
PC4248 Relativity

2013/2014 Examination Model Answers

1. (a) 4-momentum of photon:

P a = (E, p cos θ, p sin θ, 0)

But P aPa = 0 implies p = E, so

P a = E(1, cos θ, sin θ, 0)

with a similar expression in the S′ frame:

P ′a = E′(1, cos θ′, sin θ′, 0)

The two 4-momenta are related by an “inverse” boost in the x-direction:

P a = Aa
bP

′b,

where Aa
b is as given by

Aa
b =







γ γv 0 0
γv γ 0 0
0 0 1 0
0 0 0 1







First and second components of this equation give

E = γE′(1 + v cos θ′)

E cos θ = γE′(v + cos θ′)

The ratio of these two equations becomes

cos θ =
cos θ′ + v

1 + v cos θ′
(∗)

(b) For a photon in the x-direction, θ = 0.

E =
E′(1 + v)√

1− v2
=

E′(1 + v)
√

(1− v)(1 + v)
= E′

√

1 + v

1− v
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Since E = hν,

ν = ν′
√

1 + v

1− v
> ν′

This corresponds to a blueshift.

(c) As v → 1, we have from (∗),

cos θ → cos θ′ + 1

1 + cos θ′
= 1

i.e., θ → 0. When v is close to one, θ will be an angle close to zero. So the photons are

concentrated in a narrow cone about θ = 0.

The above limit is clearly not valid when θ′ = π, since we get 0/0. We have to evaluate

the limit of this case separately:

cos θ =
−1 + v

1− v

= −1

Thus, θ = π as well. We conclude that the backward phtons are spead out in the remaining

region outside the narrow cone.

2. (a)
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∇agbc = ∂agbc − Γd
abgdc − Γd

acgbd

= ∂agbc −
1

2
gde(∂agbe + ∂bgea − ∂egab)gdc −

1

2
gde(∂agce + ∂cgea − ∂egac)gbd

= ∂agbc −
1

2
δec(∂agbe + ∂bgea − ∂egab)−

1

2
δeb(∂agce + ∂cgea − ∂egac)

= ∂agbc −
1

2
(∂agbc + ∂bgca − ∂cgab)−

1

2
(∂agcb + ∂cgba − ∂bgac)

= 0

Take covariant derivative of the equation gbcgcd = δbd.

LHS:
∇a(g

bcgcd) = (∇ag
bc)gcd + gbc∇agcd

= (∇ag
bc)gcd

RHS:
∇aδ

b
c = ∂aδ

b
c + Γb

adδ
d
c − Γd

acδ
b
d

= Γb
ac − Γb

ac

= 0

2



Hence ∇ag
bc = 0.

(b) By the previous result,

∇aT
bc··· = ∇a(g

bb′gcc
′

· · ·Tb′c′···)

= ∇a(g
bb′)gcc

′

· · ·Tb′c′··· + gbb
′

∇a(g
cc′) · · ·Tb′c′··· + · · ·+ gbb

′

gcc
′

· · ·∇aTb′c′···

= gbb
′

gcc
′

· · ·∇aTb′c′···

= 0

(c) Since Rab = Rc
acb, its vanishing implies that the sum R0

a0b+R1
a1b+R2

a2b+R3
a3b = 0.

It does not imply that the individual components Ra
bcd are zero.

From the Bianchi identity

∇eRabcd +∇cRabde +∇dRabec = 0

contract on indices a and e:

∇eRbd +∇aRabde −∇dRbe = 0

If Rab = 0, then the first and third terms vanish and we have ∇aRabde = 0.

3. (a)

gab =





−1
1

ρ2





gab =





−1
1

1

ρ2





Only non-zero ∂cgab is ∂0gϕϕ, so only possible non-zero Γa
bc are Γ0

ϕϕ and Γϕ
0ϕ = Γϕ

ϕ0:
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.........
.........
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....

Γ0
ϕϕ =

1

2
g00(∂ϕgϕ0 + ∂ϕg0ϕ − ∂0gϕϕ)

=
1

2
∂0ρ

2

= ρρ′
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Γϕ
0ϕ =

1

2
gϕϕ(∂0gϕϕ + ∂ϕgϕ0 − ∂ϕg0ϕ)

=
1

2

1

ρ2
∂0ρ

2

=
ρ′

ρ

(b) Independent components of the Riemann tensor are R0z0z, R0z0ϕ, R0zzϕ, R0ϕ0ϕ, R0ϕzϕ,

and Rzϕzϕ.

