LNPATPI0ER [PC3274 MATHEMATICAL METHODS IN PHYSICS Il SOLUTIONS]

Question 1
(a) Use the method of Laplace transform to find a particular integral of the

equation

y" + 2ay’ + a’y = f(t).

(b) Show that the non-linear differential equation
y"'(t) + y2(t) = tsint,
given that y(0) =1 and y'(0) = -1, can be written as the integral

equation

t
y(t)+] (t—u)y?(u)du=3—t—2cost —tsint.
0

a) y" + 2ay’ +a?*y = f(t)
s2J —syo—yo +2asy —y,+a’y=f
(s?+2as+a®)j=Ff+(s+ Dy + v}
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<
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t
y = f (t — W f@e= 0 du + t([(1 — a)yo + yile = + yoe
0

b) y" + y? =tsint

25— 5y(0) = y'(0) + 72 =~ ()

ds\s?+1
— 2s
25 1 2 - 0
s‘y—s+1+y GZ+1)2
~+§72_ 2 1.1
YT T2+ 1)2 "5 52
_2 2s 2s +1 1
s s241 (s2+1)2 s s?
_3 1 2s 2s
s s? s24+41 (s?2+1)?




LNPATPI0ER [PC3274 MATHEMATICAL METHODS IN PHYSICS Il SOLUTIONS]

t
-'-y+f (t—uw)y?(u)du=3—t—2cost—tsint
0

Question 2

(a) Show that if G is a finite group of order g, and  is a subgroup of G and of
order h, then g is a multiple of h.

(b) Show that the following set of six functions,

1
fl(x)=x, fZ(x)sz fS(x)z X )
_ 1 _ X
f4(x)—;: fsx)=1-x,  fe(x) i
with the law of combination as f;(x) « f;(x) = f;[f;(x)] forms a non-Abelian

group. Determine the order of each element in the group.

(c) Show that the Euler-Lagrange equation
oF d <6F )

day dx\ay’

can be written as

0F+d< , OF F)—O
dx dxyay’ -

where F = F(y,y', x).

a) If G has order g, then the order of the subgroups must divide g. Given X & Y belong
to G and X~Y, then X,Y, XY belong to .

We let Y = XH; for some element ;. Each coset must have distinct elements such
that H must have h elements.

Since each member must only be in one set, then g is a multiple of h. [proven]
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b) The table below shows that the operation is closed. Functions are always associative,
the identity exists, and it is f; (x); every element has an inverse, and the table is not

symmetric. .". the set of functions form a non-Abelian group.

) | L) | ) | () | () | fe(x)
A@| x| || L x|
f2(x) 1ix x;l x xil % 1—x
f3(x) x;l x 1ix 1—x xil %
fa(x) % 1—x xil X 1ix x;l
@ 1-x | 25| o || x|
fe(x) xil % 1—x 1ix x;l X
Elements of

Order 1: f;(x)

Order 2: f,(x), f5(x)
Order 3: f,(x), f5(x), fe(x)

c) We know that
dF _OoF OF oF

ax ox o) Tay
OF 1dF y"0F 10F

then

oF d (aF)_

dy dx\dy’

1dF y" 0F 10F d(aF)_
y'dx y'dy" y' dx dx\dy’

dF , OF ,d (0F oF
&t ey

We also find that

d oF oF d (OF
dx (y' ay’) =" ay’ Ty dx (ay’)
substituting back, we have




AY2008/2009

dF d [  9F\ OF
___(y )__

dx dx O_y’ 0x

oF d ( , OF F) _0 L

ax  dx\” 3y’ =0 [shown]
Question 3

subjected to the constraint

1
f '"?—xy'
0

given

corresponding value of the integral I.

that y(0) =0, z(0)=0, y(1) =1 and z(1)=1 .

