NATIONAL UNIVERSITY OF SINGAPORE

PC3274 MATHEMATICAL METHODS IN PHYSICS II

(Semester I: AY 2017-18)

Time Allowed: 2 Hours

INSTRUCTIONS TO CANDIDATES

1. Write your matriculation number only. Do not write your name.

2.

This examination paper contains FOUR questions and comprises FOUR printed

pages.
Answer ALL questions.

Please start each question on a new page.

This is a closed book examination.

Only non-programmable calculators are allowed.

A list of formulae is attached at the end of the paper.



1.

(a)

(b)

(1)
(i)

Complex Variables and Complex Integration.
Find the values of

1.
Where do these points lie in the complex plane?

Consider the function

B i(zt+ 1)
ﬂ@——%%z—%@z—u'

Identify all the poles of f(z). Find the order and residue of each pole.

0

By considering the integral of f(z) around the unit circle z = e'?, evaluate the

27
cos 260
—df.
/0 5—4cosb

integral

[30 marks]

Calculus of Variations. A particle moves through a certain field in the (z, y)-

plane, with a speed v(y) that depends on y.

Find a functional I[y(z)] for the total time taken for the particle to travel along
a path y(z), where 0 < z < xy. Extremise I[y(z)], and show that the path of

the particle satisfies
k? —v(y)?
, 1
o(0)? W

y ==

where y' = %% and k is an arbitrary constant.

Suppose v(y) = ay, where a is a positive constant and y > 0. By performing

the change of variable y = %sin z, integrate Eq. (1) and find the path of the

particle that starts from the point (0, 0) and ends somewhere on the line z = xg.

[20 marks]



Group Theory and Representation Theory. Consider the following set

of four 2 x 2 matrices:

G a3 8) () ()

Verify that they form a group G under matrix multiplication, by constructing

their multiplication table. Is this group Abelian?

How many conjugacy classes does G have? Hence use the summation rule
for irreducible representations (irreps) to explain why the above set of 2 x 2

matrices does not form an irrep of G.

Find all the irreps of G, and write down the associated character table. Use
this table to decompose the above 2 x 2 matrices as a direct sum of irreps of

G, and hence find the diagonal form of these matrices.

[30 marks]

Tensors. The components of two vectors, A and B, and a second-order tensor,

T, are given in a coordinate system by

1 0 1 0 0
A={o}, B={1], T={01 0
0 0 00 2

In another coordinate system, obtained from the original one by a proper ro-

tation, the components of A and B are

1 1

A=—1| 0], B=—1{0
V2 \ 4 V2 4

Find the components of T'in this coordinate system.



(b) In yet another coordinate system, also obtained from the original one by a

proper rotation, the components of A are

A=10
1

The components of B are unknown in this coordinate system. However, the

first component of T'is known to have value 1 in this coordinate system, i.e.,

1 7 7
T=(7 7?7
7707

Find the rest of the components of T"in this coordinate system.
(20 marks]

(ET)

— END OF PAPER -



PC3274 List of Formulae

Common integrals:

/ %—% (a real,a # —1)
z%dz =
‘ Inx (o =-1)

/sinxdx = —COSZ
/cosxdm =sginx

Integration by parts:

/f(mg(x )do = f

/f )g9(z)d

Euler’s formula:

e = cosf +isinf

Binomial theorem:

1+2)" = 1+nm+n(%—1~zm2
+Wﬁ+_..

Cauchy-Riemann relations:

Oou Ov ov ou

B % G oy
Complex exponential function:

oo n

z
expz = E C
n!

n=0

Complex trigonometric and hyperbolic func-
tions:

sinz = 2z( e %)
cosz = 2(e” +e7%)
sinhz = 1(e* —e7%)
coshz = %(e +e7%)

Complex logarithm:

Lnz =Inr +i(f + 2nm)

Complex exponent:

t* = exp(zLnt)

e Cauchy integral formula:

f(zo)z-l—. M—d

2mi Jo z— 20

Residue of a pole of order m:

m-—1
Res(zp) = lim {;d—_“ (Z—Zo)mf(z)]}

z=z0 | (M — 1)1 dzm il

Residue theorem:
7{ f(z)dz = 2m: Z Res (z;)
JC .
J

Bromwich integral:

A+ioco
f(t)z—l—f/ f(s)etds, A>0
A

2T Jy—ioco

Functional:
Ily(a / F(y(a),y/(z),2) da

Euler-Lagrange equation:

oF _ d (oF
0y dz \ Oy

Case that F" does not contain y explicitly:

OF const

— n

oy’

Case that F' does not contain z explicitly:

,OF
— Y —— = const,

oy’
Variable endpoint at = = b:

oF

- -0
ay, r=b

Closure:
X, YeG = XeY€E(g

Identity element:

TeX =X=Xo]



Inverse:

X leX=T=XeX"!

Abelian property:

YeX =XeoY

Coset relation:

X~Y if X7'YeH

Conjugacy relation:

X~Y if 3Gi€Gst. Y =G XG;

Defining properties of representations:

D(I)=1l,, D(X)D(Y)=D(XY)

Equivalent representations:

E(X) =S"'D(X)S

Reducible representation:

D=mDD@emD®a...&myDbM

Characters of a representation:

xp = {TrD(X) | X € G}

Summation rule for irreps:

Rotation of coordinate axes:

/o . /!
x; = Lijz; or X =Lx

!

i or x = LTx

xTr; = Lji:c

Orthogonality condition:
LixLjr = 6 or  LLT =1
LgiLg; = 65 o LTL=I
Determinant condition for proper rotations:

detL=1

Transformation law for a general-order tensor:

/
ijk = Lipqu e L)"qu..,r

Tijk = LpiLgj - LowTagr

Kronecker delta:

1 ifi=j
623 = .
0 otherwise
Levi-Civita symbol:

+1 if 4,7, k is an even perm of 1,2,3
€k = —1 if 4,7, k is an odd perm of 1,2,3
0 otherwise

Determinant of a 3 x 3 matrix:

det(A) €lmn = AliAmjAnkEijk



