PC2230 Thermodynamics & Statistical Mechanics AY2009/10 SEM 2 Solutions

The answer for certain questions in this document is incomplete. Would you like to help us
complete it? If yes, Please send your suggested answers to nus.physoc@gmail.com.
Thanks! ©

PART 1

Question 1 (i)

The energy of dipole aligned to B field is - uB while anti-parallel alignment results in energy
of uB. So,

E =—nuB + (6 —n)uB

= 6uB — 2nuB

=2uB(3 —n)
Question 1 (ii)

N!

Q) = TN =1
Q0) =1 Q(4) =15
Q1) =6 Q) =6
Q(2) =15 Q) =1
Q(3) =20

The largest multiplicity occurs for n = 3, so the most likely macrostate of the system has 3
dipoles parallel and 3 anti-parallel to the B field. For this configuration, the energy
associated with the B field for the system will be zero. The least likely states are where
n = 0 or n = 0, meaning all dipoles are anti-parallel or parallel to the B field.

Question 2

Take ¢, to be the zero energy level and let e = &, — &, 50 €, = €. Then, Z; = 1 + e~#¢ which
is partition function for 1 particle.

InZ, = ln(l + e‘ﬁg)

dInZ; gePe €
177798 T 1tePe ePeti
Ne
E(T,V,N):m

ForverylowT, T « 1,8 > 1,

E = Nee~P¢ = 0, meaning that most particles have energy «;.
Forvery highT, T » 1,8 < 1, then
ePe+1~1+Pe+1=2+fe, so,
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Ne N
= = —
efer1  2°

So about half are in state with energy ¢;, half in state with energy «,.

Question 3 (i)

ubB
Z, = ePHB 4 o=BUE — 2cosh—— 2 cosh x

kT

_ aanl_ 61 2 coshx) sinh x B = —uB tanh
& = B 6,8“ coshx) = coshx'u = —uB tanh x
E(T) = —NuB tanh x

1 1

—eBuB _ ;, — o—BuB — i -
= ,uzle ,uzle ZCOSthsmhx utanh x
M = Nutanhx
The heat capacity of a system due to magnetic field is

dQ
= (a),

And energy is E = —uHM excluding mutual field energy.

dE = dQ — Mu,dH

Cy = (a_E> = —poH (a_M> = —poH —= 0
T/ y T / y aT kT?

Assuming applied magnetic field u,H and local field B is the same, Cy; = Nkx? sech? x

Nutanhx = NuuyH sech? x

Question 3 (ii)
lim E = lim —Nupf tanhx = —Nuf
T-0 X—®

So all atoms are aligned.
lim E = 11m —Nyuptanhx =0

T
The atoms are randomly aligned.
For the heat capacities,

5 Nkx?
11m Cy = }CI_I)I}O Nkx?sech? x = 3151—1}30 osh?x
By L’'Hopital’s rule,
Nkx? X ) 1
l_r)r; coshZx =Nkl l—»w coshxsinhx =Nk }cl—rg sinhZ x + cosh?x = Nk h—>°° 1+ 2sinh?x

In agreement with 3 Law.

Question 4 (i)
Energy gained by A = Energy lost by B.

T T
T T

A B
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Ca(T —Ty) = Cpg(Tp —T)
T(Cy+ Cg) = CyTy + CgTg
CyTy + C5Tp
T Cat G

Question 4 (ii)
Using a reversible path,

T Cy T
ASA == _dT:CAln_
T4 T Ty
Similarly,
ASp = Cy1 r
B = ULp nTB

T T
AS = CA ll’lﬂ+ CB lni

Question 4 (iii)

If T, =Tg, T =T,, then

AS = CAln%+ Cgln%= 0

Otherwise,

CyTy + CpTy CyTy + C5Tp
Ta(Cat Cp) 2 " Tp(Ca + Cp)
We are givenlnx <x—1

AS = CA ln

1-x<-Inx

1
1—x<In-
x

AS >, |1

_ Tp(Cy + Cp) Tg(Cs + Cp)
CyTy + CgTp

_ CBTB - CBTA CATA - CATB

T ACT 4 CpTy | B Cu Ty + CpTy

=0

Question 5 (i)
Question 5 (ii)
Question 5 (iii)
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Question 6 (i)

