PC1143 2011/2012 Exam Solutions

Question 1

a) Assumption: shells are conductors.
Notes: the system given is a capacitor. Make use of spherical symmetry.

. 1 C I
Energy density, u = EEOEZ- in this case E means electric field strength.

To find E, we use gauss law.
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Remember to include upper and lower I|m|t when doing integration!

1

(— 5 + %) k represents dielectric constant.

b)U——

8 wkeg

c) U is smaller than Uy, since there are induced charges on the dielectric surface and work is done by
system to induce these charges, leading to a decrease in stored energy.

Question 2

9.11 x 10731 x 0.01c

B(1.60 x 10719) =

1078 x 1072
B =171x%x10°T
b)i)Use B = Usmg the right hand grip rule, the magnetic fields due to the wires carrying current
I cancel each other out. Thus, we only need to consider magnetic field produced by wire carrying
current 21.
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B = Mol  po2l HolV2
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b) ii)

Arrows defining positive x and positive y.

Mo2l
B, =
2 2mr
r=+d%+d2?=+2d
o2l
21 =
2m2d
Mo2l
B,;, = —————sin45° =
2l 2mvV2d
Ho2l
By, = — cos 45° =
2y 2mV2d
_ Kol
X = ond
_ Hol
Y= ond
_ Bl kol _
X 2nd 2nd
L
Y 2nd 2nd
So, B = 0.
Question 3

_ ol _ Hol
mV2dV2 2md
_ bl
2md

a) At steady state, before the switch is flipped:

By loop rule, —iR, — L% +& =0

ai
At steady state, d—; =0
80 - lRZ

. €o
l(t=0)=R—
2

After the switch is flipped from a to b:

By loop rule, =Ry i — LZ—i =
di Ry
dt  Li

Rit &

it)=i(t=0)e L = R—e

0
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Must memorise solution to above differential equation!

. : . . g R
b) Power dissipated in resistor = i?R; = —2e™ L tRl
RZ
. &2 _2R1 £2 2Ry L
Total energy dissipated = [ P dt = R—‘;Rl fe T tdt = R—°R1e Lt (— E)
2 2 2

Integrate fromt = 0 to t = oo, total energy dissipated,
& L

& L p _ 178 _1irce — )2 = o _
R2 7 T = 2LR§ = 2L[L(t = 0)]? = Energy stored in inductor att = 0. (shown)

Question 4

a) For RLC is parallel, iy is the same phase as the source voltage. vg = v, = V¢ = Usource-
/4
ip = Igsin(wt) = Esin(wt)
i; lagip by% radian (Note: must know this for exam!)
4
i, = ——cos(wt
L= —-cos(wt)

ic lead i by g radian (Note: must know this for exam!)

vV
ic =Iccos (wt) = X—Ccos(a)t) = CVw cos(wt)

. T . . . . V2 . vZ .
b) Power dissipated in circuit = Power dissipated in resistor = iR = Fsm2 (wt)R = Fsm2 (wt)

c) Energy stored in circuit = Energy in capacitor + Energy in inductor

1 1
= ECVZ +5ng
2

cos?(wt)

1 1V
— 2 cin?
—ECV Sin (wt)-l_ELLZa)Z
—1CV2 in?( t)+1 v 2(wt)
—2 Sin~(w 2L(’UZCOS w

Question 5

a) Concept: Direction of propagation is same as direction of E X B.
Direction of propagation is -1 direction (given) and E is in j direction, since it is given that E is
perpendicular to k direction and it must also be perpendicular to the -1 direction.

Note: 7, j and k in solution to this guestion refer to unit vectors.

—-1=jx-k

E(x, t) = Emax cos(kx + wt) j = cBypqy cos(kx + wt) j

§(x, t) = —Bpax cos(kx + wt) k

Find w using w = 2mf, f is given in the question to be 100MHz. Find k using k =

@
T

b)S=—-ExB
Ho
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~ 1
S = 1/WoEmax cos(kx + wt) j X (—=Bpax cos(kx + wt))k = — H—Emameax cos?(kx + wt) i
0

1 1
)l =S8g = EEmax max — Z_uOCBmameax

Given I = 1000W/m?, and given p, and ¢, we can solve for B,
Then, find E,;, 4, With formula Ep g = ¢Bmax-

Question 6
a) i) In this solution, 7 and k refer to unit vectors.
1 q,
- 4me r_zr

r=xi-zk
r? =x? + 72

. _ xi—zk
Unit vector, r = Nz
JE — 1 dqg xi—zk
C 4megx?+ 22+/x2 + 22
d _dz
1 Q =xi—zk
dE = 4 z 3 dz
T2t (y2 4 z2)2
1 0 (! X
E, = = | ———— dz

E = Qx (1 z )
¥ 8megl \x2+/x2 ¥ 22
oo Q1 2 20
¥ 8meglx?xZ ¥ 12 8megxVxZ + 2

Because charge distribution is symmetrical about x axis, net E, = 0.

a) ii) When line of charge is infinitely long, [ > x,
Q _ Q L 2
4 Va2 + [2 2 dmegxl  Amegx
TEYXVX + 47‘[80x\/l_2 (1 + (E) ) 0 0

E, =
z

where 1 = %

b)i)C = % Consider Gauss’ Law, $ E - dA = Yene

€o
EQ2nrl) = sg, where Q is the charge on one cylinder.
0
__ 10
- 2mrL g,
. av
Since E = —E,dV = —FE dr,
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2nrlL 80

