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PC4274 - Mathematical Methods III

(1) On a manifold M, one can introduce operators Ly (Lie-derivative with
respect to the vector field V) and d (exterior derivative) on the space
of forms. State briefly how they are defined. In connection with these
operators, show the following.

(a)Given that the relation
Lyw = dw(V)] + dw(V)

holds for any & form, w € A¥(M) and vector field V € X (M),
show that

Lydw = dLyw.

(b) Verify that the preceeding relation holds when k = 0 and & = 1.

(2) A Riemannian manifold M = R? with coordinates (z!,z?) is endowed
with the metric tensor,

g =dz' @ dz* + dz? ® dz?.
(a) Evaluate the Killing vectors V associated with this metric; i.e.
obtain V' by solving Ly g = 0.
(b) Furnish all the linearly independent Killing vectors.

(c) Show that the Killing vectors obtained in part (2b) constitute a
Lie algebra.

(d) To which Lie group is this algebra associated?




(3) On a group manifold G = SE(2), the closure relation ¥ : G x G —» G
is given by

W(ug, ve, O2;u1,v1,01) = (ug, v, 0a) - (u1,v1,01) = (us, vs, 03)

where

U3 = Uy + Uy coSfy — vy sinby
VU3

Uy + U Sin by + vy sin
O3 = 0;+06,.

(a) By considering basis vectors at the tangent space of the identity,
Te(G), furnish the set of left-invariant vector fields; i.e. compute
k. 8 3
Lg*a—u‘?, Lg"‘g1 and Lg*'aTl'

(b) On G, we can define left-invariant 1-forms w associated with the
basis 1-forms du € T.*(G) through L,*w = du. Show that the
left-invariant 1-form at the point g = (ug,v9, 62) associated with
the basis 1-form du; (at g = e) is given by

w = 08 Oydug + sin frdv,.

(c) Show that the left-invariant one-form obtained in part (3b) is
indeed left-invariant; ¢.e. show that L,"w = w for all g € G.
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