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1. The statistical operator for an atom pointing in direction €'is p =

2
Prob(+n) = tr {|Tn)(Tn| p} —tr{i(1+n~6)(l+6~5)} _tr{iu+ﬁ.5+a.a+(ﬁ.3)(a5)1}
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—tr{4[1+ﬁ.5+5.5+ﬁ.5+i(ﬁxé*).g]}—2(1+ﬁ-é)

Similarly, Prob(—n) = tr {|»){ln| p} = tr {le(l —n-d)(l—-¢- 5)} =

2. (a) If AAT = ATA =0 and Ala;) = |a;)a;, then
(A — a1])|al> =0
[{ail (AT — ai D[(A — ail)la:)] = 0
(ai|(ATA —af A — a; AT + ala;)|a;) =0
(ai|(AAT — a; AT — af A+ ala;)|a;) = 0
[{ail(A = a:D)][(AT — ai D)la:)] = 0
which means that (a;|(A — a;I) =0, or (a;] is an eigenbra of A with eigenvalue a;

(b) Given
Ala) = |a) and (b|A = b(D|

Taking inner product of the first equation with (b| and second equation with |a):
(b|A|a) = a(bla) and (b|Ala) = b(b|a)

Subtracting the two, we get (a — b)(bla) = 0. Since b # a, (bla) is 0.

3. (a) In term of power series, since we have (7 - &) = 1
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(b) With 7i = (& +§+ Z) and ¢ = 2F

o(1871:5) cos = +isin = (7 - 7) cos7r—|—z'sin7r 1 (Gp + &, +7.)
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4. Using (z|X = z(z| and (z|P = —zh2<r|

Ox
(| XP = z(z|P = fzhxg<x|
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L 0 L 0 L 0 .
(z|PX = —zh%(x\X = —zh%@:\x = —zhac%@d — ih{x|

(z|[X, P] = (x| X P — (z|PX = ih{x|

5. For SHO, the Hamiltonian is

P2 1 9
= 4 X2
2m+2mw
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E-(H)—2m+2 <X)—2m+2mw6X—2(m+w5X)

6. Using Schrédinger equation,

2 1 2
W dEp(x) Md(x)zp(m) = Ey(x)

2m  dx? m
d? 2mE
V) | awaapta) =~y

Intergrate over a small region [—¢, €],

dqgiif) - % +2r1p(0) = ¢ » W(w)de = 264°4(0)

Let e = 0

dp(0+)  dp(0-)

2 =
dzx dzx +2r1p(0) =0

To the left and right of the origin, the potential term vanishes, and since the wavefunctions must vanish

at infinity,
Aet* x <0

¥(z) = { Ae—9* z>0

The following boundary condition must be satisfied:

¥(0+) = ¥(0-)
dlg;x) s — dﬁix) |, +260(0) = 0

The first condition requires that A = B = ¢(0). The second condition gives

— q¥(0)e™

O

L 2m(0) =0

—qp(0) — qip(0) + 2K79(0) = 0



which give rise to ¢ = k. There is only one bound state, with energy

E = R
2m 2m

The wavefunction can be obtained by normalization:

oo 0 0
/ [(0)Pe 2"l dz = / [(0)2e?"dar + / 106(0) 262 d
. - i

= L) {[e%x])o_oo + [—ezlm]‘m} = O (2)=1
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Hence t(0) = v/k. The bound state’s wavefunction is

() = Ve



