
PC3130 Quantum Mechanics II 

 

 

 

AY 09/10 

Solutions 

1 

  The answer for certain questions in this document is incomplete. Would you like to help us complete it? If yes, Please send your suggested answers to nus.physoc@gmail.com. Thanks! ☺      Question 1(a)Question 1(a)Question 1(a)Question 1(a)    Time independent Schrödinger Equation, for a particle moving in a central field: ) = +,2. + 0(1) 
2 +,2. + 0(1)3 Ψ = 5Ψ  Use separation of variable, Ψ = 8(1)9:;(<, =) +,2. + 0(1) ⇒ +?,2. + @,2.1, + 0(1) = A− Cℏ1 EE1 1F, + @,2.1, + 0(1)  Let 8(1) = H(1)1 . Then, 
2A− Cℏ1 EE1 1F, + @,2.1, + 0(1)3 H(1)9:;(<, =) = 5H(1)9:;(<, =)  
2− ℏ,2.1 E,E1, 1 + @(@ + 1)ℏ,2.1, + 0(1)3 H(1) = 5H(1)   So we have the radial equation, 2− ℏ,2.1 E,E1, 1 + @(@ + 1)ℏ,2.1, + 0(1) − 53 H(1) = 0  
2 J,J1, − @(@ + 1)1, + 2.ℏ, (5 − 0)3 H(1) = 0               
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        Question 1(b)Question 1(b)Question 1(b)Question 1(b)    Given 2 J,JL, − @(@ + 1)L, − 14 + NL3 O(L) = 0 
For L → 0, the equation is 2 J,JL, − @(@ + 1)L, 3 O(L) = 0, the acceptable solution is O(L) = L:RS. 
For L → ∞, the equation is 2 J,JL, − 143 O(L) = 0, the acceptable solution is O(L) = UVW, . 
Thus the solution for O(L)  can be written as O(L) = L:RS0(L)UVW, .  As JOJL = (@ + 1)L:0UVW, + L:RS0YUVW, − 12 L:RS0UVW,  etc, we get the differential equation for 0 as L0YY + (2@ + 2 − L)0Y + (N − @ − 1)0 = 0  
Let 0(L) = Z [\L\]

\^_ , 0Y(L) = Z [\`L\VS]
\^S , 0YY(L) = Z [\`(` − 1)L\V,]

\^, ,  
substituting into the differential equation, 
L Z [\`(` − 1)L\V,]

\^, + (2@ + 2) Z [\`L\VS]
\^S − Z [\`L\]

