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1. An object S with impermeable surface is moving in an infinite body of
non-viscous, incompressible fluid. Consider the fluid within the control
volume V' bounded internally by the surface of S and externally by
a very large, fixed (imaginary) spherc Sy of radius R. The fluid flow
generated may be assumed to be irrotational.

(a) Show that the rate of change of K, the total momentum of the
fluid in V', may be written as:

dK felo) d
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(b) Explain why the time derivative of the second term cannot be
moved into the integral as in the first term.

(c) Show that the net pressurce force acting on the volume of fluid
through the surface Sy is
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(d) Show that the momentum flux per unit time flowing out of the
volume through Sp is

fg, = ﬁ (pVé)n - Véds.

(e) Explain why the momentum change may be described by the fol-
lowing equation

dK
di
where Fg is the pressure force exerted by the object S on the fluid.

FSR - fSR +Fg

(f) Derive the following equation for Fg:
Fy=d }{ én dS
g = — nds.
T

(g) Explain why the term 7{ pdn dS is sometimes called the impulse.
Js

The following equations might be useful:

%—? + g + %vz = constant, /v Vi dV = ;é YndsS.




2. The figure below is a log-log plot of Drag Coefficient ' versus Reynolds
Number Re for viscous flow around a sphere.
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(a) Consider a viscous fluid of density p and viscosity p flowing around
a sphere of radius a. The flow speed far from the sphere is U. Per-
form a dimensional analysis to show that the drag D experienced
by the sphere is expected to depend on the various parameters in
the following manner:

D % (/)(LU) ,
pU?a? It

where ®(x) is a general function of the argument .

(b) Briefly state the relevance of the above equation to the plot of
Drag Coefficient versus Reynolds Number shown above.

(c) The Stokes formula gives the drag on a sphere as D = 6 pall.
What is the function ®(z) introduced in Part (a) when the Stokes
formula is valid?

(d) Inwhich part of the above plot, of Drag Coefficient versus Reynolds
Number is the Stokes formula applicable; and what should be the
gradient of the plot when the Stokes formula is valid?

(e) State the range of values of the Reynolds Number where the drag
Is approximately proportional to /2.

(f) A sharp decrease in the Drag Coefficient is observed at Reynolds
Number around 1.5x10°. Briefly describe the physical phenomena
that cause the sharp drop in drag.



3. The shallow water equations in one-dimension are

(a)

(b)

()

ou + ou oh oh n oh ; ou
—_— Y = — — Y = — .
ot : Ox g ox’ at " Or ) ox

Show that the equations may be written in the conservation form:
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Derive the energy equation
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Consider a fixed interval (z 1,T2) containing a hydraulic jump at
(1), Le., (x1 < z,4(t) < 25). Show that the speed of the hydraulic
jump ug = dz,/dt has to satisfy the equations

. 1
(hu‘z + 59]12) = 0.
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where A(y) denotes the discontinuity of the variable ¢ across the
hydraulic jump.

Consider a stationary hydraulic jump (us = 0), with uy, hy on its
left and wuq, hy on its right. Show that
gho

U = =+ Q-h—(h,l +he) and  wy = £/ Z—(hy + hy).
1

From the energy cquation, we see that the encrgy flux and rate of
work done by the pressure force across unit width of the shallow
water flow at location a is given by

1 .
E= Ehud + gh*u.

Show that the net rate of energy input into a very slim interval
containing the hydraulic jump is

9Q
B, — By =
YT kg

(hy — hy)*,  where Q = hyuy = hous.

Based on the equation for (B, — Ey) above, explain why the flow
across the stationary hydraulic jump must experience an increase
in water depth.



4. (a) Consider the flow of an incompressible fluid governed by the Navier-
Stokes equations:
Ju 1 0
E—l—(u-V)u:—;Vpﬂ—uVu, V.u=0.

Derive the following equation for the local rate of change of the
kinetic energy density:

1 1 . .
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where w =V x u.

(b) Write a brief note on Kolmogorov’s 1941 theory for fully devel-
oped, isotropic turbulence. State the basic assumptions and show
how they lead to the following conclusions:

e The length scale 1 and the velocity scale v of the smallest
eddies are related to the generation length scale £ and velocity
scale u as

n~ Re™®/%¢, v~ Re™ Y4y,

e The inertial subrange energy spectrum E(k) is expected to
depend on the [~5/3]-power of the wavenumber k:

E(kf) ~ \‘2/3]{3‘5/3)

where ¢ is the rate of energy cascade.

T'he following equations might be useful:

u- Vo =V(pu) - oV - u;

u-Vu:(qu)xu+V%u2;
Vouxw)=(Vxu) w—(Vxw) u
Vx(Vxu)=V(V-u) -V
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