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Question 1(a)
Find the slope of the tangent to the curve y = (35x — 69)*3 when x = 2.

y' = 43(35x — 69)*2(35)

x=2

~y' =43(70 — 69)*2(35) = 1505

Question 1(b)

Let f(x) = ax3 + bx? be a function defined on (-, »), where a and b are non-
zero constants. Given that f has a point of inflection at (1, 2), find the value of
the product ab.

f(x) = ax® + bx?

f'(x) = 3ax? + 2bx

f"(x) = 6ax + 2b = 2(3ax + b)

f()=2 = a+b=2

f"" changessignatx=1 = 3a+b=0
a=-1, b=3

~ab=-3

Question 2(a)
Let

23 —4x

fo0 = 7 —2x

and let

00

> ealx—2"

n=0
be the Taylor series for f at x = 2. Find the exact value of ¢, + c3¢¢9-
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()_14—4x+9
f)=—=—5;
=2+ i
B 7-2(x—2)—4
3
=2+t
1-5(x-2)

= 2+323—n(x—2)”
n=0

=54+ S (-2
n=1

22009

% €y + €009 =5 +m

Question 2(b)
Use the method of separation of variables to find u(x,y) that satisfies the
partial differential equation

2u,,, = [sin (x + y) + sin (x — y)]u,
given that u(0,0) = 1 and u(m, ™) = €2.

u=XxY)
2X'Y' = 2XY sinx cosy

X' _Ycosy_k

Xsinx Y’

XI

Y =ksinx = lnlxl =—-kcosx = X-= Ae—kcosx
Y_’ =-cosy = Inly|= 1siny > Y= Be%S“‘y

Y k k

u= Ce—kcosx+%siny

u(0,0) = Lu(mr,n)=e®> = k=1c=e

s U = el-cosxtsiny

Page | 2



MA1505 Mathematics | — AY2009/2010 Semester 1

Question 3(a)
Let

—nT<X<Tm,

and f(x + 2m) = f(x) for all x. Let

a, + E(ancos nx + b,sin nx)
n=1
be the Fourier Series which represents f(x). Find the exact value of

az010 + b2010-

1 i
Az010 = Ef f(x)cos2010x dx
-1

2 T
= —f x%cos2010x dx
T Jy

1

T
= _10057'[,[0 2xsin 2010x dx

_ 1
10052
fiseven,= byp0=0

1
Q010 T bo10 = 10052

Question 3(b)
Let

1, 0<x<1

f@=1{; 12%<2
Find the exact expression of the 1% 2 non-zero terms in the sine Fourier half
range expansion for f(x).

b _Z.fL()_nnxd
n—LofxsmL X

b nmx 2 nmx
=f sm—dx+f 2sin—dx
0 2 1 2

2 nmx]t 4 nmx1?
=[——cos— +[——cos—]
nm 2 1, nm 2 14
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=%(cos%— 2 cosnm + 1)

b—6 b, = -
1_7_[1 2 — T

) T 2 N
~ f(x) = —sin—x ——sinmx + ---
f T 2 T

Question 4(a)
Let S be the plane which passes through the points (1,0,0),(2,1,0) and
(3,2,1). Let L be the line which passes through (0,0,0) and is parallel to the

vector -31+j — ?E. Find the coordinates of the point of intersection of L and
S.

2 1 1 3 1 2
u=\1|-(o]={1], v=|(2]-(0]=(2
0 0 0 1 0 1
Normal to S,
i 7 k
n=uxv=|1 1 o|l=1i-]J
2 2 1
-3t
X t
Six—y=1, L=<y)= 26
Z ——t
5
3t—t=1 t = -
=1, =-32

~ point of intersection,| ——
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Question 4(b)
A space curve C is defined by the vector parametric equation

7(t) = 2t%i + (t> — 4t)j + (3t — 5)k.

Let T denote the tangent vector to C at the point corresponding to t = 1. Find
the length of the projection of T onto the vector i + 2j + 2k.

P'(t) = 4t1 + (2t — 4)] + 3k
T=7#(1)=4i—2j+3k

Vita+4

|4—4+6|_2
3 =

Question 5(a)
Let f(x,y,z) = xy + yz+ zx + 1505. Find the exact value of the directional

derivative of f at the point (2, 3,4) in the direction of the vector i = i — j — /2k.

