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1. A system of N non-interacting distinguishable particles, each of which has only two non-

degenerate energy levels 0 and E (> 0), is in thermal equilibrium at temperature T.

(1) Calculate the partition function Zy and the energy U of the system.

(i)  Obtain an expression for the temperature T and show that T can be positive or
negative depending on the value of U. Calculate the limiting values of U near T = 0
and T — +oo. Make a sketch of U vs T.

(i) Calculate the heat capacity C of the system and its high- and low- temperature limits.
Make a sketch of C vsT.

(iv)  Calculate the entropy S of the system and its high- and low- temperature limits.

Make a sketch of S vs T'.

2. The single molecule partition function z for an ideal gas consisting of N identical
monatomic molecules, each of mass m, enclosed in a compartment V at temperature T is

given by
3
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(1) Show that the grand partition function Z is given by

3

Z = exp [eﬁ”V (2;7;)5

, where u is the chemical potential.

(i1) Obtain an expression for the grand potential (); of the gas and show that its pressure

P and average number of molecules (N) are given respectively by

P--(9,,,  W=-(2),

Hence, obtain the equation of state for the gas.

(iii) ~ Show that the number fluctuation AN, where (AN)? = (N?) — (N)?, is given by

(AN)2==%(%%?)&V.

(iv)  Calculate (AN)? and find the relative fluctuation AN/{N) of the number of

molecules. Comment on the result.



3. The parametric equations of state for a Fermi gas are given by

3 3
% =fs(z) . ATN = f3(z) ., where Ais the thermal wavelength, z the fugacity and
2 2

fx(2) the Fermi function.

(1)

(i)

(iif)

(iv)

Obtain the energy U of the gas as a function of f : (2) and hence show that U = ZPV.

At high temperatures, f 3(3) = z — . Use this result to show that the chemical

potential u is given by

u~ kT in (M) + 227

At low temperatures,

f3(z) - 3\/_[(lnz) Ty 8 W]

Use this result to show that

U=~ EFll—T_E(TLF)Z] s

where € is the Fermi energy and Ty the Fermi temperature.

Sketch the graph of u vs T for the Fermi gas. Compare the result with that for the

classical gas.
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4. A system of N free electrons in a uniform magnetic field H is confined in a cubic box of

volume 3.

(1)

(i)

(iii)

(iv)

Ignoring the spin of the electron, write down the Schrodinger equation in the Landau
gauge with A = [0, Hx, 0]. Hence, show that the eigenvalue E (p,, j) and degeneracy

g of the energy levels are given respectively by

7 L1 : H
E(pz,]) = f—m+ hwg (] +§) ., j=01,.. ,where wg = fn—c- , and
— (€1 ;2
9= (hc) L.
Show that the grand partition function Z is given by
InZ = % i fooo dpzln[l + Ze_ﬁE(pZ',j)] , wWhere z is the fugacity.
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In the high-temperature limit z < 1, [nZ= -

220, dp,eElPei)
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Show that [nZ = sgL _¢ ., where A = (—PLE-)Z , X = Bhaq .
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Hence show that InZ = N [1 - (%) ] .
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Show that the magnetization M at high temperatures is given by M = —-3—1-:—T-ugH \

h
where p, = (;E) Comment on the result.
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