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PART 1

Question 1 [8=4+4]

The entropy of a two-dimensional gas of particles each with mass m in an area A is given by the

expression
A 2rmE
S(E, A, N) = Nk [m <N> +ln( o ) +2} ,

where N is the number of particles and E is the internal energy of the gas.

(a) Find the pressure P(E, A, N) and chemical potential yi(E, A, N) of the gas.

(b) Find the Helmholtz energy of the gas in terms of its natural variables.

Question 2 [8=5+3]

Consider a composite system of interest (and its constituent subsystems) in contact with a temperature
reservoir at temperature Tp, but thermally isolated from the rest of the universe.

(a) Show that the Helmholtz energy of the system is minimized at equilibrium with respect to some
extensive thermodynamic variable X of the system.

(b) The composite system is partitioned into two subsystems , (T, V@, N®)and (T?), V), N@),
with a fixed wall permeable to particles. Show that when the two subsystems are not in diffusive
equilibrium, particles move from the subsystem of higher chemical potential to that of lower one.

Question 3 [8=3+5]

The fundamental equation in the energy representation for a magnetic system is given by
E=FE(S,M), dE =TdS + poHV dM ,

where H is the auxiliary magnetic field, M is the magnetization and y is the permeability of free
space. A particular magnetic material satisfies the following equation of state:

H
M=C—
T b
where C is a constant.

(a) Calculate the work done when the material is magnetized isothermally from a magnetization M,

tOMQ.
ory _ v CH
o ), "7 CuT”

(b) Show that
where C} is the constant-field heat capacity.
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Question 4 [8=5+3]

A system consists of N weakly interacting distinguishable particles. There are two energy levels for
each particle: one is non-degenerated €; and the other is €, > ¢; with degeneracy g. The occupation
of these energy levels are n; and n, respectively where N = n; + ny. The system is in contact
with a heat reservoir at temperature 7. A simple process occurs in which the occupations change:
ny — np — 1 and n; — n; + 1 with the energy released going into the heat reservoir.

(a) Calculate the change in the entropy of the system ASgem and the change in the entropy of the
heat reservoir ASieservoir respectively.

(b) If the process is reversible, what is the ratio of ns to n,?

Question 5 [8=3+5]

A system of N non-interacting identical particles are enclosed in a container of volume V at a tem-
perature 7. The Hamiltonian of the system is

1 N
Hy(%,P) = 5= 3 Pls + iy + P2
=1

where m is the mass of the particle and p; ,, p; ,,, p; , are the Cartesian momenta of the particles.

(a) Derive the Maxwell-Boltzmann velocity distribution p(v) from classical canonical ensemble:

m \3/2 mu?
o= (5m7) (57

(b) Find the distribution function (v, ) for the speed v, for motion perpendicular to the z axis and
the average speed (v, ) for motion perpendicular to the z-axis.

END OF PART I
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PART 11

Question 6 [20=8+12]

A cylindrical rubber thread is subjected to a tension 7 at which an equation of state is empirically

obtained as follows:
T=w (L - Lo) T,

where L, is the original length of the thread, L is the stretched length and « is a positive constant.
The constant-length heat capacity Cp, at L = Lg is C' which is a positive constant.

(a) Show that the constant-length heat capacity C, depends neither on the temperature 7" nor on the
length L. Hence, find the internal energy E(7, L) and entropy S(T, L) of the system.

(b) Sketch in the 7-L diagram a Carnot cycle at which the two isotherms belong to the temperatures
T, and T, > Ti. In which direction must the cycle be traversed in order to operate as a heat
engine? Determine the energy efficiency of this heat engine in terms of 73 and T5.

Question 7 [20=10+10]

Consider a one dimensional chain composed of N >> 1 located sites. Each site is occupied by a
polymer with two energy states: (1) it can be straight with energy 0; or (2) it can bend (on the left or
on the right) with energy ¢ > 0 independent of the bending direction.

(a) Using microcanonical ensemble, find the entropy of the system, S(E, N), for a fixed total energy
E = me where m is an integer such that m > 1.

(b) Determine the internal energy E(T', N) and the heat capacity C(T, N) of the system. Discuss the
behaviour of E(T, N) and C(T, N) in the limit of low and high temperatures.

Question 8 [20=10+10]

Consider a system in contact with a temperature reservoir and particle reservoir.

(a) Show that the mean number of particles of the system and its variance are given respectively by

where @ is the grand potential of the system.

(b) Obtain expressions for relative fluctuation /((AN )?)/(N) for the Bose-Einstein and Fermi-
Dirac statistics. Comment on your results.

END OF PART II
KHCM
END OF PAPER
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