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Question 1

rey=x+Yy-+rry

(a) Check for associativity:

re(ye2)
=z e (y+2z+ryz)
:m+y+z+rxy+ryz+rxz+r2xyz
=(z+y+rzy) +rz(x+y+ray)
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so, when z = —% and y = —%, the other variable is undefined (it can be anything). So, z ey = —1 is

true if and only if x or y has a value of f%.
(¢) Associativity has been proven in part (a). There exists and Identity, where I = 0.

Closure:

rey=x+y-+rry
Since x,y,r are all real, x o y is also real. Also, since z # —1,y # —1 zey# —1 z ey belongs to the
set.

Inverse:
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since z is real and r is real, 2! is also real. The inverse of 2 exists in this set.



Question 2

(a)We know that,
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By setting n=k, we reduce the equation to:
0 6u dim
o 0;
€ijk€kim = |0 051 Ojm| = 61»1 (;m‘
1 0 Orkm T

Thus, we get:
€ijk€kim = 0il0jm — Oim0j1

(b)
Lj = /P(%’%‘&'j - Iixj) dxdydz

where p = M/L3.

From symmetry, we can see that:

I = Iop = I33;

Iio = Is1, I13 = I31, I3 = I3s.

Furthermore, since the integration limits are all the same, 115 = I13 = I»3, leaving us with two indepen-
dant components.
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= pL/(y2 + 2%) dydz
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Iy = —p/wy dxdydz

= —pL/xydxdy

L,
=—p— [ 42d
pQ/y y

Thus we have:



Question 3

1
I= / (y* —y? — 2ysinz) dz
x

0

With, F = y? — y'? — 2ysinz we use the Euler-Lagrange Equation:
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Yy’ +y =sinx

2y —2sinz = -2

From this differential equation, we get the homogenous solution:
y1 = Ae” " + Be'®
Solving the non-homogenous part will require a trial function, we try with:
Yo = Re[Cze™]
yh = Re[iCze™ + Ce'™]
yy = Re[—Cxe'™ +iCe™ +iCe™]
Substituting these into the differential equation above:
Re[2iCe™] = sinx
2iCisinz =sinz

—-2C =1
1
=3
So, we have:
1 .
Yo = Re[—ime_””]

1
Y2 = —5TCOST

And since y = y1 + y2,
1
y=Ae * + Be® — gTcosT



Question 4

(a)
" — 4y + 5y = 2e T cosx
s%5 — sy(0) — y'(0) + 4(sy — y(0)) + 55 = 2 {(84_82—;22_&_1}
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Evaluating the first term:

1 2(s+2) R (s+2) 2
[((s+2)2+1)2]_L [(s+2)2+1x(s+2)2+1]
= L' [fq]

/f Yg(x — 2’) da’

Where:

So,

/f g(x —2') da’
—/ e cosa'2e 2= ) gin (z — o) da’
0

=e rsinz

Substituting this back into the equation for y above:

y=e **(zsinz + 3sinz)



N 2 /2
f(k)= 7/ cos x cos kx dx
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From Parseval’s Theorem,

0o 2 (km (o)
/ COS(z)dkw/ cos? z dx
o (k*—1) 2 Jo
/2
:z/ cos? z dz
2 Jo
_
8



