PC4274 Mathematical Methods in Physics 111

Exam Answers
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(i)
gV, )= (—dtedt+dredr+dy®dy +dz @ dz)(V, -)

= —dt(V)dt + dz(V)dz + dy(V) dy + dz(V) dz
= —tdt +x dx
This is the same as @.

(iii)
gV, V)= —tdt(V) + zdz(V)

=t + 22
This is the same as @(V).
(b) Now we have
df = Gf (Nlt + % dz
ox

Thus

of _ of

i —t and s = ¢

These two equations can be straightforwardly integrated to obtain
f = %(_tz + .’L‘Q),

up to an additive constant.
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2. (a) Under a general coordinate transformation y* = y* (), we have
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Thus By is also antisymmetric.

(b) Under the same coordinate transformation, we have
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The first term has the correct form for the transformation law of a (g) tensor. However,

the presence of the second and third terms means that 0;B;j is not a (g) tensor.
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In the second last step, the terms in each of the square brackets cancel after renaming of

dummy indices, using the anti-symmetry of B;; and the commutativity of partial deriva-

tives. So Hjjj, transforms as a (g) tensor.
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(b) Stokes’ theorem:
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where C' is the boundary of the surface A. Using Eq. (1),
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For P =z2(z> —1), Q =0, R = y(x + 1), we obtain
/ 2(x? —1)ax+y(m+1)az:/(x—l—l)ay/\glz-i—(mQ—y—l)az/\ax
C A
We can choose A to be the interior of the unit circle C. Since the surface A lies in the
z = 0 plane, the ‘tubes’ of dy A dz and dz A dz do not cut through A. Hence the surface
integral on the RHS is zero.

. (a) By the Leibniz rule
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Since this is true for any W*,

= £V(dz®6) — f(/(&@(;})

To evaluate the individual terms on the RHS, we use the Leibniz rule:

Hence

(c) Set w = dz’ and ¢ = da. They have the components wy, = §°; and o; = §7;. From

the result of part (a), we have
(£ydat)y, = VI0;6%% + 6,0,V = V!

or, equivalently,

£ydzt = 0,V dak
and similarly for £ Vaxj .
From the result of part (b),

Ly (da’ Ada?) = (£ypda’) Ada? 4+ da’ A (Lypda?)
= O V" da® A dad + O V7 dz’ A da®



