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INSTRUCTIONS TO CANDIDATES

1. This examination paper contains FOUR questions and comprises FOUR
printed pages.

2. Answer ALL questions.

3. Each question carries equal marks.

4. Answers to the questions are to be written in the answer books.
5. This is a CLOSED BOOK examination.

6. The last page contains a list of formulae.



1. A binary operation e on the set of real numbers is defined by
xXey=x+4+y+rxy,
where r is a non-zero real number.
(a) Show that the operation e is associative.
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p

(b) Provethat x e y = —% if, and only if, x = —% ory = —

(c) Prove that the set of all real numbers excluding ——% forms a group
under the operation e.

2. (a) Prove the tensor identity
€ijk€kim = 5i15jm - 5im5jz,

where € is the Levi-Civita symbol and §;; the Kronecker delta.

(b) Calculate the moment of inertia tensor for a solid cube of side length
L and mass M about one of its corners.



3. Find the function y(x) that makes the following integral stationary

X1
I:/ (> —y? —2ysinx) dx .
X0

4. (a) Use the method of Laplace transform to solve the second-order differ-
ential equation

vy’ 4+ 4y’ + 5y = 2¢ > cos x,

subject to the initial conditions y(0) = 0 and y’(0) = 3.

(b) Find the Fourier transform of

cosx, —m/2<x<m/2

F(x) = § 0, |x|>mn/2

Hence, using the Parseval’s theorem, namely,
| rewrar= [ ifwr e
—00 —00

evaluate

/Oo cos®(km/2) dk

(I —k2)?

LHS



Formulae Sheet

f(w) \/1]T /OO f([)e_iwt dr, f(r) = \/_15_;/‘_(: f(a))eiwt do.

. [2 oo [9 oo
Fourier sine transform : f(w) = 4/ — / f@t)sinwetdt, f(t) =4/ — / f(w)sinwt do
T Jg T Jo
. . ~ [2 [ ‘ [2 [ .
Fourier cosine transform : f(w) = —/ f(t)coswt dt, f(t) = —/ f(w)coswt dw
T Jg T Jo

[e'e) ~ 1 B
¥ [f Swg(x —u) du] = V2 f(k)gk), Flf(x)gx)]= ——\/——-f(k) * g(k)
—o0 2

f() f(s) 50
c c/s 0
ct" cnl/s"tl 0
sin bt b/(s? + b?) 0
cos bt s/(s% + b?) 0
ed! 1/(s —a) a
t"ed? nl/(s —a)"t! a
sinh at a/(s? —a?) la|
coshat s/(s* —a?) la|
e sin bt b/[(s —a)* + b?] a
e cosht (s —a)/[(s —a)? + b?] a

£0/@n] = [ s/a), :6[“)] / Fu) du, [fo f(u)g(rw)du]=.f<s)gr(s)

& f(s) A f d @y
21" F(0)] = (1" df,,f‘), i[dzn]—* f— oo St o

2
€ijk€kim = 0i18im—0im8j1, €ijr€itm = 8;10km—bjmbpr. 1ij = Zm(a) [(r(“)) 8ij —xl-(a)x_,(a)}
n

oF d [oF oF d oF d
— = —. — _FrFl= — , wh .= dy/dx;
ay dx (E)y’) dx + (y ay’ ) Z 0x; (dyx ) WHETE Vi v/9xi

Tx+oc

1 1
——dx =sin" 'x +ec, —/-———————dx:cos“lx%-c,/
/\/l—x2 V1—x2
1

1 1
f——————dx:sinh“lx—i—c, /—-—dx:cosh_lx+c, / dx =tanh™ " x + ¢
NSO Vx2 -1 1—x?

| 1
cos A cos B = —2—[cos(A+B)+cos(A~—B)], sin 4 sin B = E[COS(A—B»)——COS(A—{—B)]

1 1 1 1
sin A+sin B = 2sin E(A+B) cos E(A—B), sin A—sin B = 2 cos 5(A+B) sin —Z—(A-—B)

1 1
cos A + cos B = 2cos E(A + B) cos E(A —B)
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