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PC4274 - Mathematical Methods III

(1) Let (M, g) be a Riemannian manifold in R? that satisfy
2o —yt=1 z > 0.

One can write down a chart ¢, that maps an open neighborhood U; C

M:

¢ (1,y,2) € Ul — (x,9) € R?

where
x = sinhxcosyp
= sinhysiny
z = coshy.

Yet another chart (Us, ¢9) can be defined as
¢2 i (2,y,2) € Uy — (X,Y) € R?
where
X =z, Y =y.
In the chart (U1, ¢1), the local expression for the metric tensor g on M
takes the form of,
G, = ¢7 g = dx ® dx + sinh? ydp ® de.
In connection with this, answer the following questions:

(a) Evaluate the map F : ¢o(U; N Uy) — ¢y (Uy N Uy) where

F(XY) = (e

and compute g, = F gy, the metric tensor in chart (Us, ¢s).

(b) Furnish the volume forms 7; and i, in the charts (U1, ¢;) and
(Us, ¢o) respectively.

(c) Show that the two volume forms are related by F 1z, = L.



(2) Given a three-dimensional space-time M with metric tensor
g=—dr’ ® daz’ + dz' @ dz* + dz® ® da?

where z° denotes the temporal coordinate and z!, 22, the two spatial
coordinates. On this manifold one defines an electromagnetic field ten-
sor through

F = —Eyda® Adz' — Eydx® A da? + Bdx! A dz?,

Here £ and Ej denotes the electric field components in the two spatial
dimensions and B is the magnetic field. Note that the magnetic field

has only one component. Now, suppose we perform a Lorentz-boost in
the z' direction, F, : M — M, where

20 h z"° coshy sinhy 0 20
zt | =5 2 | = sinhy coshy 0 !
z? 7' 0 0 1 z?

In connection with this, answer the following questions.

(a) By evaluating the pullback of F, F' = Fy [ show that the
electric field components and the magnetic field transform as

E,—-FE = Ej
Ey — E), = FEycoshy + Bsinhy;
B — B' = F,sinhy + Bcoshy.

(b) Show that following operations are equivalent:

(i) On the space of one-forms and two-forms,
doF = F " od.
(ii) On the space of two-forms,
—1% —1x%
* 0 fx = ]—"X o *.

where d in (i) denotes the exterior derivative and * in (ii) denotes
the hodge-star operator.

(Hint: You may assume that the metric remains invariant under
the Lorentz boost.)



(c) Hence or otherwise, show that if F in the unboosted frame satisfies
source-free Maxwell-type equations,

dF =0, dx F =0,
then the transformed field tensor F’ also satisfies

dF" =0, d*F = 0.

(3) On a symplectic manifold M, of N particles with cooordinates (¢*, ¢2, ..., g3, p*,

p*, ..., p*"), one has the symplectic 2-form,
SN _
w= Z dq' N dp'.

=1

(a) For a vector field of the form

3N ) s ) o
K= a’ 5 -+ ' yq) 57—,
; (p,q) a7 TP B

what conditions must one impose on the o and 3* for £xw = 07?

(b) If the conditions of part (a) are met then show that the integral
curves associated with K satisfy

dg* .

- {¢\L
dp’ .

= ‘LY.

Here {-,-} denotes the Poisson bracket and the zero-form L satis-
fies

w(K) = dL.

(KS)
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