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pages.
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4. Students should write the answers for each question on a new page.
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Question 1 [30=15+15]

The spacetime concerned in this problem is of dimension N and is described by the metric tensor g,
in the coordinate system {z}.

The covariant differentiation, a generalization of partial differentiation in arbitrary spacetime, of a
contravariant vector V' is a rank-2 tensor of type (1,1) given by

VeV = 05V + TS V7,

where the Christoffel symbols, in terms of metric tensor components, are given by

(o7 1 (s704
r By~ 5 9% (0yo + 07908 — Osgpy) -

(a) Demanding that covariant differentiation of a contravariant vector is a rank-2 tensor of type (1, 1),
show that the Christoffel symbols are transformed as the following rule:

ox'® Oz* Oz* 0/ 9%°

F/a — + - =
BY ™ Bz 0z’ dgv v T G ox'8 Oz

(b) The geodesic equation is given as follows:

d2z> dz? dz” _

@ P g g =

Suppose K, is a symmetric tensor satisfying
VK + VKo + V, Ky, = g\, V, + GuwVa + gnV,,
for some covariant vector V,,, which in turn satisfies
VAV, + VWi = kg,
for some constant k. Show that the quantity
Q=kL?r? — 2LV, + K pufu?

. . 1 . . . .
where u* is the four-velocity and L = 3 guwutu”, is a constant for any massive particle following
a geodesic.
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Question 2 [40=10+10+10+10]
The flat Robertson-Walker metric, in coordinates (z°, z*, 22, 23) = (¢, z, y, z), is given by
ds? = —dt? + a?(t) (dx2 +dy® + dzz) .

It describes the spacetime geometry of a homogeneous, isotropic and spatially flat universe where
a(t) is the scale factor whose time dependence describes the expansion of the universe. The source of
curvature is a homogeneous and isotropic perfect fluid of matter, radiation and vacuum energy whose
energy-momentum tensor is given by

A
T = [p(t) + P(t)] u'u” + P(t)g" — & 9",

where u* = (1,0, 0,0) is the fluid four-velocity, A is the cosmological constant, p(t) and P(t) are the
energy density and pressure.

(a) The Christoffel symbols, in terms of metric tensor components, are given by

« 1 oo
Iy = 29 (O89y0 + 04905 — 0s9p,) -

Show that the only non-vanishing components of the Christoffel symbols are

da(t) 1 da(?)
F?1:F82:Fg3:a(t) dt and F}():F%O:Fg():@ dt
(b) The Ricci tensor R,z is defined as follows:
RBV = R* o = gauchﬁ,u,u , aﬂ/.w = a#FSV — 81,Fg“ + Fﬁ'yrgu — Fso.]._‘g# .

Show that all off-diagonal components of the Ricci tensor are zero and calculate the diagonal
components of the Ricci tensor.

(¢) The Einstein field equation in four-dimensional spacetime is given by
1
R™ — 8 (T”” -3 g’“’T) . T=g.,T™.

Find the 00- and 11-components of the Einstein field equation. Guess the 22- and 33-components
of the Einstein field equation. Explain your answers.

(d) Local conservation theorem of energy-momentum dictates that
vV, T" =0.
Using local conservation of energy-momentum, show that

dp(t) | , p(t) da(t) . P(t) da(t)
i e @ TPaw) at

=0.
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Question 3 [30=5+5+5+5+10]
The Schwarzschild solution, in coordinates (z°, z, 22, %) = (¢, 7,6, ¢), is given by
-1
ds? = — (1 - %) de* + (1 - %) dr? + r2d6® + 12 sin? 0.dg?
r r

It describes the spacetime geometry of a spherical gravitating object with mass M in four dimensions.
Kruskal coordinates (U, V') are defined as follows:

r / t ‘
_ (T r/4M v
U= (53 =1) e eosh (337)
r>2M
r /2 t
_ (0 r/AM .
V_(QM 1) e smh(4 ) )
r \Y ¢ )
_ _ r/AM ; -
U‘<1 2M) ¢ Smh(4 )
r<2M
r \Y t
_ 0 r/4M 7
V-( 2M) e cosh(4 ) J

The Schwarzschild solution, in coordinates (2°,z!, 22, 23) = (U, V, 6, ), in either the region with
r < 2M or that with r > 2M is given by
32M

3
ST (V2 - dU?) 4 12 d6° + rsin 6 dg?
r

ds? = —

(a) A plotof V versus U, i.e. V is the vertical axis and U is the horizontal axis, is called a Kruskal
diagram. Show that the lines of constant r and ¢ are hyperbolas and straight lines through the
origin in the UV plane, respectively.

(b) Give a Kruskal diagram with clear labels of the following:
(i) constant-r curves with values r = 0, M,2M,3M, co
(ii) constant-t curves with values ¢ = —00, =3M, —2M, —M,0, M,2M,3M, 0o
(c¢) Show that the coordinate V is always timelike and the coordinate U is always spacelike.
(d) Show that worldlines of radial photons are always 45° with the vertical in the Kruskal diagram.

(e) Professor Einstein falls feet first into a Schwarzschild black hole looking down his feet. Analyze
the following questions with a Kruskal diagram.

(i) Can he see his feet when his head is crossing the horizon? If so, at what radius does he see
them all?

(i) Does he see his feet hit the singularity assuming that he remains intact until his head reaches
the singularity?

(iii) Is there ever a moment when he cannot see his feet?

KHCM
END OF PAPER
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