PC3130 Quantum Mechanics I1 AY08/09 Solutions

The answer for certain questions in this document is incomplete. Would you like to help us
complete it? If yes, Please send your suggested answers to nus.physoc@gmail.com. Thanks! ©

Question 1(a)

12|, m) = L(1 + 1) A?|l, m)
I5|l, m) = mhll,m)
P=0+15+13

Since [I%,1:] =0,
2L |Lm) = LI2|Lm) = LI+ DAR2|Lm) = I+ 1)R2(L, |1, m))
21|Lm) = I(I + 1)R2(L_|1,m))

Ll L

m) = (L I3 + L), m) = L, (m + DA|l, m)
Li_|Lm) =1

_(m = 1)A|l,m)
- l+|l,m>0< |l!m+1)' l_|l,m)0C|l,m—1)

Weletl,|l,m) = c,|l,m + 1), where c, is an eigenvalue of [,.
(Lmll_L L m) = [e XL, m+ 1|, m+ 1) = [e,|?
I_l, =12=hly;—13

(Lm|l_L |l m) = {,m|l? — hl; — 13]],m)
=1(l + 1)h? — mh? — m?h?
=[I(l+1) —m(m + 1)]h?
= |cy|?

ney =4I+ 1) —m(m+ Dh

Similarly,
(Lm|l1_|L,m) = |c_|? lLI_=1+hl;-13
c.=4l(l+1)—m@m-1h

L Lmy =1+ 1) —m(@m + Dh|l,m + 1)
I_|l,m) =/I(l+ 1) —m(m — Dh|l,m — 1)

1
L =§(l+ + l_)1
(I, m|lL|l,m) = E(l,mllJr +1_|Lm)y=0
1 1
12 = Z(l+ +1.)2= Z(li + 1o+ 11 +12)
1
(Lm|l2|l,m) = Z(l,mll?r + L+ 1L+ 12),m)
hZ
=Z[l(l+1)—m(m+1)+l(l+1)—m(m—1)]

= %[1(1 +1) — m?]h?
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Question 1(b)(i)
r T
1 1 re 24 1 re 240 . e
Y, t) = —=|—-——=———sinfe'® + > sin 9 e~ | ¢ Baok"
V2 ma, 84 ma, 8ag
2
__ ire 2a0 sin f sin ¢ 8a0ht
2\na?
Question 1(b)(ii)
2
e
V=-——
r
(V) = (PIV|¥)
sin? 6 sin® ¢ r g2
= —J—r e ao—dV
4maj
2T 1362 sin3 @ sin? ¢
f f f ao d¢ do dr
47Ta0
_r r T 21
—f aé(—) e a0d<—).f sin39d9f sin® ¢ d¢
4maj Qo ao/ J, 0
e 2(2)?
" amag 8% [T
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Question 2(a) (i)
2
L 1mcuzrz Y(x) = E,¥(x)
2m = 2 n
249242
lpx Zp_:;l Pz + Ema)z(xz + yz + Zz)l XX)YWY)Z(2) = E;X(x)Y(y)Z(2)

MO 1 LG\ LW 1L N A Rz 1
2maox?z 2" Ty 2t ametyt |+ 2 - o g e’

=E,+E,+E,

1
X

3
En=Ex+Ey+EZ=<E+n>hw, n=ny,+n,+n,

Question 2(a)(ii)
Degeneracy,
l=n,n—2,n—4,..00r1
n+2) 1
n+k 1 +2 —
c =(pte = 170 —2(n+2)(n+1)
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Question 2(a)(iii)
(r,0,¢In,1,m) = f(r)Y"(0,$)

Under space inversion, X - —X
(r,0,¢) » (r,m—6,¢p +m)

Y (6, $) » (=D (6, )

- parity is (—1)*

Question 2(b)(i)

Rotating a scalar quantity,

S->UtsU = <1+i%>5<1—i%) =S+ Ii%sl

g R
Since S is unchanged in rotation, [i%,Sl = [], S] =0

For the vector K;,

£ £ ie
K; » UTK,U = (1+iL>Ki (1—i£> =K; +ﬁ[]Z,Ki]

h h
1 —¢ 0)
The normal rotational matrix showsR, = 1 0
0 1
K, K, K, — €K,
Ky | >R, | Ky | =| K, + €K,
K, K, K,

Comparing with the above, we see that
Uz Kyl = _ihKyl []Z’ Ky] = ihKy, Uz K.] =0
)i Kj] = iegjuhKy

Question 2(b)(ii)
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Question 3
]12|f1'm1> = 2h2|j1rm1) =j1(y + 1)h2|j1,m1)
Eti-2=0 = ji=-21

3
fgljz'mz) = thljz'm2> =Jj,(J2 + 1)fl2|j2,m2)

1
Sowehave j; =1,j, = E.Using lj, m) = |ji,J2, My, my), we get

S =l13.13
|§'—§>=|1'§"1"%>
J-=]1- +/]2-

J-lim)y =jG+ 1) —m@m - 1lj,m—1)
= Ji—lj1, J2o my, mp) + Jo_|j1, j2, My, my)
= \/jl(jl +1) —my(my — Dljs, jomg —1,my) + \/jz(iz + 1) —my(my — Dljy, j2, my, my — 1)

)—\/_| )—x/_|1 0, )+| 1)

