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Summary

The investigation of radiative heat transfer (RHT), in nanoscale, has been an increas-

ingly important area in both theoretical and experimental physics recently. With the

decreasing of gap separation, radiative heat transfer between different bodies becomes

complicated due to the quantum nature of the systems. In this thesis, we first focus

on the applications of fluctuation electrodynamics (FE) to the investigation of radiative

heat transfer between different 2-d materials. Fortunately, the near-field radiative heat

transfer (NFRHT) between different 2-d materials can enhance the heat dissipation,

even several times larger than the heat dissipation through conduction. Hence, the

RHT can provide a new designing strategy for thermal management between different

2-d materials.

However, the question is till raised: how the quantum effects influence the RHT

between small quantum systems. In the next part, we focus on contribution of the scalar-

field photon for the RHT using non-equilibrium Green’s functions (NEGF). With this

pure quantum field approach, a 1/d2 distance dependence in large distance separation

is found due to quantum capacitor physics. We also recover the FE results under

the local equilibrium approximation when we change the reflection coefficients as the

self-energy of the quantum system. Besides, when the system is located at the real

nonequilibrium steady state, under self-consistent Born approximation, the RHT between

different bodies will have different behaviours due to the contribution of strong field-

system interaction.
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Contents

Thanks to the interesting properties of capacitor physics, in the last part of this the-

sis, we focus on the construction of quantum thermal rectifiers and thermal transistors.

Due to the different system-bath coupling, the double quantum dots model can exhibit

very large rectification effects. In particular, it is shown that the rectification ratio can

be tuned through the changing of chemical potential of heat bath, which could be of

potential technological interest to build thermal radiative diodes. Then with the help of

non-linear thermal bath, a quantum radiative thermal transistor is constructed through

four quantum dots. We numerically demonstrate that thermal switch, thermal modu-

lation and thermal amplification can be achieved. Our approach can open the door for

the RHT applications through quantum controlling.
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Chapter 1
Introduction

“Learn from yesterday, live for today, hope for tomorrow.

The important thing is not stop questioning.”

—Albert Einstein

In nature, there are three kinds of ways of heat transfer: conduction, convection,

and radiation. Different from conduction and convection, the RHT is produced by the

fluctuating electromagnetic field and existed in all objects at non-zero temperature.

Based on the famous Planck’s Black-body theory, which paves the way for quantum

physics at the beginning of the twentieth century, the RHT between two bodies is limited

by the Stefan-Boltzmann law in the far-field region, and we call this limit as “black-body

limit”[1]. However, in the last several decades, both theories and experiments found that

in the near-field region, where the gap between two bodies is smaller than the thermal

wavelength, the heat can transfer through the evanescent modes[2–7]. In that near-

field region, the RHT can be several orders larger than the value from Black-body limit

calculation, and we name such near-field enhancement for heat transfer as NFRHT. Due

to the no-contacting properties and the vast improvement of RHT through the NFRHT,

there are broad applications for the NFRHT in different research areas, such as thermal

management, thermal circuits and thermophotovoltaic[8].

At first, we focus on the roles of NFRHT among the various 2-d materials and provide

theoretical support for designing strategy for thermal management through NFRHT. In

1



1.1. Radiative heat transfer

spite of broad applications of NFRHT, there is one still unsolved fundamental problem:

the role of the RHT when the distance is extremely smaller than the thermal wavelength.

Different from NFRHT, in the extreme near-field or ultra-near-field region, the nonlocal

quantum effects play important roles, and the thermal equilibrium is hard to reach

due to the strong interaction between different bodies. However, previous studies have

always primarily concentrated on Rytov’s fluctuation electrodynamics, which is a semi-

classical approach. In the extreme near-field region and small quantum system, such

method could be broken down due to its local equilibrium assumption. Recently, two

experiments results show two different conclusions and the experimental data are rather

controversial[7, 9, 10]. To the best of our knowledge, there is no general agreement on

extreme near-field RHT. To obtain the quantum effects in RHT calculation, the NEGF,

one of the useful tools for the quantum thermal transport calculation to electron and

phonon, is used to calculate RHT between two bodies with minimal distance. Based on

NEGF, we propose a microscopic approach for ultra-near-field radiative heat transfer.

Our approach can be collaborated with first principle calculations and open the way for

more rigorous predictions of RHT in the ultra-near-field region. Besides, thanks to the

quantum effects of the RHT in the ultra-near-field region, the series of quantum radiative

devices can be designed, such as the quantum radiative thermal rectifier[11, 12], thermal

transistor[13, 14], thermal memory[15] and so on.

