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INSTRUCTIONS	TO	STUDENTS	
	
1. Please	write	your	student	number	only.		Do	not	write	your	name.	
2. This	assessment	paper	contains	4	questions	and	comprises	4	printed	pages.	
3. Students	are	required	to	answer	ALL	questions.		The	answers	are	to	be	written	on	

the	answer	books.	
4. Students	should	write	the	answers	for	each	question	on	a	new	page.	
5. This	is	a	CLOSED	BOOK	examination.	
6. Programmable	calculators	are	NOT	allowed.	
7. All	questions	carry	equal	marks.		The	total	mark	is	60.	
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Question	1	
Consider	a	point	dipole	ܲ	with	electric	dipole	moment	ܘ.	
(a) Suppose	ܲ	is	located	at	the	origin	ࣩ.		The	electric	potential	at	a	field	point	ܚ ൌ 	due		ොܚݎ

to	ܲ	is	given	by	

ܸሺܚሻ ൌ
1

଴߳ߨ4

ܘ ⋅ ොܚ
ଶݎ

.	

Show	that	the	electric	field	due	to	ܲ	at	ܚ	is	given	by	

۳ሺܚሻ ൌ
1

଴߳ߨ4

1
ଷݎ
ሾ3ሺܘ ⋅ ොܚොሻܚ െ 	.ሿܘ

ሾ6	marksሿ	
You	may	find	the	following	results	useful:	

,ݎሺ݂׏ ,ߠ ߶ሻ ൌ
߲݂
ݎ߲

ොܚ ൅
1
ݎ
߲݂
ߠ߲

෡ࣂ ൅
1

ݎ sin ߠ
߲݂
߲߶

෡ࣘ	

where	
ොܚ ൌ sin ߠ cos߶ ොܠ ൅ sin ߠ sin߶ ොܡ ൅ cos ߠ 	,ොܢ
෡ࣂ ൌ cos ߠ cos߶ ොܠ ൅ cos ߠ sin߶ ොܡ െ sin ߠ 	.ොܢ

	
(b) Suppose	ܲ	is	in	a	nonuniform	electric	field	۳ሺܚሻ.		Show	that	it	experiences	a	force	۴	

given	by	
۴ ൌ ሺܘ ⋅ 	.ሻ۳׏

ሾ3	marksሿ	
	

(c) Suppose	ܲ	is	oriented	normal	to	and	at	distance	݀	from	an	infinite	conducting	plane	
that	is	grounded.		Calculate	the	force	ܨ	exerted	by	the	plane	on	ܲ.		Justify	your	answer.	

ሾ6	marksሿ	
	

Question	2	
Consider	a	sample	of	linear	dielectric	material,	of	electric	susceptibility	߯௘,	subject	to	an	
electric	field.	
(a) The	electric	potential	ܸ	at	a	 field	point	ܚ	due	 to	polarization	۾ሺܚᇱሻ	of	 the	sample	 is	

given	by	

ܸሺܚሻ ൌ න
1

଴߳ߨ4

ᇱሻܚሺ۾ ⋅ ሺܚ െ ᇱሻܚ
ܚ| െ ᇱ|ଷܚ

݀߬ᇱ
ࣰ

.	

i. Show	that	

ܸሺܚሻ ൌ න
1

଴߳ߨ4

ᇱሻܚ௕ሺߩ
ܚ| െ |ᇱܚ

݀߬ᇱ
ࣰ

൅ ර
1

଴߳ߨ4

ᇱሻܚ௕ሺߪ
ܚ| െ |ᇱܚ

݀ܽᇱ
࣭

,	

where	ࣰ	is	the	volume	of	the	sample	and	࣭	is	the	boundary	of	ࣰ.	
ii. Find	ߩ௕ሺܚᇱሻ	and	ߪ௕ሺܚᇱሻ.		Express	your	answers	in	terms	of	۾ሺܚᇱሻ.	

ሾ5	marksሿ	
You	may	find	the	following	results	useful:	

ܚ െ ᇱܚ

ܚ| െ ᇱ|ଷܚ
ൌ ᇱ׏ ൬

1
ܚ| െ |ᇱܚ

൰,	

׏ ⋅ ሺ݂ۯሻ ൌ ݂׏ ⋅ ۯ ൅ ׏݂ ⋅ 	.ۯ
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(b) Show	that	ߩ௕	is	directly	proportional	to	ߩ௙,	the	free	charge	per	unit	volume	in	ࣰ.		Find	
the	proportionality	constant,	in	terms	of	߯௘.	

ሾ4	marksሿ	
	

(c) The	space	between	the	plates	of	a	parallel‐plate	capacitor	is	filled	with	two	slabs	of	
linear	dielectric	material.		Slab	1	has	electric	permittivity	߳ଵ	and	thickness	݀ଵ,	while	
slab	2	has	electric	permittivity	߳ଶ	and	thickness	݀ଶ.	

	
Determine	the	capacitance	of	the	parallel‐plate	capacitor.	 	Express	your	answer	in	
terms	of	area	ܣ,	݀ଵ,	݀ଶ,	߳ଵ,	and	߳ଶ.		Justify	your	answer.	

ሾ6	marksሿ	
	

Question	3	
Consider	a	 localized	distribution	of	steady	currents	described	by	current	density	۸ሺܚᇱሻ.		
The	magnetic	field	۰	at	the	field	point	ܚ	due	to	this	current	distribution	is	given	by	

۰ሺܚሻ ൌ න
଴ߤ
ߨ4

۸ሺܚᇱሻ ൈ ሺܚ െ ᇱሻܚ
ܚ| െ ᇱ|ଷܚ

݀߬ᇱ.	