2
Lhe Phdobethis

31
J-l5:50 = |— ——)
/ 11 1 1 ,2 1 11 13
= §(x/z)|1,—,—1,—>+—(\/2)|1,—,0,—§)+ §(1)|1,§,0,—§)+—3(0) L2,1,-3)

.|3 1>_1|11 |1
Tl2r 20 Ele

o : 1
Now we find |j; —1,j, — 1) = 2,2) (]—E,m—2>

11) 0% o1 )+ |o -5
=a|03 B T
|6¥|2+|ﬁ|2—1

\/:a+f =0
11— |1 )+ 2|111
22 372"
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I =l-3

1 1 2
= —\g(ﬁ)|1,§,—1,5>+f§(x/§)

1)_ 1|010 2|01
2" 372 31

2'

To
33

37 |1 13
31
22

N = N W N W

-1,

AY08/09 Solutions

1l 1) 11|110 1)+ 20)|111 3)
I2IJ 2 3() )2IJ 2 3( I2I’ 2
11)
’2

summarize the complete set of simultaneous normalized eigenfunctions are:

1
)

p.s.: Alternatively, one can check the Clebsch-Gordan coefficient table:

32
1x1/2 +3/2) 372 172
|+1 +1/2 112 +1/2
+1-172| 173 273) 372 1,2
0+1,2| 2/3 -1/3|-1/2-12
0-172| 273 1/3] 3,2}
-1+172| 1/3-2/3)-3/2
-1-1/2 1
Question 4(a)(i)

In quantum physics, since identical particles lose their individuality, there may be more than
one ket or bra vectors that can represent the same physical state of the system of identical
particles. According to postulate 1, each physical state is completely described by a ket or bra
vector in Hilbert space. This is not a problem for individual particles, but for more than 2
particles. Since particles are indistinguishable, we find that we have 2 mathematical states
describing the same physical state, since we could obtain a 2rd mathematical state by
exchanging the quantum numbers of the particles. This condition is known as exchange

degeneracy.

It can be removed by introducing Postulate VII, insisting that states must be symmetrized or
anti-symmetrized with respect to any permutation of N identical particles.
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Question 4(a)(ii)

Consider the Hamiltonian of a pair of particle and its anti-particle, e.g. electron and positron
This Hamiltonian commutes with the permutation operator, but the states need not be
symmetrized or anti-symmetrized.

Question 4(b) (i)
For distinguishable particles, ¥ (x, x,) = ¥, (x)P;(x3).

Also, (1 — x2)*) = (x?)n + (x?); — 2(x)n(x), since

(x)n = fo PG () dx = 2 fo xsin? () ax=3
a 2 ra 1 1
(= [ Wi de =7 | xsin? () dx = @[5 - 5 )
1 1 1 1 1 1 1
Al —x)%) = a5 — Z(nrt)z] +a’ [§ = 2(1—7-[)2] B 2%(%) =a’ (E C2n2m? 2127'[2)

Question 4(b)(ii)

If they are identical bosons, they wave function is:

1
PYi(xg,x5) = ﬁ [1n ()P (x2) + P () Pn (x2)]

Then the expectation value of (x; — x,)? is:

(G = 20, = [ W30 = 1), dxydx,
0

Evaluate Y3,:
1
Yivy =5 [ (e )1 () + 7 () n Ce) 1 [0n (e () + Py ()P ()]
1
= 2 [1n (e )] (e )P ()P (x2) + Yy (e )7 (x2) 9, (g )Py (2)
+ Y7 e )Pn ()P, e (x2) + Y7 ()P (), ()P (x2)]

Working out the expectation value of (x; — x,)?:
a

(g = x2)%)4 = J. (1 — x)* Py dx,dx,

0

= J- (x1 - xz)z[’l’rﬁ(xﬂl/)f (xz)’ubn(xﬂl/’l(xz) + I/Jr*z(xﬂl/)f(xz)l/il(xﬂlpn(xz)] dxidx,
0
— (1 = %)) aist + f (2 + x2 — 2x0) [ o)W Cea )t e )om (2) ] dcr iy
0
= (1 — %)t — f 23013 [ e )} (i)t () (2] da iy

0
= ((x1 — %2))aist — Zf x1 [ () (1) dxlf x2 (Y7 (e2)Pn (x2)] dx,
0 0
={(x; — %)) gist — Zfo %sin (m;xl)xl sin (ln%) dxlfo %sin (m;xz) X, sin (%) dx;
(G 50— 2| [ () ot () 2
= ((x1 — X2) ) aist @ sin {— xsm( " ) X

= ((x1 — xz)z)dist - 2|(x)nl|2
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- (5~ gt a) 2 [ [

1 1,1 1 32n?%l? N
:“2{“—(rz—z)‘m[<‘” 1—1]2}

Question 4(b)(iii)

If they are identical fermions, then the wave function is

-Gy x) = % [ o)1 (x2) — Y1 G ()]

Then the expectation value of (x; — x,)? is:

(G — 1)?)_ = f P2 (ty — x2)%P_ dxy iy
0

Evaluate Xy _:

1
Yy = 2 [0 Cc)W; () Wn ()1 (x2) — Yy ()7 () (1) P (x2)
— Y1 ()P () P ()W (x2) + 7 ()7 () (36 (x2)]

The expectation value of (x; — x,)?:
(1 = x2)%) = = (%1 — %2)Haise + 2 )

= q? {1 _i(i — l) + 32#212[(_1)n+l _ 1]2}

7'[4(712 — l2)4

Solutions provided by:
* Chang Sheh Lit (Q3, Q4b)
*John Soo (Q1, Q2, Q4a)
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