1.1 Radiative heat transfer

RHT is not only a fundamental question in thermal physics but also a significant

challenge in thermal technology development from thermal management to energy

conversion[16]. In this section, we give a brief review of the history of the RHT both

theoretical and experimental developments. The very recent experimental developments

of the RHT and unsolved questions in this research area are also discussed and listed.

Historically, the discussion of the RHT began by the discovery of the infrared in

1800, which is the primary energy carrier of the RHT[17–19]. The well-known Maxwell

equations propose that the nature of radiation is one kind of electromagnetic phenomena.

2



Chapter 1. Introduction

When the radiation met the heat in the 20th century, Planck’s thermodynamic treatment

for the blackbody radiation played a significant role in the construction of advanced

theory for thermal radiation and also opened the door for quantum physics[1]. Based

on Planck’s Blackbody theory, the RHT between two bodies is limited by the Stefan-

Boltzmann law. This law gives the maximum RHT between two bodies in the far field

region.

S = π2k4
B

60~3c2 (T 4
1 − T 4

2 ) (1.1)

where S is the energy current density per surface area, T1 and T2 are the temperature of

different bodies. In Planck’s blackbody theory, the RHT has a very broadband emission

spectrum, and it implies temporal incoherence. Besides, Wien’s displacement law gives

temperature dependent peak position of the blackbody emissive spectral. The above

Stefan-Boltzmann law and Wien’s displacement law are directly derived from Planck’s

blackbody theory, and they build the foundation for the theory of RHT in the far field

region. However, the Planck’s theory is not valid when the separation is comparable

or smaller than the thermal wavelength. Until several fluctuation-dissipation theorems

(FDT)[20–23] in the quantum region was investigated, in the 1950s, Sergei M. Rytov

provided fluctuation electrodynamics to describe the relation between the thermal radi-

ation and the fluctuation current by combining the Maxwell equation and the Langevin

equation to investigate Casimir force[24, 25]. However, this important theory did not

attract much researchers’ attention at that time until the requirement arose to con-

trol RHT between two bodies with a distance similar to or shorter than the thermal

wavelength. In 1961, A. G. Emslie showed that the RHT between metal foils could be

increased with reduced distance between two bodies as a result of interference effects

of propagating waves[26]. After that, researchers began to pay more attention to the

RHT with small separation due to the needs and progresses in both theories and exper-

iments. In 1970, Boehm and Tien demonstrated the RHT between two metals through

the transparent dielectrics can be several orders larger than the far-field RHT[27]. In

the following year 1971, Polder and Van Hove proposed their well-known theory of the

3



1.1. Radiative heat transfer

RHT between two closed bodies based on Rytov’s fluctuation electrodynamics[28]. Us-

ing the isotropic, nonmagnetic and local equilibrium assumption, they put forward the

semi-analytical formula for the RHT between two semi-infinity planes. In 1980, Levin

and Rytov calculated the RHT between two conductor surfaces by the generalized Kirch-

hoff law when the normal and the anomalous skin effects were dominated[25]. In 1999,

Pendry illustrated a brief derivation for the NFRHT between two semi-infinite planes

due to evanescent waves and also calculated the NFRHT between metal particle and

metal plane[29]. In the last decade, the non-local quantum effects were also obtained

by the fluctuation electrodynamics[30]. The detailed information for the fluctuation

electrodynamics will be presented in Chapter 2.

Different with the development of theoretical studies, experimental studies are lim-

ited by the developments of nanoscale measurements. Here, we first review the develop-

ment of the experimental measurement for NFRHT with parallel plates configurations.

In the previous theoretical studies, people always focused on the parallel plate configu-

ration, and the near-field enhancement only occurs in the nano-scale gap. Such parallel

plates configuration with the nanoscale gap is very hard to achieve in the experiments.

In an AIAA conference, Cravalho, Domoto, and Tien first report the RHT measurements

between two copper plates in very low-temperature region i.e. 4.2 K. In that experi-

ment, the gap separation between two plates was changed from 2 mm to 10 µm and

their experimental data showed that there is gap separation dependence of the RHT[27].