(a) Show	that	׏ ൈ ۰ሺܚሻ ൌ 	.ሻܚ଴۸ሺߤ
ሾ6	marksሿ	

You	may	find	the	following	results	useful:	
׏ ൈ ሺۯ ൈ ۰ሻ ൌ ሺ۰ ⋅ ۯሻ׏ െ ሺۯ ⋅ ሻ۰׏ ൅ ሺ׏ ⋅ ۰ሻۯ െ ሺ׏ ⋅ 	,ሻ۰ۯ

׏ ⋅ ሺ݂ۯሻ ൌ ݂ሺ׏ ⋅ ሻۯ ൅ ۯ ⋅ 	,݂׏

׏ ⋅ ቆ
ܚ െ ᇱܚ

ܚ| െ ᇱ|ଷܚ
ቇ ൌ ܚଷሺߜߨ4 െ 	.ᇱሻܚ

	
(b) Show	that	׏ ⋅ ۰ሺܚሻ ൌ 0.	

ሾ3	marksሿ	
You	may	find	the	following	result	useful:	

׏ ⋅ ሺۯ ൈ ۰ሻ ൌ ۰ ⋅ ሺ׏ ൈ ሻۯ െ ۯ ⋅ ሺ׏ ൈ ۰ሻ.	
	

(c) Now	consider	two	long,	straight,	parallel	wires	1	and	2	carrying	the	same	current	ܫ,	
in	opposite	directions.		Show	that	the	associated	magnetic	vector	potential	ۯ	is	given	
by	

ሻܚሺۯ ൌ
ܫ଴ߤ
ߨ2

ln
ଶݏ
ଵݏ
	,ොܢ

where	ݏଵ	and	ݏଶ	are	the	perpendicular	distances	from	a	field	point	ܚ	to	the	wires	and	
	.direction	ොܢ	the	in	is	1	wire	in	current	The		wires.	the	to	parallel	vector	unit	a	is	ොܢ

ሾ6	marksሿ	
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Question	4	
(a) Consider	 a	 localized	 distribution	 of	 steady	 currents	 described	 by	 current	 density	

۸ሺܚᇱሻ .	 	 The	 magnetic	 vector	 potential	 ۯ 	at	 the	 field	 point	 ܚ 	due	 to	 this	 current	
distribution	is	given	by	

ሻܚሺۯ ൌ න
଴ߤ
ߨ4

۸ሺܚᇱሻ
ܚ| െ |ᇱܚ

݀߬ᇱ.	

For	ݎ ≫ 	,ᇱݎ

1
ܚ| െ |ᇱܚ

ൌ
1
ݎ
෍ቆ

ᇱݎ

ݎ
ቇ
௡

௡ܲሺcos ሻߠ
ஶ

௡ୀ଴

,	

where	ߠ	is	the	angle	between	ܚ	and	ܚᇱ,	and	 ଴ܲሺcos ሻߠ ൌ 1,	 ଵܲሺcos ሻߠ ൌ cos 	Suppose		.ߠ
۸ሺܚᇱሻ݀߬ᇱ ൌ 	current	carrying	ࣝ	loop	wire	closed	a	of	element	line	the	is	ᇱܔ݀	where	ᇱ,ܔ݀ܫ
	that	Show		.ܫ	of	direction	the	in	points	ᇱܔ݀		.ܫ

ሻܚሺۯ ൌ
଴ߤ
ߨ4

ܕ ൈ ොܚ
ଶݎ

൅ ܱ ൬
1
ଷݎ
൰,	

where	the	magnetic	dipole	moment	

ܕ ൌ 	.ᇱ܉න݀ܫ

ሾ5	marksሿ	
You	may	find	the	following	result	useful:	

ර ܔ݂݀
డ࣭

ൌ න݀܉ ൈ ݂׏
࣭

.	

	
(b) Consider	a	sample	of	paramagnetic	material	subject	to	a	magnetic	field.		Show	that	

the	magnetic	vector	potential	ۯ	at	a	field	point	ܚ	due	to	magnetization	ۻሺܚᇱሻ	of	the	
sample	is	given	by	

ሻܚሺۯ ൌ න
଴ߤ
ߨ4

۸௕ሺܚᇱሻ
ܚ| െ |ᇱܚ

݀߬ᇱ
ࣰ

൅ ර
଴ߤ
ߨ4

۹௕ሺܚᇱሻ
ܚ| െ |ᇱܚ

݀ܽᇱ
࣭

,	

where	ࣰ	is	 the	volume	of	 the	 sample	 and	࣭	is	 the	boundary	of	ࣰ.	 	 Find	۸௕ሺܚᇱሻ	and	
۹௕ሺܚᇱሻ.		Express	your	answers	in	terms	of	ۻሺܚᇱሻ.	

ሾ5	marksሿ	
You	may	find	the	following	results	useful:	

׏ ൈ ሺ݂ۯሻ ൌ ׏݂ ൈ ۯ െ ۯ ൈ 	,݂׏

නሺ׏ ൈ ሻ݀߬ۯ
ࣰ

ൌ െර ۯ ൈ ܉݀
డࣰ

.	

	
(c) A	solenoid	of	finite	length	is	filled	with	a	linear	paramagnetic	material	of	magnetic	

susceptibility	߯௠.	
i. Show	that	the	magnetic	field	inside	the	solenoid	due	to	current	ܫ	in	the	wire,	is	

greater	in	magnitude	than	when	the	paramagnetic	material	were	absent.	
ii. Alice	believes	that	the	greater	magnetic	field	is	due	to	the	bound	current	density	

۸௕.		Do	you	agree?		Justify	your	answer.	
ሾ5	marksሿ	

–	End	of	Paper	–	
YY	