VF=@W+zx+zy+x), Vf(234)=(765)

i (7 1 1\ 7-6-5vZ 1-5V2
“Daf234) =Vf(234) = 6] === _\/1_ — _ -1
5/ 7 —\/2

Question 5(b)
Find the local maximum points, local minimum points, and saddle points, if

any, of the function f(x,y) = xy + (x + y)(120 — x — y).

f=xy+120x = x? — xy + 120y — y?
fr =120 — 2x —y, fy =120 —x — 2y
fr=f=0 = x=y=40

There is only one critical point, (40,40).
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fxx = _21 fxy = _1; fyy = _2
fxxfyy_fxzj/:4_1:3>0

= (40,40) is a local maximum point.

Question 6(a)
Find the exact value of the double integral

ﬂn\/r—yldydx

where D is the rectangularregion 0 <x<1and 0 <y < 2.

On D;, we have x > y; on D,, we have y > x.

HD\/lx—}’ldydx=ﬂD1\/xTydxdy+ﬂD2\/yTxdydx
=Jljx\/xTydde+jolj:\/yTxdydx

f [——(x—y)z] dx+.l:[§(y—x)%]idx

= | —x2dx— 1—2 2 — §d
2 2
fogx x fog( x)2dx

-2{B, -1

4 4+4(5
_15 15 ' 15 )

Question 6(b)
Find the exact value of the iterated integral

dydx.

L f In[(1 ixyyZ)1+x2]

66 2xy 6 vy 2xy
.f f 2\1+x2 dydx :f f 2\1+x2 dxdy
o Jx In[(1+y2)1+<?] In [(1 4 y2)1+¥*]

f e + ln(l +x)]Y dy

X=
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6
=Jydy
0

1 6
— | =42
[zy ]O

=18

Question 7(a)
Find the exact value of the volume of the solid enclosed laterally by the

circular cylinder about z-axis of radius 1, bounded on top by the elliptic
paraboloid 2x? + 4y? + z = 18 and bounded below by the plane z = 0.

Volume,

2w 1
.g 18 — 2x2 —4y?dx dy = f f 18r — 2r3cos?0 — 4r3sin O dr db
x2+y2<1 0 0

1
= an 18r — 3r3dr
0

3 1
=2 |9r2 — = 4]
71'[7' 4T

0

33
=—

2

Question 7(b)
Find the exact value of the line integral

f (e*cos y)dx + (2x — e*sin y)dy,
c
where C consists of 2 line segments: C; from (In 3, 0) to(o L) and C, from

"In 36
1
(0, m) to (—ln 2,0).

Apply Green’s Theorem to the triangle,

f (e*cos y)dx + (2x — e*sin y)dy
C1+Ca+C3

0 d
— - _ pX i — X
= .HA e (2x — e*siny) 3 (e* cosy)dx dy
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=ff2dxdy
A

=2 X areaof A

=2(3) 0 (z7)

1
2

1
f (e*cos y)dx + (2x — e*sin y)dy = 5~ (e*cos y)dx + (2x — e*sin y)dy
C1+C, C3

Question 8(a)
Find the exact value of the surface integral

fjszd'f

where S is the surface z = x2 + y? with 0 < z < 1.

17, X 7| = J4u? + 4v? + 1

ffzdg‘:ff (u? + v2)\J4u? + 4v2 + 1du dv
S uZ+v2<1
2w 1
=f fr3 4r2 + 1dr d6 [lettz 4r2+1]
o Jo

V52 1 1
=2 tl=t)dt
”fl 4 (4)

V5
Vs
=—f t* —t?dt
8 1
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VB
=E1t5_lt3]
glst 3",
_ 5\/§+1

“\12 Te0/"

Question 8(b)
Use Stokes’ Theorem to find the exact value of the line integral

jg—yzdx+xzdy+xydz
c

where C is the curve of intersection of the plane x + y + z = 2 and the cylinder
x* + y* = 1, oriented in the counterclockwise sense when viewed from above.

Let S = part of the plane x + y + z = 2 bounded by C.
S:7(wv) =ul+vj+ (2 —u—v)k, 0<u?+v?2<1

~

i j ok -
X% =1 0 —1|=1+j+k
0 1 -1
PF R
V x (—yzi + xzj + xyk) = o 9 9 = —2yi + 2zk t f
ox Jdy 0z

{
—yzZ XZ Xy ]
7, X 1, points upwards, so the orientation of S and C are

consisitent.

f—yzdx+xzdy+xydz = ffo (—yzi+xzj+xyl?)-d§
c s
=ﬂ —2v+2(2—-u—-v)dudv
u?+v2<1
2w 1
=j j—4rzsin9+4r—2r2c059drd0
o Yo

1
= an 4rdr
0

= 2m[2r?]}

=47
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