But since none of the Christoffel symbols has a z component, those components of Rabcd

which have a z component are zero. Only possible non-zero component is R0ϕ0ϕ:

.........
.........
.........
.........
.........
.........
....

.........
.........
.........
.........
.........
.........
....

R0ϕ0
ϕ = ∂ϕΓ

ϕ
00 − ∂0Γ

ϕ
ϕ0 + Γe

00Γ
ϕ
ϕe − Γe

ϕ0Γ
ϕ
0e

= −∂0Γ
ϕ
ϕ0 − Γϕ

ϕ0Γ
ϕ
0ϕ

= −∂0

(

ρ′

ρ

)

− ρ′2

ρ2

= −ρ′′

ρ
+

ρ′2

ρ2
− ρ′2

ρ2

= −ρ′′

ρ

(c) Flat ⇔ Rabc
d = 0:

ρ′′ = 0 ⇒ ρ(t) = At+B

The resulting metric is, up to a coordinate transformation, just 3-dimensional Minkowski

space. Independent continuous symmetries are:

(i) 2 boosts

(ii) 1 rotation

(iii) 3 translations

Hence there are 6 independent continuous symmetries.

4. (a) Consider the Lagrangian:

L = gabU
aU b = −

(

1− 2m

r

)

ṫ2 +
(

1− 2m

r

)

−1

ṙ2 + r2θ̇2 + r2 sin2 θ ϕ̇2
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In the equatorial plane, θ = π/2 and θ̇ = 0.

Euler–Lagrange eqn for t:
(

∂L

∂ṫ

)

˙
− ∂L

∂t
= 0

(

(

1− 2m

r

)

ṫ

)

˙
= 0

(

1− 2m

r

)

ṫ = E

Similarly E-L eqn for ϕ:

(2r2ϕ̇)˙ = 0

r2ϕ̇ = J

Substitute ṫ = E
1− 2m

r

, ϕ̇ = J
r2

into L and use the fact that UaUa = 0 for null geodesics:

(

1− 2m

r

)

−1

E2 =
(

1− 2m

r

)

−1

ṙ2 +
J2

r2

ṙ =

√

E2 − J2(r − 2m)

r3

dr

dϕ
=

√

r4E2

J2
− r(r − 2m)

Set u = 2m
r

dr

dϕ
= −2m

u2

du

dϕ

du

dϕ
=

√

4m2E2

J2
− u2 + u3

d2u

dϕ2
=

1

2

−2u+ 3u2

√

4m2E2

J2 − u2 + u3

du

dϕ
= −u+

3

2
u2

Hence
d2u

dϕ2
+ u =

3

2
u2

(b) For u = 2

3
,

LHS:
d2u

dϕ2
+ u =

2

3
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RHS:
3

2
u2 =

2

3

This describes a circular photon orbit with radius r = 3m.

(c) For u = 2

3
− 2

1+coshϕ
,

LHS:
d2u

dϕ2
+ u = − d2

dϕ2

2

1 + coshϕ
+

2

3
− 2

1 + coshϕ

=
d

dϕ

2 sinhϕ

(1 + coshϕ)2
+

2

3
− 2

1 + coshϕ

=
2 coshϕ

(1 + coshϕ)2
− 4 sinh2 ϕ

(1 + coshϕ)3
+

2

3
− 2

1 + coshϕ

=
2 coshϕ

(1 + coshϕ)2
− 4(coshϕ− 1)

(1 + coshϕ)2
+

2

3
− 2

1 + coshϕ

=
2− 4 coshϕ

(1 + coshϕ)2
+

2

3

RHS:
3

2
u2 =

3

2

(

2

3
− 2

1 + coshϕ

)2

=
3

2

(

4

9
− 8

3

1

1 + coshϕ
+

4

(1 + coshϕ)2

)

=
2

3
+

2− 4 coshϕ

(1 + coshϕ)2

When ϕ = cosh−1 2, u = 0 which means r = ∞. On the other hand, when ϕ = ∞,

u = 2

3
which is the orbit considered in part (b). Hence the photon starts from infinity and

asymptotes to the circular orbit of part (b), in a spiral-shaped orbit.
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