PC3130 Quantum Mechanics Il

The answer for certain questions in this document is incomplete. Would you like to help us
complete it? If yes, Please send your suggested answers to nus.physoc@gmail.com. Thanks! ©

Question 1(a)
Time independent Schrédinger Equation, for a particle moving in a central field:
2

p
H=——+V
o TV ()

p* B
[% + V(r)l Y = FY

Use separation of variable, ¥ = f(r)Y/"(6, ¢)
2 2 2
br

p
+V(r)= o + T~

2m

2 2

FV() = (—ﬂir) v
N r 2mr?

Let f(r) = @.Then,

iha \* 2
l(___r) + + V(@) | RMY™(6, p) = ER(r)Y™(0, $)

r or 2mr?
h? 02 I(l + 1)h?
QT T gy +V(r)|R(r) = ER(1r)

So we have the radial equation,
h? 02 I(l + 1)h?

T omrore’ 2mr?

l d> I(l+1) 2

+V(r)— El R(r)=0
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de_ 1"2 +W(E—V) R(r)=0
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Question 1(b)
G a2 1(l+1) 1+n () =0
iven e pe 2t y(p) =
o [a* i+ o
For p — 0, the equation is dp? - pZ y(p) = 0, the acceptable solution is y(p) =
d? p
For p — oo, the equation is d_pz ~2 y(p) = 0, the acceptable solution is y(p) = e 2.

p
Thus the solution for y(p) can be written as y(p) = p'*1V(p)e 2.

dy - S PO - . . :
As% =+ 1Dp'Ve 2+ pttV'e 2 — 4 *1Ve ™2 etc, we get the differential equation for V as

pV"+QRIL+2-p)V' '+ (n—-1-1)V =0

(o8] (°9) (o8]

LetV(p) = ) o, V()= ) gip’™, V() =) gj(i—Dpi?,
j=0 j=1 j=2
substltutlng into the differential equatlon
ch]](] - Dp/2+ Q21+ Z)ZC]p] chjpj +(n—1- 1)chpj =0
j=1 j=0

Comparmg the coefficients of pf we get

UG+ Djepr +QRL+2)(+ Dy —jeg+(n—1—1)¢; =0
' _ l+14j—n
COM TG T DRIT24))

¢; [shown]

For] — _ 1+

R N I E T A
1

61:2n+260 =0 =2V =0

_P
~y(p) =p"V(p)e 2 =0

Question 1(c)
This question can be solved by using Taylor expansion. First find the value of r, r, when V() is
minimum, by setting V'(r) = 0. Next, rewrite the value of V(r) as an expansion of (r — 1),

1
V() = V() + V') (r—1) +5 V"(To)(r —19)% +

After that, V(r) would have the form of r2. Substitute V(r) into the time-independent
Schrodinger’s equation, and it can be solved just the same method a simple harmonic oscillator
is solved.
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Question 2(a)(i)

Given [¢') = U|y), |¢') = U|¢). Transition probability after symmetry transformation U is
. 12 ! . 14 ! ! ! 2

given by [(¢'[y’)|2. Since |¢') = U|¢), (¢'| = (p|UT, we have [(¢'[)")|*> = [(¢|UTU|p)|". After

the symmetrical transition, the transition probability has to be equal to [{¢|)|?. Since

(@' [W")? = [(plh)?, we get [(p[w)I? = |(p|UTU|w)|", for any |$) and [).

~UTU=1 = UT=U"1Uisunitary.

Question 2(a)(ii)

Consider (¢'|w’), with |¢') = U|¢), |w') = Ulw). So (¢p'|w") = (¢'|U|w). We let |w) = a|yp),

where a is a constant. We then have (¢'|w’) = (¢'|Ua|yp). As transition probability is preserved,

o' [Y")? = [(plw)|?, we have (¢'|w'{¢'|w')* = (plw)plw)".

We now have 2 possibilities:

(D If (¢p'|w) = (¢|w), then RHS =(p|w) = (plalp) = a(dp'[Y") = a(@'|UY) = (¢'laU[) .
Then LHS = (¢'|w") = (¢'|Ua|yp) = (¢p'|aU|p) = RHS. Since |¢’) is any arbitrary state
vector, Ua|y) = aU |¢), U is linear.

@) If (¢'|lw) =(plw)” , then RHS=(p|lw) =(plal) = a™(plP) =a™(¢'|YP’) =

a’(p'|UY) = (¢'la’Ulp). Then LHS = (¢’'|w") = (¢'|Ualpp) = (¢'|a"U[y) = RHS. So we
have Ua|y) = a*U |¢), U is anti-linear.

