1 wu

1
Sl —Tnuf?

1—In2
2

lim exp
z—0t
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T
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=exp( lim —In
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lim
z—0t
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lim
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% > 0. Using the fact that exp(lnz) = =z,

))
))

% indeterminate form

lim
r—0t

= lim
z—0t

= lim
rz—0t

= lim
r—0t

I
a0+ (e7® —ze™7)
L)
%(1 —e T 4 ze?)

—T

lim
rz—0t

e

lim
z—0+ €% + (e7% — xe?)
67(0)

T e 0 40 —(0)e-©®

) -e(t) -

1

T2

still

[=]l=}

still

[=ll=}
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Question 3:
Let 0 be the angle (in radians) subtended by the arc.

Perimeter = r +r + rf = 50m

o — 50m — 2r
T
1
A: 57‘20

1
= §r(50m —2r)

To use the Closed Interval Method, solve for the critical numbers.

dA  d (1 ,
1
— 5 (50m — 4r)
—0
r = 12.5m

When r = 12.5m, A = 156.25m?. Next, check the values at the endpoints. When r = Om or
r = 50m, A = Om2. Therefore, a radius of 12.5m will yield the largest area of 156.25m?.
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Graph of Area Enclosed against Radius
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Question 4:

(a) Whenz =7,y = (1)‘/5(\5)1 = /2. Let 0 < = < Z. Since the equation is always positive,

taking the natural logarithm on both sides gives
Iny = secx In(tan ) + tan x In(sec )

Performing implicit differentiation,

d d d
ﬁ(ln y) = %(secxln(tan x)) + %(tanxln(sec x))
1dy sec?
—— =secxtanz In(tanx) + secx
ydx tan x
9 secx tan
+ sec” z In(secz) + tanxy ——
secx
sec
= secx tan x In(tan z) +
anx
+ sec? zIn(sec x) 4 tan® z
L dy (v2)? 2 2
— = =v2(1)Inl+ ——— 2)"Inv2+1
Videl, . V2(1)In1 + : +(V2)?Inv2 +
=2V2+m2+1
dy
— =4 2(In2+1
i, +v2(In2+1)
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tane and its tangent line at x = T

secx( a4

Graph of y = (tanz) sec x)
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(b) The upper limit of integration is not  but z2. This makes F' a composite function.

Plu) = /0 "t

and

To find the critical numbers, the Chain Rule is needed.

d

d

du

%F(f) = Ju (F(u)) i

_ 4
T du

([ )

du

dx

From the Fundamental Theorem of Calculus, - fou f(®)dt = f(u). Thus, the derivative

d du
2 P(p) = —
SR() = T fw)
=2z f(z?)
Lir;(xz), if x #£0,
0, if x =0.

is zero iff 22 = k7 for some integer k.

. 2
When £k is odd, % changes from positive to negative, and F' attains a local maximum.

When £ is even,

sin(z?)

x

changes from negative to positive, and F' attains a local minimum.

Graph of y =

2sin(z?)
x
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(c¢) From the Decreasing Test, f”(z) < 0 means that f’ is decreasing on [0,00). Using the
definition of a decreasing function, for all z > 0, f'(x) < f/(0) = 0. Since f’(x) is negative,
f is also decreasing on [0,00). Now, suppose f has more than one positive root. There
would then exist 0 < x1 < 9, such that f(z1) = f(x2) = 0. However, since f is decreasing,

f(z1) > f(z2). A contradiction! Therefore, f has at most 1 positive root.

To show that f has at least one positive root, consider some a > 0.

Case f(a) = 0: Shown.

Case f(a) < 0: The Intermediate Value Theorem guarentees a root in (0, a).
Case f(a) >0: Let b=a — J{c/((‘;)). Note that b —a = —]{,((‘;)) > 0.

According to Taylor’s Theorem (n = 1), there exists a ¢ in (a, b) such that

£6) = £(@) + F @06~ a) + L1~ a
e L@ PO S,

fila) " 2
_ ) S
2 'fla)

Since f”(c) <0, f(b) < 0. The Intermediate Value Theorem guarentees a root in (a,b).

(

The number of positive roots is at least one and at most one. Therefore, f has exactly one

positive root.

Question 5:

First, solve the system of equations to find the points of intersections.

y* =2 (1)
2?4y =8 (2)
2?4+ 20 =8
(x+1)2=9

z+1=3 from (1), £>0
r=2

y=2ory=-2

The points of intersection are (2,2) and (2, —2). Therefore, R is the region bounded by z; = %
and zo = /8 — y2 on the interval —2 < y < 2.
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(i) The area of R is given by

2
/xzdy—/ xldy—/ V8 —y2dy — / ydy
92 —

For the first integral, let y = 2v/2sin

Z—z =2v2cos @

[

V8 — 8sin? 0(2v/2 cos 0

Ma

B!

