PC3236 Computational Methods in Physics - AY08/09 PYP Solutions

Question 1 (a)
fz sinh x
dx
o X

We use the formula T, ), =

b—-1
4 T@b—l__Yh—Lb—l

to construct the triangle below:

4p-1 — 1
h 7&&
h
— T. T.
2 21 27
h
— T T. T
4 31 32 33

Here T,, is the integral calculated using the Composite Trapezoidal Rule,

h h
Ty = > [f(2) = f(0)], T2z = ) [f(2) +2f(1) +f(0)], etc

So after a lengthy calculation, we get

h Thb
2 2.81343
1 2.58192 | 2.50475
0.5 | 252182 | 2.51781 | 2.51868
0.25 | 2.50664 | 2.50640 | 2.50622 | 2.50602
0.125 | 2.50284 | 2.50283 | 2.50282 | 2.50281 2.50280\

Our final answer obtained is 2.5028 (exact answer: 2.5016).

Tips: It is best to further attempt one more line to get a more accurate answer, but the

calculations will involve at least 17 terms!

Question 1 (b)
f(x) =3x3—10x2+5x+5
The rootis at (2,3).

© 2013, NUS Physics Society Page 1



PC3236 Computational Methods in Physics - AY08/09 PYP Solutions

fofsxi(fa = f3) + fafixo(fs — f1) + fifaxs(fi — f2)

X@) = —
© (i — )= ) — f1)
12045 _ 1035 n 225
___32 64 4
5037
16
= 2.192525

Inside bracket, so
X, =2, x, = 2.5, x5 = 2.192525
15
fi=-1 fo= g,

X1y = 2.335080

fy = —0.489538

Repeating the process, we get
X(2) = 2.280523

X3) = 2.284426

X4 = 2.284324

Xs) = 2.284324

s~ x =2.28432 (5d.p.)

Tips: To speed up the process, we can also alternate between polynomial interpolation and

bisection. Although the question specifies a specific interpolation, the bisection method is

allowed to be used in between.

Question 1 (¢)

X y
1 -2
-1 | -14 ] 6

3 1810 ] 1
2 |1 [ 3]-1]2
4 |61 ]21] 3
214715 9] 2] 0] 0|

N
o

y==-2+4+6(x+1)+ x*-1)+2x%—-1)(x—3) = -3+ 4x — 5x% + 2x3
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Question 2 (a)

d
VIt 124 e ¥y3 =0

dx
dy B e—xy3
dx  x+1

h
We use Heun’s method, y; =y, + > (fo + 1)

where fo = f(x0,¥0), fi = f(xo +h yo + hfp). Sowe get
h[ e ys e (y, +hfy)?

1= Yo 21 Jxo+1 Jxo+h+1

Plug x, = 0,y, = 2 into the equation, we get y; = 1.52546, x; = 0.1. Repeating the process,
we will get

x, = 0.2, y, = 1.30461
x3 = 0.3, y3 = 1.17367
x4 = 0.4, v, = 1.08658
x5 = 0.5, ys = 1.02443
xe = 0.6, Ve = 0.97794
x7 = 0.7, y; = 0.94197
xg = 0.8, yg = 0.913425
X9 = 0.9, Yo = 0.89034
X10 = 1.0, Y10 = 0.87138

Question 2 (b)

1 1.5 1.8 2.4

x
f(x) 6 6.875 | 7.952 | 12.104

We first do an interpolation (your choice of method), then the Gaussian quadrature to evaluate
the integral.

_b+a+b—a
x= 2

£=1.7 + 0.5¢

f:i , w=1

\S}
ol

2.2

Flx)dx = %[f (1.7 - %) +f (1.7 + %)] = %[f(1.41132) + £(1.98868)] = 7.79134

1.2
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Tips: you can also use Newton'’s interpolating polynomial, which yields the integral

2.2
f x3 —2x% 4+ 2x + 5dx.
1.2

Question 3 (a)
h=0.1, t=0.1

0’y 0%u
ox%  0t?
nAl _pynogonml o o gamoyan
U; 2up Hu T Uiy — 22U Uy
h? B 72
n+l1 _ .. n n n—1
W = Uy YU (D

. 2 .1 1 0
We want to find u(x, 0.2), W= Uy Uy — Y

Since the ends are fixed, we have u3 = u} = 0, u?, = uj, = 0.