*. U is linear or anti-linear.

Question 2(a)(iii)
Suppose |[') = U|y), then if |y) and |¢') are dynamically possible, then

m% W)= HIY), i) = HY)
g U = HOI

ma—|¢> +ihU S 1) = HUI)
m—|¢> -

in S 1)+ [, Hly) = 0

au
=~ If U doesn’t depend on time explicitly, I 0, then [U,H]|y) =0,[U,H] = 0.
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Solutions
Question 2(b) (i) R
d . i ol i
O == (1) + ) =5 (H.1)

t
Since I doesn’t depend on time explicitly.

2
The Hamiltonian of a single particle is H = L + V(%). We know that [pzﬂ = 0.

2m
[V(f)’ﬂ = €k [V (D), x;px |
= €% [V(X), pic] + €11 [V (), x; ]
= € [V (X), Pk
= €k X [V pr — piV (%]

[V(f),z]hb) = €%V @pi|¥) — €ijxxipr[V(E) )]
= —€;x X PV () [Y)

[V()?),Z] = —€;ixpV (%) = —(X X p)V(X) = ~V (%)

SHI = Ve, = -lvE) = ?ﬁ
d . i _
(D = E([Hﬂ) = (N) [shown]

Question 2(b)(ii)

For a spherical potential, we have [li H ] = 0.

d o i al
f () = ﬁ([Hﬂ) +(50) =0 [shown]
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Question 3(a)

Infinitesimal rotation operator in 3-D physical space,
R=1+enx

X - X, RX=X+eA XX

Consider the behavior of the wavefunction under rotation in 3D. For infinitesimal rotation,
Y (%) = m (X)) = mp;(RTX') = myp; (X' — eft X X')

Using Taylor’s expansion, ~

Y(E — e X #) = P@E) — (eA X &) - VP(@E) +
= Y@ — (R X PP +
= P~ (67 F X PP +
= P~ (eR DY) +

= (1-en-T)p@E) + -

Writingm = 1 — %eﬁ - §, we get

P =mp(X —efixx)
= (1 —%sﬁ-é’) [(1 —%sﬁ-f)lp(i’) + ]
- [1 —%eﬁ- G+ T)]zp(a?) o

[1 -2l

h
= Ra(e)y(X)

Q

[ >
~“Rp(e)=1- Esﬁ ] [shown]

i

h69ﬁ f So we have

For finite rotation, R;(0 + 66) = R;(0)R;(66). But R;(60) =1 —

567 f)

R.(6 + 56) = R, (6) (1 _L

Ra(6 +66) — Ra(9)
50 T h

~
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Question 3(b)

L
e

2 3 4
1

1= i@ @ o -2 @-arrin (@) @-ar+ i (@) @or-it () a-or

31
g)‘* _ 11(9)5 (R + -

1Qan 30 e ) wo 30
2 5

556 +a)

Question 3(c)

ﬁ - 6-) =Nn,01 + n,o, + Nn3o03
o 0 1 . . 0 —i 1 0
—sm0cos¢>(1 0)+sm951n¢(i 0)+c059(0 _1)

_ ( cosf e ®sin 0)

e® sin 0 —cos 6
_® _® 0 Ko 0
4 L L - . .
. e 2coSs e "2 cosBcos=+ eZe " sin O sin=
( cos 6 e~ sin 9) 2 _ , 2 , 2
e'?sinf  —cos6 ez sin% ei‘f’e_i?sinecos%— ez cos@sin%
e (cos@cos +sinHSing)
e (sm@cos—— cos 0 sin 2)
@
e 2cos
e 2 sm
_i®
e 2COSE
& g |isaneigenstate offi-g.
elfsini

Question 3(d)
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Question 4(a)
H|jy, j2, mq, my) = Eljy, j2, my, my)

E1 N N - E2 N > 2 L. L.
[ﬁ (i+12) .+ ﬁ(]w + J23) ] lj1,J2o My, mz) = Eljy, j2, My, my)

Since [f13j23] =0, we havef13 'i23 +f23 'f13 = 2f13 'f23-

> o s> o > - 1
Thensince [J1,/o] =0, J2 = U1 +J2)* =JF + 2 J2 +]3, weget]y-Jo =50% = JE = J5).