1
dv = — —d
f 27TL€0 T 4

Take integration limits fromr = ator = b,

Vo, —=Vp = ¢ ln<9>

dv = —

2mLeg a
Q Q b b
=—=———In|{—) =2nLeygIn|—
¢ 1% Q n(a) e n(a)
2mLeg

b) ii) Given b — a « a. Consider the very thin cylindrical strip, by Gauss’ Law, SGE dA = M,

E(Q2mal) = g

€o
av
— (2mal) = 2
dr £

0
Q
2megal dr
_Q
"~ 2¢omal (b=a)
Q Q

C=y="0

2eqmal

dv =

(b —a) = 2¢ymalL(b — a)

But | don’t know how to comment on my answer. =(

Question 7

a)i) Making use of Biot-Savart’s Law:

fo 1
B=——-dlx
d P dlx#

Let#, =acosfi+asinfj
dl = —asinf0dfi + acos 6 dbj

f'1=Zk
r=7—7,=—acosOi—asinbj+ zk

r? =a? + z2

. - 1 N . A ™
Unit vector or 7, r = W(—a cos@i—asinbj + zk)

o 1 ( 08 doi + edQA)X—acosei—asin9j+zlz
=-———— (—asin i+ acos 7
47Ta2+Z2 Va? + z2
I
= Ho —(a sin? 6 dOk + azsin 0 d8j + a? cos? 8 dOk + az cos 6 d@l)
(a2 + z2)2
#0 = (a?d0k + az sin 6 d6j + az cos 6 do?)
(a2 + z2)2
n I an - I ~ 1 I .
B = dB=Z—0—3f a2d9k=Z—0—32nk= ELS,’(
0 T (a? + z2)z~0 T (a? + z?)2 (a? + z?)2

€o
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a)u)f Bd uola fL 1 3d2=#01a2i[ z ]L

2 L(a2+z2)i 2 a?WaZ+z2l_
L 1 2L UolL
B,dz = uy= =

f—L ‘ 2V 12 VaZ+ L2
For L approaching co:

Holl  _ polL I

= U
Vaz+ 12 V2 f °
b)B uoln Zf 1 d Uoln o 1 [ m ]Z+é uoln z+% - E
2 (az+m2)% 2 el 2 (o)) sl

c) i) T and j represent unit vectors. At point Q,
= yj

7n =acosfi+asinfj

dl = —asin6 d6i + a cos d doj

Using Biot- Savart's Law,

dB = ——dl X
4t r 4

F=7,—7 =—acosOi+ (y—asinf)j
For point Q far away from loop,

-

¥ =—acosfi+yj

r =./a?cos? 6 + y? = y, since point on y axis is very far away from loop.
7= —(—ac059i+yj)
dB = Z;)Tyz (—asin8dli+ acos B dbj) x — ( acosfO1i+yj)
= Z_TEF (—ay sin 6 dok + a? cos? 6 d91€)
I 21
= Z—;}? —aysinf + a? cos? 6 do
IaZ 21
= 'u—0—3 cos?0dé
i y° J,
la? (?™cos26 +1
_ola? (Teos20+1
4 y3 ), 2
_Ho Ia?
=237

For point very far away from loop, y is very large. B = 0.

c) ii) Ampere’s Law:

fB ~dl = polenc
Consider a closed loop from z = —oo to oo, from y = 0 to point Q.
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Consider B - d] over this closed loop,
f B, dz = pyl

This is because the system is symmetric about y axis, so B - dl on line above y axis cancels out with

B - dl on line below y axis, and B -dl on line cutting through Q is 0 because we approximate B = 0
at any point along this line.

Question 8
a) i) By Faraday's Law,

E=——
dt

. _ B 2
In this case, ® = T%(l — e *)ra?

Note: consider B in k direction only, because B in j direction doesn’t contribute to flux.

d B na’B ma?Byle Mt
=[P - e—/’lt)n.az] S e O ) P
dt1\2 V2 V2
Reff = Rl + RZ

E  ma’B, Ae M

Resr V2 Ry +R?

a) ii) Draw a graph, same shape as y = e™* graph. Must say that asymptote is at I(t) = 0 and I(t)
ma’B, A
V2 R{+R;

intercept is

ma’By _jp ARy

a) |||) Vl = IRl = \/E R1+R2
wa’B, AR,
V, =IR, = -At
2= =T s R TR,

a) iv) The emf induced as a result of changing magnetic flux through wire loop is non conservative
and depends on path taken. Even if R; = R,, with respect to Ry, current flows from q to p, g has
higher potential. With respect to R,, current flows from p to g, p has higher potential. So the
readings on both voltmeters will be different (have different sign).

b) Use the definition: flux through triangle loop = mutual inductance x current through straight wire
Consider similar triangles:

SN

From trigonometry ratios, tan 60° = /3 = p
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Consider many horizontal rectangular strips,

y
dA=2xdy=2-=d
y 3 y

B cutting through the rectangular strip, B = ol

2n[b+(a-y)]’
Flux through the triangle,
= 2 Hol y
B-dA = f 2—d
/ 21lb + (a— ] “V3 >
_ pol (¢ y
m/3Jo bta—-y
Mol (*y—-b—a+b+ta
3 0 b+a—y
ﬂo[ a b +a

= —1d
n3Jo bta—y Y

=“_°I[_(b+a)ln(b +a-y)-yl§
™3 °

=% —a+(b+a)1n<bza)]

dy

dy

Using the definition: flux through triangle loop = mutual inductance x current through straight wire

I b+
ML—a+(b+a)ln( a>]=MI

V3 b
o b+a
M=——|-a+ b+aln( )]
3 ( ) 5
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