Later, Kutateladze, Rubtsov, and Baltsevich reported the similar experimental results

where the separation between two copper disk was changed from 10 µm to 250 µm

with a set of temperature differences. Their results verified the distance dependence of

NFRHT and the threshold gap size is almost three times of thermal wavelength which is

estimated by Wien’s displacement law[31]. In 1969, Hargreaves took the first plate-plate

experiment in room temperature region and this preliminary results indicated that there

is also apparently distance dependence of the NFRHT in the room temperature[32]. Af-

ter that, there are no new experiments for parallel plates configuration in the early 2000s.

With the developments of micro- and nanotechnology, in 2008, Hu et al. measured the

4



Chapter 1. Introduction

NFRHT between parallel glass optical flats where the surface phonon polaritons (SPhPs)

is excited in the mid-infrared frequency region[33]. They found that such SPhPs modes

can enhance the NFRHT and such enhancements for NFRHT is much larger than the

NFRHT between two parallel metal plates. However, Hu’s experiment can not measure

the gap size effects of NFRHT. Subsequently, two groups investigated the NFRHT with

changed gap sizes[34, 35]. In their experiments, the magnitude of heat flux can be

enhanced about three or four orders when the gap sizes are changed from large value

to small value. Remarkably, their data agree well with the theoretical calculation in the

large gap size region, but in the smallest gap size region, the measurements are lower

than the theoretical prediction. Recently, several experiments focused on more accurate

and convenient measurements for NFRHT in the hundreds of nanometer gap range.

As shown in above two paragraphs, the NFRHT measurements of parallel-plane

configuration have very long history. In the meantime, some ingenious instruments and

achievements were created and discovered. In that paragraph, we review the develop-

ment of the experimental measurement for NFRHT with tip-plate configurations, which

is beneficial for the better understanding of NFRHT with the nanometer gap separa-

tion. Different with the parallel plates configuration, the tip-plate configuration can

be achieved easily in experiments. In the early 1980s, the creation of the scanning

tunneling microscope (STM) and atomic force microscope (AFM) make it possible to

measure the NFRHT between sharp tip and plate[36]. In the 1990s, several groups

took the measurement of NFRHT with tip-plate configuration. But due to the uncer-

tainty of experimental setup, these experimental results do not obtain a quantitative

comparison with the theoretical prediction[37, 38]. In 2005, NFRHT between a scan-

ning thermal microscope probe tip and planar surfaces of Au and gallium nitride (GaN)

was studied with very small gap separation i.e. 1 nm to 200 nm[39]. Comparing with

their theoretical dipole calculation, the authors proposed that the nonlocal effects be-

come important for NFRHT when the gap distance is extremely small. After that, a

set of experiments were focused on the measurement of NFRHT with different tip and

plate materials in very small distance separation. In 2015, Kim K et al. use custom-

5



1.2. Nonequilibrium Green’s function

fabricated scanning probes and their new measuring tools to measure RHT down to

gaps as small as two nanometers[40]. And they presented that the theoretical calcu-

lation based on fluctuation electrodynamics keeps an excellent agreement with their

experimental results. However, in 2017, Konstantin K et al. demonstrated that the

quantitative measurements of NFRHT between a gold-coated thermal microscope tip

and a gold plate with nanometer gap separation are more than five orders of magnitude

larger than Blackbody limit and four orders of magnitude larger than the fluctuation

electrodynamics based calculation[9]. One remarkable difference between Kim’s and

Konstantin’s measurement is that tip used in Konstantin’s experiment is much smaller

than Kim’s experiments.

Different with nanoscale thermal conduction, nanoscale RHT provides new unique

opportunities for the controlling of heat flow. With the development of theory, compu-

tational tools and nanoscale measurements for NFRHT, many predictions of nanoscale

RHT are achieved by various groups. For future applications in thermal management

and thermal circuits, the NFRHT can play important roles. As we shown in previous

paragraphs, the challenges for the measurements of NFRHT in the extremely near-field

region with parallel plate configuration still exists. The differences between Kim and

Konstantin’s results demonstrate that we need to go beyond the fluctuation electrody-

namics theoretically.

1.2 Nonequilibrium Green’s function

NEGF are the main component of quantum statistical mechanics and quantum kinetic

equations[41]. To stimulate the system far from equilibrium, NEGF in real time is

extended from the Matsubara’s method of quantum many-body theory with nonzero

temperature[42]. In general, the success of NEGF is because the foundation of equi-

librium Green’s functions theory, i.e. Feynman diagram expansion techniques, can be

applied without major conceptual modifications to nonequilibrium systems.

