PC2130 AY0910 semester 1 final exam solution

Question 1

1(a)

Since 3« is the value obtained from measurement A, it is the eigenvalue of matrix A. The
eigenvector/eigenstate correspond to this eigenvalue is the initial state of the system:

a — 3a o 0
Qo 200 — 3 0
0 0 3a — 3a

Hence, the initial state of the system is, |1(0)) =
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The state of the system at later time is then given by:

() = exp (—;Ht) ( 8 )
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In order to expand exp (—%Ht), the eigenvalue and eigenvector of H is needed.

det[H— M| = 0
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(2e = N)(e = A)? —4e*(2e =) = 0
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0 0 0 T
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For A = 2e,
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For A = —e,

3¢ 0 0 T
0 2 2ue Y =
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For A = 3e,
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0 —2¢ 2ie Y =
0 —2e —2¢ z

Hence, the system at later time,

1(b)

As seen from equation 1, there is only two values will be obtained if we measure H at
t > 0, which are —e and 3e. The probability of obtaining these values are:

1(c)
(H) = P(—¢€) x (—€)+ P(3¢) x (3¢)

= €

The expectation value of the Hamiltonian does not depend on time ¢, it is because the
total energy of the system is conserve.



1(d)
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The expectation value of observable A depends on time ¢. It means that it is not a
conserve quantity in the system.

Question 2
U(x,0) = Aexp <—2 |x\> exp (ikox) A,L kg >0

2(a)
[me%mﬁm:: |
A? /_O:o exp <—i |m|> dr = 1
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U(z,0) = \/Eexp (—11_1 ]a:\) exp (ikox)
2(b)
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Since x is an odd function, exp (—% |x|) is an even function, the result of integration
above is 0. Hence,

(@) = 0
d

(p) m ;? Ehrenfest’s Theorem

(p) = 0



2(c)
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2(d)

Since
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By comparing equation 2 and 3, one has:

2(e)
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The expectation value of momentum, p is
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The expectation value of position, x is
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Since (x) = 0 when ¢ = 0, hence, (z) = %t

It means that the particle is moving to the direction of py with a constant velocity.

2(f) .
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Since 0,0, > h/2, Hence, the uncertainty of x is o, > g That is, the minimum uncer-
tainty of x is L/2. It is because the “width” of the wave packet is L (L/2 for both +x
and —z direction). The uncertainty of the position might be higher as time evolve. It is
due to the spread of the wave packet itself.

Question 3

3(a)
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3(b)

Using the result from question 3(a

),

d{z) 1
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This is the equation of motion of a simple harmonic oscillation system, its solution is

given by:

1
m
Given that at time t = 0, (z)

Hence,

3(c)

(ii) Since [a,41] =1 and H |n) = fw (afa + §) [n) = (n +

Ha |n)

Csinwt + D coswt

w (C coswt — D sinwt)

w (C' coswt — D sinwt)

= A and (p) = 0, from equation 5 and 6,
w(CcosO—Dsin0) = 0

C =0
Dcos) = A
D = A
(x) = Acoswt
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Similarly,
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3(d)
Given a|n) = y/n|n —1) and a' |n) = v/n + 1|n + 1), and,
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3(e)
(0] exp(iz) [0) = (0] (1+z':z=— Loz gy >|o>

2! 3!
1
= 14+4(0]2]0) — 2|(O|£2]0>+... (7)
As seen from the result in question 3(d), when n =n' =0, (0| 2 |0) always equal to 0. In

fact, for any positive integer k, (0] 2%*~1]0) is always equal to 0. Hence, equation 7 can
be simplify into

1 1
(O exp(id)[0) = 1 5 (0% [0) + (0] & [o) -

There are two ways to solve this problem: one is through matrix representation, and
another is through wave function. Let us start with the formal first. Recall that the



matrix element of Z, x,,, is equal to (m|Z |n). So, from the previous question, the matrix
representation of 22 is:

n=0 1 2 3

n=0 1 0 V2 0

, 1 0 3 0 V6

2 = 9 V2. 0 5 0
2mw 3 0 V6 0 7

Subsequently, the matrix representation of 2%, 2% and so on, can be found. Note that
we are only interested in the element xyy. Hence, only the first row and first column is
needed.

242

Tt = a°T
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1 0 ) . ) .
h\ 2 | 6v2
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Observe that (0]2%[0) = &2 x 1 x 3, (0]2%]0) = € x 1 x 3 x 5, and
x (2k —1).

Let & = ;1.

(0] 2%]0) = €* x 1 x 3 x 5 x 7, we conclude that (0] £2*]0) = €1 x 3 x ...
Hence, equation 7 can be further simplified:
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(Optional) The other way to solve this question 3(e) is through wave function. This
requires the Gaussian integral and the wave function of ground state of harmonic oscillator.
Since both of them are not given by the question, you might need to remember the

formulae. Here, { = /%2

(0] expiz|0) = /OO Yy exp(iz)ode

1/2 poo
mw) / exp(iz) exp(—%fdm)

Question 4

n = sinfcos ¢i+ sinfsin ¢j + cos Ok
|Sn;+) = cos@|S,;+) + exp (ig) sinf |S,; —)

4(a)

Let |S,; —) spin along the unit vector, m with polar angle, 6,, and azimuthal angle, ¢,,.
Since m and n are parallel but pointing toward opposite directions, one has

0,, = w—40
Om = O+
Hence, the states of |S,,; —) is given by:
|Sp;—) = cos 5 |S.; +) + exp(id,,) sin > 1S, —)
—0 . U e ¢ _
= cos (2 + 2) |S.; +) exp(im) exp(i¢) sin (2 + 2) |S.;—)

0 0
= sin 3 |S,;+) — exp(io) cos 3 1S, —)



0 0
<Sn§ _| = Sini <Sza +| - eXp(_i(é) cos 5 <Sza _l
.0 0 0 .0
(Sp; —| Sy +) = sin 7 cos 5 — cos g sin g
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4(d)
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+ exp(ig) sin @ |S,; —) (S.; +| — cos@|S.; —) (Sz; —| |

For measurement of S,
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For measurement of S,,

|Sy?i>
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P(Transmit)
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