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Question 1

x • y = x+ y + rxy

(a) Check for associativity:

x • (y • z)
=x • (y + z + ryz)

=x+ y + z + rxy + ryz + rxz + r2xyz

=(x+ y + rxy) + rz(x+ y + rxy)

=(x • y) • z

(b)

x • y = −1

r

x+ y + rxy = −1

r

y(1 + rx) + x = −1

r

y =
−(x+ 1

r )

(1 + rx)
and x =

−(y + 1
r )

(1 + ry)

so, when x = − 1
r and y = − 1

r , the other variable is undefined (it can be anything). So, x • y = − 1
r is

true if and only if x or y has a value of − 1
r .

(c) Associativity has been proven in part (a). There exists and Identity, where I = 0.

Closure:
x • y = x+ y + rxy

Since x, y, r are all real, x • y is also real. Also, since x 6= − 1
r , y 6= −

1
r , x • y 6= − 1

r . x • y belongs to the
set.

Inverse:

x • x−1 = I

x+ xx−1 + rxx−1 = 0

x−1 = − x

1 + rx

since x is real and r is real, x−1 is also real. The inverse of x exists in this set.
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Question 2

(a)We know that,

εijkεnlm =

∣∣∣∣∣∣
δin δil δim
δjn δjl δjm
δkn δkl δkm

∣∣∣∣∣∣
By setting n=k, we reduce the equation to:

εijkεklm =

∣∣∣∣∣∣
0 δil δim
0 δjl δjm
1 δkl δkm

∣∣∣∣∣∣ =

∣∣∣∣δil δim
δjl δjm

∣∣∣∣
Thus, we get:

εijkεklm = δilδjm − δimδjl

(b)

Iij =

∫
ρ(xixjδij − xixj) dxdydz

where ρ = M/L3.
From symmetry, we can see that:
I11 = I22 = I33;
I12 = I21 , I13 = I31 , I23 = I32.
Furthermore, since the integration limits are all the same, I12 = I13 = I23, leaving us with two indepen-
dant components.

I11 =

∫
ρ(y2 + z2) dxdydz

= ρL

∫
(y2 + z2) dydz

= ρL2

∫
(
L2

3
+ z2) dz

=
2ρL5

3
=

2ML2

3

I12 = −ρ
∫
xy dxdydz

= −ρL
∫
xy dxdy

= −ρL
3

2

∫
y2 dy

= −ρL
5

4
= −1

4
ML2

Thus we have:

I = ML2

 2
3 − 1

4 − 1
4

− 1
4

2
3 − 1

4
− 1

4 − 1
4

2
3
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Question 3

I =

∫ x1

x0

(y2 − y′2 − 2y sinx) dx

With, F = y2 − y′2 − 2y sinx we use the Euler-Lagrange Equation:

∂F

∂y
=

d

dx

∂F

∂y′

2y − 2 sinx = −2
d

dx
y′

y′′ + y = sinx

From this differential equation, we get the homogenous solution:

y1 = Ae−ix +Beix

Solving the non-homogenous part will require a trial function, we try with:

y2 = Re[Cxeix]

y′2 = Re[iCxeix + Ceix]

y′′2 = Re[−Cxeix + iCeix + iCeix]

Substituting these into the differential equation above:

Re[2iCeix] = sinx

2iCi sinx = sinx

−2C = 1

C = −1

2

So, we have:

y2 = Re[−1

2
xe−ix]

y2 = −1

2
x cosx

And since y = y1 + y2,

y = Ae−x +Bex − 1

2
x cosx
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Question 4

(a)

y′′ − 4y′ + 5y = 2e−2x cosx

s2ȳ − sy(0)− y′(0) + 4(sy − y(0)) + 5ȳ = 2

[
s+ 2

(s+ 2)2 + 1

]
(s2 + 4s+ 5)ȳ =

2(s+ 2)

(s+ 2)2 + 1
+ 3

((s+ 2)2 + 1)ȳ =
2(s+ 2)

(s+ 2)2 + 1
+ 3

y = L−1
[

2(s+ 2)

((s+ 2)2 + 1)2

]
+ 3e−2x sinx

Evaluating the first term:

L−1
[

2(s+ 2)

((s+ 2)2 + 1)2

]
= L−1

[
(s+ 2)

(s+ 2)2 + 1
× 2

(s+ 2)2 + 1

]
= L−1[f̄ ḡ]

=

∫ x

0

f(x′)g(x− x′) dx′

Where:

f(x) = e−2x cosx

g(x) = 2e−2x sinx

So,

∫ x

0

f(x′)g(x− x′) dx′

=

∫ x

0

e−2x
′
cosx′2e−2(x−x

′) sin (x− x′) dx′

=e−2xx sinx

Substituting this back into the equation for y above:

y = e−2x(x sinx+ 3 sinx)

4



(b)

f̃(k) =

√
2

π

∫ π/2

0

cosx cos kx dx

= −
√

2

π

cos (kπ2 )

k2 − 1

|f̃(k)|2 =
2

π

cos2 (kπ2 )

(k2 − 1)2

From Parseval’s Theorem, ∫ ∞
0

cos2 (kπ2 )

(k2 − 1)2
dk =

π

2

∫ ∞
0

cos2 xdx

=
π

2

∫ π/2

0

cos2 xdx

=
π2

8
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