Historically, the NEGF began at Schwinger’s study for the Brownian motion of a

quantum oscillator[43]. Then people realized that the forward and backward evolution

6



Chapter 1. Introduction

plays an important role in the calculation of nonequilibrium quantum expectation values

at time t and defined the six different Green’s functions. With the help of contour order,

Keldysh indicated that Ferman diagrammatic expansion is still working for nonequilib-

rium steady states[44]. After that, Caroli et al. gave a formula for the transmission

coefficient regarding the Green’s functions at the first time[45]. Generally, the nonequi-

librium Green’s functions method can apply to arbitrary time evolutions of correlated

systems and does not need any other statistical assumptions. When the system is lo-

cated at the nonequilibrium steady states, the external driving force keeps balance with

the heat bath dissipation. At that time, the Green’s functions do not change with

average-time and the boundary condition due to the heat bath can determine the actual

Green’s function(boundary-matching problem). In this case, the formulation for NEGF

can be greatly simplified. Our NEGF calculations in this thesis are based on this impor-

tant non-equilibrium steady state assumption. In the method part of this thesis, we will

briefly review the Kadanoff-Baym formalism[46] in contour order and then discuss the

Keldysh formalism for the nonequilibrium steady states in Keldysh contour order[44].

1.3 Thermal management in nanoscale

Typically, RHT is not an advantageous access for thermal management because the

Stefan-Boltzmann law confines the maximum magnitude of radiative heat flux. Due

to the substantial enhancement ,i.e., orders of magnitude exceeding the Black-body

limitation, NFRHT provides a reasonable way for the radiative heat controlling in the

nanoscale. Different with the historical studies of nanoscale thermal transport with

phonon transport, the ability to modulate heat flux with NFRHT has promising uses in

thermal management and thermal circuits[47].

Recently, some investigations have illustrated several ways to efficiently modulate the

NFRHT between two bodies with nanometer vacuum separation. An optional method of

thermal modulation can be accomplished by changing the relative movement between

different systems[48–50]. The reason is that the relative movement can adjust the

reflection coefficient due to a Doppler effect. Another straightforward way to modulate
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1.3. Thermal management in nanoscale

the NFRHT is by changing the optical conductivity of materials because the reflection

coefficient is strongly dependent on it[51]. Furthermore, systems with the remarkable

nonlinear temperature dependence of the optical conductivity have numerous possible

to control NFRHT. Also, the voltages could be applied to tune RHT between graphene

and silica due to the voltage dependence of optical properties[52].

One possible application with high modulation of NFRHT is to create radiative

thermal diodes or vacuum thermal rectifiers[53], which can control the heat flux in a

preferred path as similar as electrical diodes. Phase-change materials, for example, VO2,

have been used to obtain substantial thermal rectification effect[54]. Besides, near-field

thermal rectifiers through vacuum based on the thin films have also been well studied.

Except for the thermal rectifiers, NFRHT can be operated to build a radiative thermal

transistor[13], which is the primary segment for thermal circuits and thermal computing.

Similar to the electric transistor, a radiative thermal transistor is also made up of three

components: a hot “source”, a cold “drain”, and a controllable “gate”. The heat current

between the source and the gate and that between the gate and the drain can be adjusted

through modifying the gate temperature with a tiny gate heat current. Ben-Abdallah

and Biehs showed a near-field thermal transistor design relied on a phase change of the

VO2 gate and the thermal switching, modulation, and amplification can be reached[13].

In 2016, Karl Joulain et.al presented a thermal transistor which is made with three

two-level quantum subsystems coupled to a thermal bath[14].

Photon-based modulation of heat with nanoscale separation displays differences and

benefits comparing with phonon transport, for instance, high transportation speed due

to the intrinsic differences between phonon and photon. By modulating heat with

the velocity of light, photon-based thermal devices could be perhaps better than the

phononic devices[55] and even electrical devices, which perhaps can strongly motivate

the developments of information processing and computing.

8



Chapter 1. Introduction

1.4 The arrangement and purposes of thesis

The arrangement of research topics is presented in the below thesis structure chart as

shown in Fig. (1.1). The central focus of our research interests is RHT in nanoscale

(phenomena). The final goal is finding and designing a new device for radiative thermal

management and thermal circuits (application). FE is one of the powerful tools for

semiclassical RHT calculation. The NEGF method for RHT can extend our insight into

the quantum region. With the help of such two methods, a more interesting picture can

be drawn for this research area.