2
The information given were u = 0, u](-’ — ¢~100(x;-05)" ud, = 0.

I s a sy 11 . aujo ul _uj_l O 1 1
tis initially not moving, so = = = Uu; =1u;j.
y & ot 2T ] J

Now using equation (1) and the information obtained, we get

0 0
U; 4 +U;
+1 -1
2

0 0 -

)
0

Use this new information to find a relationship between u? and u°:

0 0
Uiy, + Uj
2 _ .1 1 0 _ Jt2 j—2

J 2

ud +u’

2 1
= 0.00916
2

ug =0, uy =

Continue calculating, we get

w2 = 0.18394
uZ = 0.50000
uZ = 0.18400
u? = 0.01832
uZ = 0.18400
w2 = 0.50000
uZ = 0.18394
uZ = 0.00916
u?y =0
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Question 3 (b)

ou 0%u
—_— =g —
at 0x?

n+1 n n n n
T Ujpq — 2U; + Uiy

T h
at

n+l _ . .n —_(yn _ n n
utt =+ (ufyy —2ul +uy)
We let

+1 _ — _ ij

utt = &uf, xj = jh,  ul' = AreMk

2Zn+1ghijk — gnghijk +%(Anehi(j+1)k — DAmEIK 4 AnehiG=DK)

T , . ) 41 kh

_ kh —ikh _ .
f—1+ﬁ(€l +e L —2)—1—FSII’127
1€l <1

41
1—? <1

41
OS?SZ
. For it to be stable, = = =
-~ For it to be stable, =

Question 4
d? d
(x — Z)d—xz— 6sinx2—y+y(1 —x%)cosx =0

dx
, _6sinx?  (1—x*)cosx
Yy =527 x—2

Welety, =y, y, =y’, we have

Y1 ! Y2
(y ) = | 6sinx? (1 —x2)cosx ) Y20 = =5, V2,10 = 2
2 x—2 7277 x—-2 N

Using the simple Euler Method,
1
Yint1 = Yin T 1_0y2,n
1 6sinx2 (1 —x2)cosx,
Exn—Zyz_ Xp — 2 Y1

Yon+1 = Yon T
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Using a trial value of y; o = 1,

yl,O = 1; yZ,O = _5
yl,l = 05; y2’1 = —4.95
Y12 = 0.005,  y,, =—4.90845

V13 = —0.48585,
Y14 = —0.97013,
yis = —1.44153,
V16 = —1.88946,
Vi, = —2.29938,
Vig = —2.65455,
Yo = —2.93947,

yl,lO = _314‘486,
The residue function, (1) = —1.27404 — 2 = —3.27404

Now using a different trial value y; = 2, and repeating the calculations, we get
yl,lo = _197561,
The residue function, r(2) = —1.14655 — 2 = —3.14655

Since the residue function is linear, we have

V,3 = —4.84276
Vo4 = —4.71398
Vv, = —4.47926
V6 = —4.09924
V7 = —3.55165
V5 = —2.84918
Va6 = —2.05390

yleo = _1274‘04‘

YZ,10 = _114‘655

—3.14655 + 3.27404

7”(3’1,0) =

-1

21T =0,y = 26.68076

Using this new value of y, 5, we get

V1o = 26.68076,
y11 = 26.18076,
Vi, = 25.81416,
V13 = 25.58446,
V14 = 25.49275,
V15 = 25.53478,
V16 = 25.69758,
1, = 25.95631,
Vig = 26.27293,
Vi = 26.59866,
Y110 = 26.88204,

Y20 = =5

Y21 = —3.66596
Y22 = —2.29705
Y23 = —091711

Va4 = 0.42033
Vo5 = 1.62794
YV, = 2.58728
V,7 = 3.16623
V,5 = 3.25731
Vs = 2.83382

YZ,10 - 1.99986

(y10—1) —3.27404 = 0.12749y, o — 3.40153
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Tips: The simple Euler method does not produce accurate results. The results calculated using
the 4th order Runge-Kutta method yields

r(1) = -1.21141 — 2 = -3.21141

r(2) = —1.10362 — 2 = —3.10362

Y10 = 30.79380

Solutions provided by:
A/Prof Paul Lim (Questions 1b - 2, 3b)
John Soo (Questions 13, 3a, 4)
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