Hmp=lmer ="
So, at T = 0K,

4V 31
dN(e) = F(Zm)zez de for e < u(0) = €. So,

EF 4V 31 4m 32 %
N=J ?(Zm)zez de = — (Zm) § -
0
5 47TV(2 )zjsp 2 4nv(2 );2; 4nv(2 );2 23 3
= m g2de=—5Um)2-c. =—5(“~Im)2-¢€. - ==NEf
0 h3 5F " h3 3°F5 5

Question 6 (ii)
AtT=0K,F=E—-TS=E

p <6F) _(OE)
oV \av/py
2 2 5
3 h2 /3 N\3 3h% /3\3N3
5 2m\8nV 10m \8x V%

2 5 2
B 2h? (3)§(N)§_ 4 h2 (3 N)§N_2
“Tom\szr) \V) T102m\sxv) v " 55"

Question 6 (iii)
lerg = 1077]

2
=< (107%)(5 X 10**m™3) = 2 x 10"°Pa

PART 2

Question 1 (a)

Clasius-Clapeyron Equation:

dP L

dT ~ TAV

Since volume of gas V, far larger than volume of liquid/solid V;, AV =~ V,. Also, we assume a
perfect classical gas so PV, = nRT.

dInP 1dP 1L 1L P L
dT PdT PTVZ ~ PTnRT nRTZ

dlnP = dT

nRT?
For 1 mol, we get

L
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npP=—2 41k

= TR
L

P=P06 RT

Where k is a constant and P, = P(T = 0).

Question 1 (b) i)
At the triple point,

23.03 - 3224 _ 1,949 - 3093
. T - . T

23.03T — 3754 = 19.49T — 3063
3.54T = 691
T =195.2K

Question 1 (b) ii)

To find Lg,;, we use C-C equation on the equation given:
Ley d 3754\ 3754
RT? _ﬁ( 303 == )‘ T2
Leyp = 31210] mol™?

To find L,qy, similarly

Ly d 3063\ 3063
RTZ ~ ﬁ<19'49_ T )_ T?

Lyqp = 25466] mol ™!

Since we are talking about state functions,
ASgyp = ASvap + ASeie

Lomerr = 57455 mol™!

Question 2 (i)
E(T) =uV = aT*, P= gT‘*, )

dE = 4aT3V dT + aT*dV, (2)
Substitute (1) and (2) into the fundamental thermodynamic relation,

a
T dS = 4aT3V dT + aT* dV + §T4 av
4
dS = 4aT?*V dT + §aT3 av
4
Now, ds=d (§ aT3V>,so

4
S=§aT3V+A

where A is a constant. But by third law, S(T = 0) = 0, so A = 0 and therefore S = gaT3V.
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Question 2 (ii)

a 4
H=E+PV = aT4V+§T4V = §aT4V

4 1
F=E-TS = aT4V—§aT4V = —§GT4V

4 4
G=E+PV—TS=§aT4V—§aT4V=O

Question 2 (iii)

_(66) _0
H=\er )~

So e = 0 and at T = 0K, all particles are at the zero energy level.

Question 3 (a)
We begin from the definition of the grand potential, which is

Q = —kTln Z,with Z(T,V, p) = Z oBuN-En,)

Ny
v Ny Ny
SoN = _9Q
ou
&), @), 2, o
u? T,V u TV Ny u T,V’
Observe that

1 <6PNr> _(E)lnPNT)
Py, \ ou TV op TV

G,
= [BuN — BEy_ —In z]T'V

=pN-pN, (2
Sub (2) into (1),

az_Q =- —BN) = — 2 N — _pN2 2
<0u2)w_ ;NPWN BN) = ﬁ;N PmMZTNNPNT— BN + BN
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— 9%2Q) 02Q
(AN)2=NZ+N?=—kT|—) , AN= |—kT|—
ou? ou?

TV TV

Question 3 (b)

Z = Z PN =En,) = Z ehuN Z e~ FENy = z ePENZ(T,VN)
Nr N r u

For a perfect classical gas,

1
Z(T, v, N) = m [Zl(Tl V)]N

1
Z(T’ V} ‘u) = Z m [eﬁﬂZl(T’ V)]N — eeﬁﬂzl(T,V)
— N!
Q=—PV =—kTInZ = —kTeP*Z,(T,V)
0Q
But N =—(— = ePrZ,(T,V)
a‘u TV

. PV = NKT
[Answer incomplete...]
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