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Question 1

(a) Find the inverse Laplace transform of the following functions
q 3s+1
L (s—1)(s2+1)’

. 2
.

(s2+1)2
(b) Given
X, 0<x<1,
f(x)={2—x, 1<x<2,
0, x =2,

find the Fourier cosine transform of f(x) and use it to write f(x) as an
integral. Hence evaluate

@ cos? k sin? (E)
fo ——=dk

a)
i)
~()_ 3s+1 _ 2 4 1 5 S
IS =G sn " s—1Ts+1 252+1
f(t) =2et +sint — 2cost
i)
6 =g =251 ()
fls C(s2+1)2 T\s24+1/\s2 41
t
f(t)=2fsinusin(t—u)du
0
t
=fcos(t—2u)—costdu
0
1 t
= [——sin(t —u) +ucos t]
2 0
=sint +tcost
b)

~ 2 (%
f(k)=\/;j0 f(x) coskxdx

/
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f[f xcoskxdx+f (2 —x)coskxdxl
_ \/;{x (smkkx>]0 B fo s1nkkx o+ [(2 9 <Sinkkx)]j N LZ sinkkx dx}
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> (cosk — cos 2k)

2
—2 €os k (1 —cosk)

® 2 (% (22
Jf(k)coskxdk=\ﬁf f —cos k (1 — cos k) cos kx dk
0 TJo k

whenx =1, f(1) =1,
4 (®cos?k (1 —cosk)
f dk
0
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4 °cos’k [1 — 1+ 2sin? (E)]
fo P 271 gk

g rcos?ksin? (E)
fo = dk
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Question 2
In a certain system of units, the electromagnetic stress tensor M;; is given by

1
Mij - ElE] + BlB] - E(SU(EkEk + BkBk)l

where the electric and magnetic fields, E and §, are first-order tensors. Show that
M;; is a second-order tensor.

Consider a situation in which |E| = |§| but the directions of E and B are not

parallel. Show that E+B are principal axes of the stress tensor and find the
corresponding principal values. Determine the 3™ principal axis and its
corresponding principal value.

\ //

1
Mij = ELE'] + BLB] - ESlJ(EkEk + BkBk)

, 1
M;; = LimEmLinEn + Lim B Lin By — 5 L

2 ipquSpq (LkrErLksEs + LkrBrLksBs)

1
= Liijn(EmEn + BmBn) - ELipqu5pq (arsErEs + 5rsBrBs)

1
= Liijn EnmEn + BBy — ESmn(ErEr + B,B,)
= Liijann

. M;; is a 2" order tensor.

We |et v; = Ei i Bi'
M;;v; = My;(E; = B;)

1
= E;E;(E; + B;) + B:B;(E; + B;) — 70 (E* + B?)(E; + B;)

+ B;B? — 1(EZ + B2)(E; + B;)
l 2 1 — l

1]

1
= E,E* + BE® + E,E;B; + BiE;B; — ~ (2E*)(E;  B)

= (E; £ B))|E® £ E;B; — E?]

= i(ﬁ . E)Ui
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This shows that E + B are eigenvectors (principal axes) of M;; with principal values i(ﬁ . §).
The 3" axis is orthogonal to both of these,

(E+B)x (E—B) =2(Bx E)

The principal value for this can be deduced from the trace of M;;,

3
Tr(M;;) = E> + B> — E(E2 + B?) = —E?

Since the two principal values found previously are +E - B which sums to zero, the principal

value for this 3" principal axis is - E2.
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Question 3
According to Fermat’s principle, a light ray travels in a medium from one point to
another so that the time of travel given by
ds
7;
where s is arc length and v is velocity, is a minimum. Show that the path of travel

is given by

ov v
vy" +(1+y"?) 3y Y+ Y 5.=0,
! dy 17; dzy q 0 . 1
where y' = ™ andy" = — Solve the differential equation for v = 5

\ //
- [1ir

1
F=;\/1+y’2
d OF OF
dxdy’ dy

d (1 y 1 dv
(=== -5 1+ 7
dx \v . [1 + y72 v2 0y

y' ( 1)(6v+6v ,>+1 y" y'%y" 1 v
_ | — —_ _y —_ — —
J1+y? v/ \ox ~ dy VNJy1+y? (1+y12)% v?dy
12

,( Jv Odv ,)+ (1 y +6v(1+ 220
Y'\"ox " oy vy 1+y'2)  0dy Y=
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,0v vy" v

-y a+1+y,2+$=0
rr+(1+ IZ)av l(l_l_ 12) 17_0[ h ]
vy y ay y y ax— snown

dy \y y2' ox\y

144 1+ 12
LI,
y y
yy"'+1+y?=0
L yy=-1
yy'=—x+c
ydy = (—x + c)dx
2 2

Yy __ Y

> = 2+cx+d

y =+—x% 4 2cx +2d

Question 4
(a) Show that if p is prime then the set of rational number pairs (a, b), excluding

(0,0), with multiplication defined by (a, b) « (c,d) = (e, f), where
(a+byp)(c+fyp) =e+ 1\

forms an Abelian group. Show further that the mapping (a, b) — (a,—b) is an

automorphism.

2
(b) Show that < *2 xl?) is not a Cartesian tensor of order 2.
X1X2 X1

a) Leta,b,c,d, e, f be rational numbers and p be a prime.

(a + bﬁ)(c + dﬁ) = (ac + bdp) + (ad + bc)ﬁ

We see that e = ac + bdp and f = ad + bc are rational number, so it is closed;
(a,b) e [(c,d) (e, )] = (a + bﬁ)[(c + dﬁ)(e + fﬁ)]

=[(a+byp)(c +dp)|(e+1p)
= [(a,b) * (,d)] * (e, f)
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So it is associative;
1
a+b X — =1, where
\/5 a+ b\/g

1 a—b\p __a by
a+bJp (a+bJp)(a—byp) a*—b*p a?—b?p’
a b
az—bzp'_az—bzp

So the inverse exists;

and

are rational.

The identity is 1, which is rational;
Finally (a,b) ¢ (c,d) = (c,d) » (a, b) which is a result of multiplication.

. It forms an Abelian group.

(a,b) = (a,—b)

We let

(a,b) = (a,—b) = a — by/p, (c.d) =(c,—d)=c—d\p
Then

[(a,b) * (c,d)]" = (ac + bdp,ad + bc)' = (ac + bdp, —ad — bc)
(a,b) o (c,d) = (a,—b) * (c,—d) = (ac + bdp, —ad — bc)

<. Itis an Automorphism.

b) Consider a rotation of the (unprimed) coordinate axes through an angle 6 to give the
new (primed) axes. Under this rotation,
X1 = X1 =X, c0s6 + x,sinf
Xy, = Xy = —XqSinf + x, cos 6

cosf  sin 9)

The transformation matrix of L;j willbe L = (_ sing cosd

Now consider the transformation of the first element v,; = x2.

v = (x3)? = (—x, sin @ + x, cos 0)? = x? sin? @ — 2x,x, sin O cos 6 + x2 cos? O
However, vj; = LyxL1;Vy = x?sin? 8 + 2x,x, sin @ cos § + x, cos?

which is not equal to the above equation.

. Itis not a 2" order Cartesian tensor.

Solutions provided by: A/Prof Paul Lim (Q1, Q2, Q4) and John Soo (Q3)



