PC2132 Classical Mechanics Solutions | AY2011/2012

Question 1
The curl of Fis VX F =V X (mw?? — mad - 7#) = mad X @ = 0, so, yes, F is conservative,
and since F is linear in 7, the potential energy is

1 m
2 2

- = - — — - m — -
7 F = T"[(()X((UXT‘)]:—?((UXT‘)Z.

Question 2(a)
The second derivative of the potential energy is

d
V'(x) = —EF(x) = 2ax,

so that "' (+x,) = +2ax,. It follows that there is a stable equilibrium at x = x, and an
unstable equilibrium at x = —x,.

Question 2(b)
For x ~ x, we have

m(%) G =x0) = Flig + (e = x)] = F'(xo)(x — x0)

or
d 2
m (%) (x — x9) = —2ax,(x — x9) = —mw?(x — xg)

with w = /2‘;& so that the period is
2m m

T=—=2n .
W ’Zaxo

Question 2(c)
The period will be longer because it is very long when the energy is close to that required
to get to the unstable equilibrium point at x = —x,.

Question 3(a)

From
m - — - -
L= ?vz — V(@) + v Vu(?)
we have
0= d oL 0L
T dtov  or
d - . N
= [m¥ + Vu(@)] - [-VWV(F) + 7 - VWu(@)]

d —— — ——
= maﬁ +v-VWVWu(@) + VWG — v - VVu(7)
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or

d -
— b =-VW({F
mdtv )
which doesn’t contain any trace of u(7).

Question 3(b)

The Hamilton function is, for p = % =m? + Vu(®),
L, OL 1 ., 5 .2 .

H=v-——L| .- . —%[p—Vu(r)] +V(#).

a‘[) B= p_z:ll(r)

It depends on the choice of u(#) because Vu rules the relation between # and .

Question 4(a)
The body is composed of a homogeneous ball of radius R and an ellipsoid with half-axes
2R, 2R, R, both having mass density p,. The total mass is, therefore,

_4n L 41 3
M—?pOR + 3p04R = 3p5R
so that

3 M
Po=mﬁ-

InT = [(d7) p(f’)(rZ‘f— FF) we have

ball ellipsoid
with
=4 >N\ DO 1‘_) 47-[ RS
B=po| @it =pogi| @ =py 5
r<R 3 r<R 35
and

X2+ 2 22
Y _ ) [x =2x",y =2y', z=2']

E= pOJ(dr)rrn< AR? Rz

= pyd f (A7) (427288, + 4y"28,8, + 2%8,8,)
r'<R

4 -7 2 - > > > > >
= po §jI<R(dr )r (4exex +4ey e, + ezez)
T
4T4RS , o
=po7 5 4- 3€,€,)

[x =2x",y =2y', z=2z'" Terms like xyé,é, are odd and do not contribute.]

Together,

4m MR
B+E= o3 (1711 —128,8,) = 5e

- é)z)
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so that

2 2
T=Ter(B + E) - (B+ F) = = X

- [201 — (171 — 128,8,)] = -

(221 + 128,8,)

Question 4(b)

The angular momentum is

MR?
25

MR?
25

L=T@= w(22é, sin O + 34€, cos H)

N —r’
w cos B

<22a3 +128,8,- 5) -

Question 5(a)

z

g=-gé, * — top end of the rod at (x,y, z(t) + /12 — x2 — y?)

<~ center-of-mass at (%x,%y,z(t) + %,/l2 —x% - yz)

bottom end
2(¢) I «

A mass element of the rod at (ux,uy,z(t) +u/l? —x2—y2), 0<u<1, has velocity
u(xx+yy)

(“x“yz N
T 1
f duEM qufcz + uy? + 2% —
0

), so that the kinetic energy is

2uz(xx + yy) N u?(xx + yy)?

/lz_xz_yz [? —x%2 —y?

3z(xx + yy xx + yy)?
Mgz (xx + yy) g zyy)zl
6 12— x2 — y2 [?—x%—y
M 3z(xx + yy
=€["‘2+y'2‘#l+""

where the ellipsis stands for the terms of higher than quadratic order in x, x,y,y and for
the z2? term which is independent of these coordinates.

We combine this with the potential energy

1 1 x?+y?
Mg[z(t)+§\/l2—x2—y2]=—ZMg l}’ + -
to the Lagrange function for motion restricted to small values of s = ,/x? + y2, that is
sK,

M M Mg
— (2 22\ . . 2 2
L= 6(x +y°) 2l(mc+;vy)+—4[ (x*+y°)
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The Euler-Lagrange equations are

daL_aL'd<1M. M.)_ M,,+Mg
dtox ox dt\3 )T T aF Tt
daL_m,d(1M_ M_)_ M. Mg
dtoy ay dt\3 Y )T T T oY

which is the same equation twice, so that it is enough to look at the equation for x(t),
namely

.3 39
x—z—l(g+z)x—2—l(1i/1)x

Question 5(b)
We need a restoring force for one half-period, so that 1 > 1 is a first condition. Then
¥ = w? + x for half a period, and ¥ = —w? — x for the other half period, with

39
w3 =2—l(ﬂi1).

The mappings

1
oy [*E+37)\  xean
Tx()) 1 3] T \ree+1)
ra(c+27)
are accomplished by the 2 x 2 matrices
h( +T) ! 'h( +T)
" — COoS w 2 o+ Tsm w )
T T T
w + T sinh (a) + E) cosh (a) + E)
and
(0-3)  a=pon(o-3)
COS|{w — = Ssin{w — ¢
M. = 2 w—T 2

Tsi T T
—w — T'sin (w - E) cos (w - E)

The rod stays upright of the eigenvalues of M, M_ (or M_M,) do not have absolute values
that exceed unity. Upon denoting these eigenvalues by M; and M, we have

MM, = det{M, M_} = det{M,}det{M_} =1

and

w+T w—T
u1+,uz=tr{M+M_}=2cosh( > )cos( > )

So we have 2 real eigenvalues yu; = +e?%, u, = +e~% if cosha = |Cosh (“’T*T) cos (‘*’T‘T)| >1,
and one of these values is too big, or we have a pair of complex phase factors, u; = e'%,
Uy = e if |cos a| |cosh (wTJrT) cos (wT_T)| <1.
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The conditions to be met by A4 and T is, therefore —1 < cosh (“’Tw) cos (wT_T) < 1 with

wy = 3—g()11- 1), in addition to 4 > 1.
- 21
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