From the above information, we arrive at

E E 5> > . .
[2_h12 2= +15)+ h—i(hzs +2/13 /23 +]223)] lj1,J2o My, mz) = Eljy, j2, My, my)

Ey .. . .. . ..
[7 GG+ 1) —j1Gs+ 1) +j20z + D]+ E;(mf + 2mym, + m%)] lj1,j2, My, mp) = Eljy, j2, my, my)

When j; = j, = 1, the energy levels are

1

To find the energy eigenstates, we refer to the Clebsch-Gordan table. For | j,m) = |j;, j2, mq, my),
the eigenstates and their respective energies can be summarized by the table below:

Eigenstate Energy
12,2) = |1,1,1,1) 3E, + 4E,
1 1
2,1)=—I1,1,1,0) + —|1,1,0,1 3E;+E
12,1) \/El ) \/El ) 1+ E;
1 1
11,1) = —=[1,1,1,0) — —=1,1,0,1) E,+E
\/E \/E 1 2
12,0) 1|111 1) + 2|1100>+1 11,1,—1,1) 3E
) = —F= ) ) I_ - ) ) ) _—— ) ’_ ) 1
V6 3 G
|10>—1|111 1) 1|11 1,1) E
) \/E 14 '\/E 4L ) 1
1 1 1
0,0)=—|1,1,1,-1) — —]1,1,0,0) + —|1,1,—1,1) 0
10,0) \/§| ) \/§| \/§|
1 1
|2,-1) =—]|1,1,0,—-1) + —|1,1,—1,0) 3E, +E
\/E \/E 1 2
1 1
1,-1)=—|1,1,0,—1) ——11,1,-1,0) E,+E
| ) \/El ) \/EI 1+ E;
|2,-2) =11,1,—1,—1) 3E; + 4E,

The degeneracy for the states whose total angular momentum quantum numberj = 2is 3,
because there are 3 energy levels: 3E; + 4E,, 3E; + E,, and 3E;.
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Question 4(b)
Energy for 2 particle system,

1
Enx = (n +k+ E) hw, nk=012,..

Case 1: Identical Bosons

Eigenfunction,
1
0. () = i(mw)z Hy (X)) H, (X3) e_%(xlz_,_XZZ) 4 H, (X,)H,(X;) e—%(Xf+X§)
' V2 N/ | i 2k JRinl 2k
L Re ) BN
- W( hn) [Hi (X)) Hp (X2) + Hi(X2)Hn (X1)]

Ground state, k =0,n=0

1
_Lexzyx2) (MwN\Z 1
Y, =e 2% +x2) (%) V2H, (X1)Ho(X2), Eoo = Ehw

First excited state, k = 1,n =0

lry2, 42 1

e_E(Xl +X2) m 7 3
¥y = ———(5) THo Gt H: (65 + HoC)H: (X)), oy =5 hoo
Second excited state, k =1,n =1

o3+ o 1 c
Vo =5 () DI, Bn = 5ho
Case 2: Identical Fermions
Eigenfunction,

e 3xd) 1

V00 = e () (XD H () = Hic (XD (K1)

Ground state, k =1,n =0
o2 (E+NE) 1

¥-= (mw)Z[H (X))Ho(X;) — Hi(X))Ho (X)),  E _ 3w
T 2 hm 1\A1/H0\A2 1\A2)ig\A1) 1, 01 — )
First excited state, k = 2,n =0

e3(XF+XE) 1 i
Vo= V2 (fln) [H (X1)Ho(X2) — Hp (X2)Ho (X)), Ey, = Eha)
Second excited state, k =1,n=2 or k=3,n=0

e_%(X%J’XZZ) mw % 7
v-= L 4 (hn') [H, (X1)H2(X2) — Hi(X2)Ha (X1)), E; = Ehw

“30cexg)

e 2 maw\z 7

V- = 4+/3 (hn) [H3(X1)Ho(X2) — H3(X2)Ho(X1)], Ey3 = Efla)

Ground state wavefunction of 3 identical fermions in the same potential well:
k=0n=1m=2
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Solutions

1
e —5(Xf+x3+x3) mo

1
: - )4 [Hy(X1)H{(X5)H,(X3) + Hy (X1)H,(X5)Hy(X3)

+ Hy(X1)Ho (X2)Hq (X3) — Ho(X1)Hp (X3)Hy (X3) — Hp(Xq)Hy (X2)Ho (X3)
— Hy (X)) Ho(X2)H, (X5)]

X) =

Solutions provided by:

Prof Oh Choo Hiap (Q1b, Q2a, Q3a)
Chang Sheh Lit (Q2b)

John Soo (Q1a, Q3b, Q4)
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