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1(a) Define orbital angular momentum /¢, and write down its commutation
relation.

Show that (i) [¢,, £*]=0; (ii) [£,. x,]1=ihe, x,; and (iii) [¢,, p,]=ihe, p,

Evaluate the commutators [/,, x’] and [¢,, p°] where

2 2
X=x'+xl+x and p’=p] + p; +p; .

Hence or otherwise, prove that [¢,, H]=0 , where the Hamiltonian is
2

p

H= —21~ +V(r). Thus H,¢,, ¢* are mutually compatible observables.
" .

(b) Show that [¢2,22 |=[¢2. 22 ]=[e2, 7.
Hence, or otherwise, show that these commutators vanish in angular

momentum state |¢ m)with ¢=1.

Find the three common eigenstates of ¢2, ¢2 and ¢} for this case.

2(a) Consider a particle of charge ¢ moving with velocity v in the magnetic
field B. The B is given by B =(0,0,B,)= B, k , where B,is a constant and &

unit vector of third axis of the coordinate frame.

(i)  Show that the vector potentials associated with the above field Bcan
be written as

B . ~_B
A:EO(_% i+ x, {):%(—xz, x,, 0).

Note that B=V a4, and for constant B, 4= %(B A X).



(b)

(ii)  Show that the allowed energy for a particle of mass m and charge ¢ in

this field is given by £(n) = (n+ -;—)ha)l , (n=0,12,...), where o, =gB, /m.

The electric dipole moment operator is defined as d=gx, where ¢ and x are

respectively the charge and the position of the particle. The atomic stationary
state of hydrogen atom, denoted by |n¢m), has a parity (-1)'. More

explicitly, under the space inversion, x— - x , the stationary state in

spherical ~ coordinate representation changes from  (rf|ntm) to
(-1’ <r¢9¢l n€m> .
Show that the stationary state |n ¢m) has zero electric dipole moment,

namely, <nlm|d|ntm>=0.

Consider the first excited state energy of the hydrogen atom for which n = 2.
1
V2

vanishing electric dipole moment given by

Suppose the state is |y) =—=(|2 00) + |2 10)), show that this state has a non-

(wld|w)=(wlq xlv) = (vlarcosbly) =-3qa,

where d, is the 3" component of the dipole moment dand 4, is the Bohr radius.

The following results can be used without proof:

The stationary state (r6p|ntm)= R,, (r) ¥,"(0,¢).

1 1 r 1 _ r
R,(r) = 7% 2 _Ea_o) exp(—r/2a,); R, (r) = Nk 32 (Z;) exp(—r/2a,)
3 _ 9 . _ N -r _n-1 —
fRZI(r)RN(r)r dr ——7-3—% ; I'(n) = Je r'"dr = (n-1)!

<n,€+1,m‘cosc9

n 1) = (L+1-m)(L+1+m)
7 (20+1) (20 +3)

<n,€—1,m(cos@

njg’n>:\/(€+m)(€—m)
Qe+ @20-1) -



3(a)

(b)

Show that for an infinitesimal rotation about a unit vector » by an
angle ¢, the rotation operator ®,(¢) in the three dimensional physical

space is given by the expression

R, (e)=l+enn
Briefly outline the steps that lead to corresponding infinitesimal rotation
operator R, () in Hilbert space, which is given by

Rn(g):l—%giju{

where J=/+ s is the angular momentum operator in the usual notations.

Hence or otherwise show that the finite rotation operator by an angle 6 is
given by

R,(0)= exp(—% on {J

If R is the rotation operator in Hilbert space and Q an observable, show that
the transform of Q under rotation, that is Q', is given by
Ql — R Q R+

Here R* is the Hermitian conjugate of R.

Find the transform J;of the 2" component J, of the angular momentum
operator J under the rotation about the Ox, axis (3" axis, unit vector k),

—i0J; I

namely under R, 6)=e
Hence or otherwise, show that R, (z) ¢ “"" R (z) =" “""

Note: The exponential of an operator Q is given by the power series
expansion:

e =1+0+(1/2)0* +(1/3)0° +...



4(a)

(b)

Consider the addition of two angular momentum observables J and J , and
~1 ~2

J; is the quantum number associated with the square of the angular
momentum J°, i=12. In the (2, +1)-(2, + 1) dimensional space spanned

by the ket vectors |a j, j,m m,) (& , J,, j, fixed, m,, m, variables),
briefly outline the steps leading to result that the possible values for the
quantum number ; associated with the square of total angular momentum
operator J°, J = J +J , are given by

J=htJn hti—1 | _]'2‘ .

The Clebsch-Gordan coefficients < Jis j2’m1’m2‘ JisJn j,m> for J=J, +J,

when Jr =% are given by

Here Jl’jz’ml’m2>: ’]1m1>’]2m2> is the uncoupled state and }jl,jz,j,m> the

coupled state.

Express the coupled states

1,1,;’—,E and
222

1,l,~1—,—l in terms of the
22 2

uncoupled states.

If an electron is in the coupled state |1,

>, what is the probability of

N | —

11
272’
finding it with spin down?



(c) Consider a system of three non-interacting identical spin 2 particles that are
confined in a one-dimensional infinite potential well

V(x)= {

0 O<x<b

o elsewhere

2_2

The one-particle states are y :\E sin| 7% | | with energies E,= h ”2 n,
b b 2mb

where n=1,2,3,... . For simplicity, the three identical spin 2 particles are

assumed to be in the same spin state

J_l>
272/

Determine the energy and wavefunction of the ground state, and the first

excited state of the three-particle system.

~END ~