=16 [ V1 —sin?6f(cosh)dd

INEle}

8

J
i

2 cos? 0do

M:n

8 (cos 20 4+ 1)do

5 {sm29 ]X
G

M w\»—*
Mz}
N———

(ii) The volume of revolution is given by the integral

[ rtwt ety = [ (-0 -%

)dy
2 4
3 o2
_ Yy v
-k
_ 352
15
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Question 6:

(i) Integrate by parts. Using the substitution u = 1 4 2, 44

x 1
/ Arop= / 2uz

dx

-1
__4cC
2u+
-1
= c
2@ 1)
x? 1
S 2(x2 4+ 1) §+C

Using the results above,

zlnzx

/Wdz/(lnx)jx 2(;1

1 x2

5 {(lnx) P
22Inzx

T 22+ 1)
2?2 lnx

T 2@2+1)
z2Inz

T 22+1) 4

T

.-

1 22 1
ifmgd
1

i) 21
1

(ii) Let the antiderivative

2?lnzx 1

22 +1) 4

- i <1hjr(f_)2 ~In(a? + 1))

1 (IGEy) @ +1)
a 1422 z2+1

1
oo
1
/ I g = lim F(b) — lim F(a)
0 (1 —+ $2)2 b— oo a—0t

1 <1n(b2b+1)

bimo Z 1+062

F(z) = In(z® + 1)

)

In(b? + 1)
2 +1

1. WGED) 1 W@ +1)

= = lim —¥+1. -
4b5§>1+b—2 4bi>nolo b2 +1

1
_ % -
a0 (2((12 n 1)) -

li 21
(i)

ln(ac2 +1)+C

_ 1 _ama
) a0+ (2(a2 Y1) 4
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= 2z, consider the integral

22 d
/$2+1dx(lnx)dx}

a’lna

— lln(a2 + 1))

1,
a]irg+ Zln(a +1)
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1Inl1 1 In(b? + 1) 1\ .. Ina 1 5
= - - = — — (=] 1 — —In(0 1
AT+0 dooe 241 5 ) Jm =) T gm0+ 1)
1. In(b*+1) 1 4 (Ina) N '
= O — Z blig.lo W — 5 ali}lglJr % + 0 o indeterminate form
a
1 4 (In(b? +1 1 -1
= 71 i M — 5 1m % 2 indeterminate form
booo L (b2 41) a—0+ (—2)a
2b
_ Ly (b2+1) 1 —a?
Tl 2 2 a0t 2
1 I 1 0
4 b00 b2 41
=0
-0.5 o 0.5 //11 1.5 2 2.5 3 3.5 4 4.5 5 _5.57 76 6.5 7 7.‘5
|
*O.l‘
Graph of y = (1“‘;:25)2
Alternative Solution:
/Oo zlnx /1 zlnz d +/°° zlnx p
——dx = ———dx ———dx
o (1+22)? o (1+a2)? 1 (T+a2)?

Extend the domain of

the last integral.

1

the integrand to include zero and apply the substitution u = - on

10
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Question 7:

(a) Differentiate y implicitly w.r.t. z.

dy 1 1 dz
de 22 22dx
1 1dz_(1 1)2 141
2 22dx 'z 2 T
Lds (1 L, 11
2dx 'z 2 T T
11
T 22 gz
dz z
0=-"Z4+1+°
d:c+ +
Using the substitution u = zz, j—“—z+i%
1 du
—— +1=0
a?der
du
dzx

Whenz=1,y=2,2=1, u=1.

u—1= /j(—t)dt

3— a2
u =

2

3— g2
a—

2x
71 2x
yix 3 — a2
3+

z(3 — 2?)

(b) Since height is always decreasing w.r.t. time, ¢ is a function of h.

dt  4h— 1

dv

The time taken to empty the sphere, 7 = ¢(0) —t(4), can be derived using the Fundamental

Theorem of Calculus.
0
dt
= —dh
a /4 dh

0 4h — h2
:/ — dh
4 Vh

11
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Using the substitution u = v/h, % = ﬁ,

0 43 _ 12 447 12
Iy P ULy s
4 Vh 0 Vh

2
:/ 2(4u® — u*)du
0

2[4_]
0

3 5
128
15

Question 8:
If(x)| <M = —M < f'(z) <M.

For 0 <z <0.5,
/ Mdt</f dt</Mdt
—Mzx < f(z)— f(0) < Mx

Since f(0) =0, —Mz < f(z) < Mz and |f(z)] < M. Therefore,

0.5 0.5 M
/ |f(z)|dx < Muxdr = —
0 0 8

For 0.5 <z <1,
/ Mdt</ it dt</ Mdt
M1—-2)< f(1)— f(z) <M1 —x)

Since f(1) =0, —-M(1 —z) < f(z) < M(1 —x) and |f(z)] < M(1 — z). Therefore,

1 1
/ f@lde< [ MO -2)de=2
0.5 0.5 8

Thus,

1 0.5 1
/O If(vv)lclﬂ::/0 |f(a:)|da:+/0 |f()]dz < %Jr%:%

.5

12