Find the extremal of the following functional

1
= f (y'? + 2% —4xz' — 4z) dx
0

-z dx =2,

Calculate

the

F=vy?2+2?—4xz' —4z+ A(y"? —xy' — z'?)

d OF OF
dxdy' dy

d
E(Zy +21y' —Ax) =0

2y + 20y —Ax =k

1

y =2+2/1(k+lx)

- (™
YEaaep\ T e

using the boundary conditions,

y(0)=0,y(1) =1,

Cc
O—m = ¢=0

1=2(1—1+/D(k+%>

4441 =2k + A

k_4+3/1
T2

d oF _aF
dxdz' 0z

d
— (22" —4x - 212") = -4
dx

(2-20)z"—4x = —-4x+d

2_Z)Lx+e

using the boundary conditions,
z(0) =0,z(1) =1,
e=0, d=2-21

NZ=X

4
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1 (4+31_ 2

S2a+n\ 2z T
1 4, 14432
ST +z(1+a)"
11-1+4 . 1/1+3+32
"4 1+2 Z( 1+ )x

(-7 +1+ 59
2 1+4)° 71 1+2)"

2

substituting A = i, we have
1+

1 1
y=-(1-A4)x*+-B+Ax, z=x

4 4
’—1m A)+18+A) =1
Y =3 X1y r 2=

1
j(y’z—xy’—z’z)dx=2
0

e 1 2 1 1
j [—(1—A)x+—(3+A)] —x[—(l—A)x+—(3+A)]—1 dx = 2
, 12 4 2 4
f1(1(1 A3 21— DB+ Ak +— (B + A) — = (1 — A)x® — = (3 + 4) 1)d —2
, \4 Ty *T16 2 Ty x x=

1
] (4(A% = Dx? — 443 + Dx + (3 + A)? — 16) dx = 32
0

1

E (4% — 1)x® — 24(3 + A)x? + [(3 + A)? — 16]x| =32
0

4(A2—1)—6A(3+A)+3(3+A4)2—48 =96
442 — 4 — 184 — 6A2 +27 + 184+ 342 —48—-96 =0
1 10 12

A?—121=0, A=+11, A

BESTRRRE TR T
and we have
5 2 2
y=—§x +§x or y=3x°—2x
y’=—5x+; or y' =6x—2
Fory=—§x2+%x,

1
I = J (v'?+2'? —4xz' — 4z) dx
0

1 7\ 2
=J <—5x+—) +1—8xdx
0 2

5
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1 7\3 !
—_|_ _ = _ 2
—[ —15( 5x+2> +x —4x L

111 343 1

~720 120 12
Fory = 3x? — 2x,

1
I = f (v'?+2'? —4xz' — 4z) dx
0

1
=f (6x—2)%+1—8xdx
0

1 1
N —_ 9233 A2
= 18(6x 2)° +x—4x .

59 4

=—5 -5~
Question 4
(a)

i. Represent the following function as an exponential Fourier
transform

sinx, 0<x<m
flo) = { 0, otherwise

ii.  Show that your results can be written as

dk

1 (*®coskx + cosk(x —m)
f(x)_;J(; 1_k2

(b) Use the method of tensor to establish the following vector identity,

gradz U-u)=uxcurlu+ (u-grad)i.

T
flk) = —J- sin x e ¥ dx
T Jo
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—ikx T
o lkz ) (ik sinx + cosx)l0
—ikm +1
27T< 1—k? >

1 (. .
— | ikx
F) = [ f_wf(k)e dk
e~ 4 1 .
f kadk
21 27t 1- k2

© —Lk(x ) _|_eka
~ 2 o 1—k?
1 (*coskx + cosk(x — )
= —f dk
0

dk

T 1— k2

b)
R . . . oy, Jou;
= (6in6jl - 6il6jn)uj —aul + uj %
dxy, 0x;
6uj aui aui
~Yox, Mo T Moy

6u]

~ Yoy, ox;
B 1 au] N ou;
N 2 u] (’)xl- axi u]

10
~ 20x, (u;)

[N

=—V =2
> V-

Solutions provided by: A/Prof Paul Lim (Q1, Q4) and John Soo (Q2, Q3)