\^S + (N − @ − 1) Z [\L\]
\^_ = 0 

Comparing the coefficients of L\ , we get (` + 1)`[\RS + (2@ + 2)(` + 1)[\RS − `[\ + (N − @ − 1)[\ = 0 ∴ [\RS = @ + 1 + ` − N(` + 1)(2@ + 2 + `) [\     cshownd  For @ = N, [\RS = 1 + `(` + 1)(2N + 2 + `) [\ 
[S = 12N + 2 [_, [_ = 0  ⇒  0(L) = 0 ∴ O(L) = LeRS0(L)UVW, = 0         Question 1(c)Question 1(c)Question 1(c)Question 1(c)    This question can be solved by using Taylor expansion. First find the value of 1, 1_ when 0(1) is minimum, by setting 0Y(1) = 0. Next, rewrite the value of 0(1) as an expansion of (1 − 1_), 0(1) ≈ 0(1_) + 0Y(1_)(1 − 1_) + 12 0YY(1_)(1 − 1_), + ⋯  After that, 0(1) would have the form of 1, . Substitute 0(1) into the time-independent Schrödinger’s equation, and it can be solved just the same method a simple harmonic oscillator is solved.           
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        Question 2(a)Question 2(a)Question 2(a)Question 2(a)(i)(i)(i)(i)    Given |noY〉n = q|no〉n, |n=Y〉n = q|n=〉n. Transition probability after symmetry transformation q is given by |r=Y|oYs|,. Since |n=Y〉n = q|n=〉n, 〈n=Y|n = 〈n=|nqu, we have |r=Y|oYs|, = vw=vquqvoxv,. After the symmetrical transition, the transition probability has to be equal to |r=|os|,. Since |r=Y|oYs|, = |r=|os|,, we get |r=|os|, = vw=vquqvoxv,, for any |n=〉n and |no〉n.  ∴ quq = 1   ⇒     qu = qVS. q is unitary.   Question 2(a)(ii)Question 2(a)(ii)Question 2(a)(ii)Question 2(a)(ii)    Consider r=′|z′s , with |n=′〉n = q|n=〉n, |nz′〉n = q|nz〉n.  So r=′|z′s = r=′|q|zs. We let |nz〉 = {|no〉nn , where { is a constant. We then have r=′|z′s = r=′|q{|os. As transition probability is preserved, |r=Y|oYs|, = |r=|os|,, we have r=′|z′sr=′|z′s∗ = r=|zsr=|zs∗.  We now have 2 possibilities: (1) If r=Y|zYs = r=|zs , then RHS = r=|zs = r=|{|os = {r=Y|oYs = {r=′|q|os = r=′|{q|os . Then LHS = r=Y|zYs = r=′|q{|os = r=′|{q|os = RHS. Since |n=′〉n  is any arbitrary state vector, q{|no〉n = {q |no〉n, q is linear. (2) If r=Y|zYs = r=|zs∗ , then RHS = r=|zs∗ = r=|{|os∗ = {∗r=|os∗ = {∗r=Y|oYs ={∗r=′|q|os = r=′|{∗q|os. Then LHS = r=Y|zYs = r=′|q{|os = r=′|{∗q|os = RHS. So we have q{|no〉n = {∗q |no〉n, q is anti-linear.  
∴ q is linear or anti-linear.   Question 2(a)(iii)Question 2(a)(iii)Question 2(a)(iii)Question 2(a)(iii)    Suppose |no′〉n = q|no〉n, then if |no〉n and |no′〉n are dynamically possible, then Cℏ EE� |no〉n = )|no〉n, Cℏ EE� |noY〉n = )|noY〉n 
Cℏ EE� q|no〉n = )q|no〉n 
Cℏ EqE� |no〉n + Cℏq EE� |no〉n = )q|no〉n 
Cℏ EqE� |no〉n + q)|no〉n = )q|no〉n 
Cℏ EqE� |no〉n + cq, )d|no〉n = 0  ∴ If U doesn’t depend on time explicitly,   EqE� = 0,   then cq, )d|no〉n = 0, cq, )d = 0.           
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        Question 2(b)(i)Question 2(b)(i)Question 2(b)(i)Question 2(b)(i)    JJ� 〈@�〉 = Cℏ 〈�), @��〉 + 〈E@�E�〉 = Cℏ 〈�), @��〉 Since @� doesn’t depend on time explicitly.  The Hamiltonian of a single particle is ) = +,2. + 0(��).  We know that �+,, @�� = 0. �0(��), @�� = ��\��0(��), �\+�� = ��\��\c0(��), +�d + ��\��0(��), �\�+� = ��\��\c0(��), +�d = ��\��\c0(��)+� − +�0(��)d  �0(��), @��|no〉n = ��\��\0(��)+�|no〉n − ��\��\+�c0(��)|no〉nd = −��\��\+�0(��)|no〉n  �0(��), @�� = −��\��\+�0(��) = −(�� × +�)0(��) = −@�0(��)  ∴ �), @�� = �0(��), @�� = −@�0(��) = ℏC ���� 
∴ JJ� 〈@�〉 = Cℏ 〈�), @��〉 = 〈����〉   cshownd   Question 2(b)(ii)Question 2(b)(ii)Question 2(b)(ii)Question 2(b)(ii)    For a spherical potential, we have �@�, )� = 0. 
∴ JJ� 〈@�〉 = Cℏ 〈�), @��〉 + 〈E@�E�〉 = 0    cshownd           
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        Question 3(a)Question 3(a)Question 3(a)Question 3(a)    Infinitesimal rotation operator in 3-D physical space, ℛ = 1 + �N� × �� → ��Y, ℛ�� = �� + �N� × ��  Consider the behavior of the wavefunction under rotation in 3D. For infinitesimal rotation, o�Y(��) = ��\o�(��′) = ��\o�(ℛVS��Y) = ��\o�(��Y − �N� × ��′)  Using Taylor’s expansion, o(��Y − �N� × ��′) = o(��Y) − (�N� × ��Y) ∙ ∇���o(��Y) + ⋯ = o(��Y) − Cℏ (�N� × ��Y ∙ +�)o(��Y) + ⋯ 
= o(��Y) − Cℏ (�N� ∙ ��Y × +�)o(��Y) + ⋯ 
= o(��Y) − Cℏ ��N� ∙ @��o(��Y) + ⋯ 
= A1 − Cℏ �N� ∙ @�F o(��Y) + ⋯  Writing � = 1 − �ℏ �N� ∙ ��, we get oY(��) = �o(�� − �N� × ��) = A1 − Cℏ �N� ∙ ��F �A1 − Cℏ �N� ∙ @�F o(��) + ⋯ � 

