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Question 1
Consider a sphere of linear dielectric material placed in an otherwise uniform electric
field E,. The sphere has radius R and the electric susceptibility y. of the material is a
constant.
(a) Find E;,, the electric field inside the sphere.

(5]

[6]
(c) Hence, find f, the force per unit area experienced by charges present on the surface
of the sphere.

(b) Find E,y,, the electric field outside the sphere.

[4]
Express ALL FINAL ANSWERS in forms independent of your choice of coordinates.

You may find the following results useful. In spherical coordinates,
Ve 0 +9 10 +3 1 0
= or r 00 ¢rsin96¢'
and the Laplace equation for an electric scalar potential V =V (r, ) is
16(28V)+ ! E)(_OOV)_O
2or\" ar) TrZsineog\>" " a6) ~
where 0 < r < © and 0 < 6 < 7. The general solution is given by

V(r,6) = Z (Anr” + 321) P,(cos ).

r

n=0
Here, P,(cos 6)’s are the Legendre polynomials:

1
Py(cos ) =1, P;(cosB) = cos b, P,(cosB) = 5(3 cos?6 —1),

Question 2
Consider a localised distribution of steady current described by volume current
density J = J(r). The magnetic field B associated with ] is given by the fundamental
equation of magnetostatics,

By = [ Lo KX (1)

dt’.
A1 [r—r'|3

(a) Show thatV-J(r) = 0.

[5]

(b) Show that for any two vector fields, F and G,
V- FxG)=VxF)-G-F - (VXG).

(2]
(c) Hence, show that V- B(r) = 0.

[3]
(d) Show that for any two vector fields, F and G,

Ux (FxG) = (G V)F+(V:-GF—(V-F)G— (F-V)G.
2]

(e) Hence, show that V x B(r) = poJ(r).
[3]



Question 3

(a)

(b)

A circular loop of wire lies in the xy plane, with its centre at the origin. It has
radius R and carries a current / running counterclockwise as viewed from the
positive z- axis. The associated magnetic vector potential at a field point r is given

by
_ [ Mol a¥’
Alr) = f A [r—r'|
Show that at a field point r, such that |r| = r > R,
0
A(r) ~ 4'7TT3 H X r,

where g1 is to be determined. You may find the following result useful:

1 [oe]
= ) x"P,(h).
V1 —2hx + x? Z n(h)
n=0
6]
Consider a continuous distribution of point magnetic dipoles in a volume V
bounded by surface . Suppose the magnetic dipole moment per unit volume is
given by M(r’), show that the magnetic vector potential at a field point r is given
by
Ho (Jp(xdt’  py [ K,(r')da'
AD)=—| ——F—+—¢p ————,
ar )y Ir—=r'| " 4m ) |r—r']
where J, and K, are to be determined. You may find the following results useful:

VX (fG) =VfxG+ fVUXG, f(VxG)drz—)g(Gxn)da.
(5]

A volume V is filled with a linear material of constant magnetic susceptibility y,,.
Show that J,, = 0 if there is no free current in V, and the auxiliary field H = —VW
with W satisfying the Laplace equation.

(4]



Question 4
A toroidal coil having a rectangular cross section, an inner radius a, outer radius a +
w, and height h, has a total of N tightly wound turns.
(a) If it carries a steady current I,, calculate the associated magnetic field B,
3]
(b) Calculate the total energy E, stored in B, and hence the self-inductance L of the
toroidal coil.
[4]
(c) Now suppose the toroidal coil carries a time-varying current, [ = I(t), where t is
time. Calculate the associated time-varying electric field E = E(r, t) in the quasi-
static approximation.
5]
(d) Hence, or otherwise, calculate the electromotive force € induced in the toroidal
coil.
3]
You may find the following results useful. In cylindrical coordinates,
df = drt + rdo¢ + dzi,
where x = rcos ¢, y = rsin¢, and
F=cos¢pR+singy, ¢=—sinpR+cospy.

- End of Paper -
YY



