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(a)

(b)

Let M be an n-dimensional manifold with coordinates =, i = 1,2, ..., n.

If X and Y are vector fields on M, show that [X,¥] = XV — VX is a vector
field with components
— .0 . .0 .
X = J - t— J i ;l
X, 7] = X5y - yi o x

on a coordinate basis.

If & is a one-form field on M, show that dé is a two-form field with components

Baj 8a,~

&Di B:L‘j

(da); =
on a coordinate basis.
Hence show that
a&(X,}_’) =XaY)-YaX) - &(X,7]).
If & is exact, verify that the right-hand side of this equation is zero.

[30 marks]

Consider four-dimensional Minkowski space with coordinates z# = (t,z,y, 2).

Write down an explicit coordinate basis for two-forms at a point in Minkowski
space. What is the dimension of this vector space of two-forms? What does

this space map to under the dual map * ?

The electromagnetic field strength £ is a two-form field in Minkowski space

with components

0 -E' —-E? _FEB
E' 0 B3 -B?
E? -B3 0 B!
E3 B2 -B' 0

Fp =

on a coordinate basis.

(i) Calculate *F and find its components on a coordinate basis. What action

does the dual map have on the electric and magnetic fields?
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(ii) Calculate F A *F and F' A F. Hence show that
/ﬁ‘/\ *F = /(IBI2 — |E?) dtdz dydz,

and find the corresponding expression for [ FAF.

[Hint: Recall *(dz™ A--- Adzte) = (4_1p)! MR, AT A A dpa ]

[30 marks]

Let M be an n-dimensional manifold with coordinates z*. If U is a one-form
field and @ a two-form field on M, show that their Lie derivatives along a vector

field V have components

- .0 0 .
- =V —_TJ. .1/
0 0
_).. — vk k k
(£Vw)ij =V Dk Wij + Wi p \% +wikaxj Ve,

respectively, on a coordinate basis. [Hint: You may need the components of

£LyW = [V, W] found in Question 1(a).]

The Euler equation for an incompressible fluid in Euclidean space is

% %
ov' GOV _ 5 9P

ot I OxJ’
where v* is the velocity field of the fluid, and p its pressure field (a scalar field).

(i) Show that the Euler equation can be written as the one-form equation:

0 . N1
(& + ,eﬁ)v — a3l - p).

(ii) Hence deduce that

0 ~
(a + £5> d’U = O y
where do is known as the vorticity two-form. [Hint: Show that £5(d) =
d(£59).] [40 marks]

(ET)
~ END OF PAPER -
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