= �1 − Cℏ �N� ∙ ��� + @��� o(��) + ⋯ 
≈ �1 − Cℏ �N� ∙ ��� o(��) = He�(�)o(��)  ∴ He�(�) = 1 − Cℏ �N� ∙ ��    cshownd  For �inite rotation,   He�(< + �<) = He�(<)He�(�<).  But He�(�<) = 1 − Cℏ �<N� ∙ ��.  So we have 

He�(< + �<) = He�(<) A1 − Cℏ �<N� ∙ ��F He�(< + �<) − He�(<)�< = − Cℏ N� ∙ ��He�(<) JJ< He�(<) = − Cℏ N� ∙ ��He�(<) 
He�(<) = UV�ℏ�e�∙��    cshownd                 
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        Question 3(b)Question 3(b)Question 3(b)Question 3(b)    UV�ℏ�(e�∙��) = UV�ℏ��e�∙ℏ,����  = UV�A�,F(e�∙����) = 1 − C A<2F (N� ∙ ¡�) − 12! A<2F, (N� ∙ ¡�), + C 13! A<2F¢ (N� ∙ ¡�)¢ + 14! A<2F£ (N� ∙ ¡�)£ − C 15! A<2F¥ (N� ∙ ¡�)¥+ ⋯ = 1 − C A<2F (N� ∙ ¡�) − 12! A<2F, + C 13! A<2F¢ (N� ∙ ¡�) + 14! A<2F£ − C 15! A<2F¥ (N� ∙ ¡�) + ⋯ 
= 21 − 12! A<2F, + 14! A<2F£ + ⋯ 3 − C(N� ∙ ¡�) 2A<2F − 13! A<2F¢ + 15! A<2F¥ + ⋯ 3 
= cos <2 − CN� ∙ ¡� sin <2    cshownd   Question 3(c)Question 3(c)Question 3(c)Question 3(c)    N� ∙ ¡� = NS¡S + N,¡, + N¢¡¢ = sin < cos = �0 11 0  + sin < sin = �0 −CC 0   + cos < �1 00 −1  = A cos < UV�¦ sin <U�¦ sin < − cos < F  

A cos < UV�¦ sin <U�¦ sin < − cos < F §UV�¦, cos <2U�¦, sin <2 ¨ =  §UV�¦, cos < cos <2 + U�¦, UV�¦ sin < sin <2U�¦UV�¦, sin < cos <2 − U�¦, cos < sin <2 ¨ 
=  §UV�¦, �cos < cos <2 + sin < sin <2 

U�¦, �sin < cos <2 − cos < sin <2  ¨ 
= − §UV�¦, cos <2U�¦, sin <2 ¨ 

 
∴ §UV�¦, cos <2U�¦, sin <2 ¨  is an eigenstate of N� ∙ ¡�. 
  Question 3(d)Question 3(d)Question 3(d)Question 3(d)                    
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        Question 4(a)Question 4(a)Question 4(a)Question 4(a)    )|n`S, `,, .S, .,〉n = 5|n`S, `,, .S, .,〉n �5Sℏ, ���S + ��,� ∙ ��, + 5,ℏ, ���S¢ + ��,¢�,� |n`S, `,, .S, .,〉n = 5|n`S, `,, .S, .,〉n  Since ���S¢, ��,¢� = 0,   we have ��S¢ ∙ ��,¢ + ��,¢ ∙ ��S¢ = 2��S¢ ∙ ��,¢. Then since  ���S, ��,� = 0,   �, = (�S + �,), = �S, + 2��S ∙ ��, + �,,,   we get ��S ∙ ��, = 12 (�, − �S, − �,,).  From the above information, we arrive at � 5S2ℏ, (�, − �S, + �,,) + 5,ℏ, ��S¢, + 2��S¢ ∙ ��,¢ + �,¢, �� |n`S, `,, .S, .,〉n = 5|n`S, `,, .S, .,〉n 
�5S2 c`(` + 1) − `S(`S + 1) + `,(`, + 1)d + 5,(.S, + 2.S., + .,,)� |n`S, `,, .S, .,〉n = 5|n`S, `,, .S, .,〉n  When `S = `, = 1, the energy levels are 5 = 12 5S`(` + 1) + 5,(.S + .,),  To find the energy eigenstates, we refer to the Clebsch-Gordan table. For |n `, .〉n ⇒ |n`S, `,, .S, .,〉n, the eigenstates and their respective energies can be summarized by the table below:  Eigenstate Energy |n2,2〉n = |n1,1,1,1〉n 35S + 45, |n2,1〉n = 1√2 |n1,1,1,0〉n + 1√2 |n1,1,0,1〉n 35S + 5, 

|n1,1〉n = 1√2 |n1,1,1,0〉n − 1√2 |n1,1,0,1〉n 5S + 5, 
|n2,0〉n = 1√6 |n1,1,1, −1〉n + ¬23 |n1,1,0,0〉n + 1√6 |n1,1, −1,1〉n 35S 
|n1,0〉n = 1√2 |n1,1,1, −1〉n − 1√2 |n1,1, −1,1〉n 5S 
|n0,0〉n = 1√3 |n1,1,1, −1〉n − 1√3 |n1,1,0,0〉n + 1√3 |n1,1, −1,1〉n 0 
|n2, −1〉n = 1√2 |n1,1,0, −1〉n + 1√2 |n1,1, −1,0〉n 35S + 5, 
|n1, −1〉n = 1√2 |n1,1,0, −1〉n − 1√2 |n1,1, −1,0〉n 5S + 5, |n2, −2〉n = |n1,1, −1, −1〉n 35S + 45,  The degeneracy for the states whose total angular momentum quantum number ` = 2 is 3, because there are 3 energy levels: 35S + 45,, 35S + 5,, and 35S.           
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        Question 4(b)Question 4(b)Question 4(b)Question 4(b)    Energy for 2 particle system,  5e,� = AN + ­ + 12F ℏz, N, ­ = 0,1,2, …  Case 1: Identical Bosons Eigenfunction, 
oR(¯) = 1√2 �.zℏ�  S£ 2)�( S̄))e(¯,)√­! N! 2�Re UVS,�°±²R°²²� + )�(¯,))e( S̄)√­! N! 2�Re UVS,�°±²R°²²�3 

= UVS,�°±²R°²²�√­! N! 2�ReRS �.zℏ�  S£ c)�( S̄))e(¯,) + )�(¯,))e( S̄)d  Ground state, ­ = 0, N = 0 
oR = UVS,�°±²R°²²� �.zℏ�  S£ √2)_( S̄))_(¯,), 5__ = 12 ℏz First excited state, ­ = 1, N = 0 
oR = UVS,�°±²R°²²�2 �.zℏ�  S£ c)_( S̄))S(¯,) + )_(¯,))S( S̄)d, 5_S = 32 ℏz Second excited state, ­ = 1, N = 1 
oR = UVS,�°±²R°²²�√2 �.zℏ�  S£ )S( S̄))S(¯,), 5SS = 52 ℏz  Case 2: Identical Fermions Eigenfunction, 
oV(¯) = UVS,�°±²R°²²�√­! N! 2�ReRS �.zℏ�  S£ c)�( S̄))e(¯,) − )�(¯,))e( S̄)d  Ground state, ­ = 1, N = 0 
oV = UVS,�°±²R°²²�2 �.zℏ�  S£ c)S( S̄))_(¯,) − )S(¯,))_( S̄)d, 5_S = 32 ℏz First excited state, ­ = 2, N = 0 
oV = UVS,�°±²R°²²�√2 �.zℏ�  S£ c),( S̄))_(¯,) − ),(¯,))_( S̄)d, 5_, = 52 ℏz Second excited state, ­ = 1, N = 2  or  ­ = 3, N = 0 
oV = UVS,�°±²R°²²�4 �.zℏ�  S£ c)S( S̄)),(¯,) − )S(¯,)),( S̄)d, 5S, = 72 ℏz 
oV = UVS,�°±²R°²²�4√3 �.zℏ�  S£ c)¢( S̄))_(¯,) − )¢(¯,))_( S̄)d, 5_¢ = 72 ℏz  Ground state wavefunction of 3 identical fermions in the same potential well: ­ = 0, N = 1, . = 2    
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oV(¯) = UVS,�°±²R°²²R°²́�4√6 �.zℏ�  S£ c)_( S̄))S(¯,)),(¯¢) + )S( S̄)),(¯,))_(¯¢)+ ),( S̄))_(¯,))S(¯¢) − )_( S̄)),(¯,))S(¯¢) − ),( S̄))S(¯,))_(¯¢)− )S( S̄))_(¯,)),(¯¢)d         Solutions provided by:Solutions provided by:Solutions provided by:Solutions provided by:    Prof Oh Choo Hiap (Q1b, Q2a, Q3a) Chang Sheh Lit (Q2b) John Soo (Q1a, Q3b, Q4)     NUS Physics Society © 2012NUS Physics Society © 2012NUS Physics Society © 2012NUS Physics Society © 2012        