In the first part of this thesis (Introduction part), we historically introduce the central

objects, including the development of RHT, NEGF, thermal management and thermal

circuits in nanoscale. The figure of thesis arrangement is also shown to provide a

straightforward picture for the dissertation structure.

In the method part of this thesis (Chapter 2), we brief view the standard FE for

RHT calculation. A longitudinal wave method for RHT is also presented to keep self-

consistence with FE formalism and make a rigorous mathematical foundation for the

NEGF formalism for the scalar-field photon in Chapter 4. In the last part of the method

Chapter, a brief review for NEGF is also given.

In Chapter 3, we apply the advantages of NFRHT and provide a radiative cooling

strategy for the MoS2 based devices with the help of FE formalism. From previous

research investigations, it is well known that the NFRHT can enhance the heat flux with

orders of magnitude exceeding the Black-body limitation. However for MoS2 based ICs,

one of potential useful 2-d material, due to the larger number of transistors or higher

functional density, heat dissipation will become a crucial issue. Using the formalism

of fluctuation electrodynamics, we explored the NFRHT from a monolayer MoS2 to

graphene. We demonstrate that in resonance, the maximum heat transfer via near-field

radiation between MoS2 and graphene can be ten times higher than the in-plane lattice

thermal conduction for MoS2 sheet. Our work sheds light for developing a new cooling

strategy for nanodevices constructing with low thermal conductivity materials.

However, in the extreme near-field or ultra-near-field region, the RHT between two
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Radiative heat  
transfer  

in  nanoscale

Fluctuation  
electrodynamics

Non-equilibrium  
Green’s  function

Nano-capacitor
physics

Radiative  
thermal  
rectifier

Quantum  
thermal  
transistor

Radiative  cooling
for  2-d  materials

Thermal  
management  and
thermal  circuits  

Fig. 1.1: The flowchart of the thesis arrangement

objects will become very complicated due to the contribution of different quantum

effects. In Chapter 4, using the NEGF formalism, we propose a microscopic theory for

NFRHT between charged metal plates focusing on the Coulomb interactions. Tight-

binding models for the electrons are coupled to the electric field continuum through a

scalar potential. For a two quantum-dot model a new length scale emerges below which

the heat current exhibits great enhancement. This length scale is related to the physics

of parallel plate capacitors. At long distances d, the energy flux decreases as 1/d2.

10



Chapter 1. Introduction

Chapter 5 shows the application for thermal management and thermal circuits based

on the capacitor physics in the previous Chapter. Using the NEGF formalism, a quantum

radiative thermal rectifier and thermal transistor are designed through several quantum

dots and non-linear thermal baths. Our calculation can pave the way for the development

of radiative thermal management and thermal circuits in quantum region.

Finally, in Chapter 6, we provide the conclusion of this thesis and discuss the future

work.
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Chapter 2
Methods for radiative heat transfer

“Brevity is the soul of wit.”

—William Shakespeare

2.1 Fluctuation electrodynamics

2.1.1 Brief review

The key picture for recent studies of thermal radiation is the fluctuating thermal currents

and electromagnetic fields. Based on the FDT of Callen and Welton[20], the correla-

tion between random electrical currents, which is produced by thermal fluctuation, is

immediately connected to the dielectric constant of a medium. Once we determine the

macroscopic Maxwell’s equations with the random sources and match the boundary con-

dition carefully, the ensemble-average of Poynting vector gives the radiative heat flux.

The basic formalism of this process is called the fluctuation electrodynamics[24, 25]. A

key assumption of fluctuation electrodynamics is that the fluctuating electrical currents

only dependent on the temperature of the medium and the effects of interaction between

medium and electromagnetic field are ignored.

The story of FE can go back to the undergraduate classes: Solid state physics,

the theoretical development of van der Waals force. At early 1930, London realized

the quantum fluctuation of electric dipole moments could produce a force between two

objects with a macroscopic distance separation[56]. He showed that the force between
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2.1. Fluctuation electrodynamics

two neutral atoms separated by distance d is varied with d−7 with no retardation effects.

And this conclusion is only valid when separation of two atoms is much smaller than the

wavelength corresponding to a transition of atoms between the ground state and excited

state. In 1948, Casimir and Polder showed that the force between two bodies is varied

with d−8 if considering the retardation effects for long distance[57]. This is the well

known Casimir’s force and he thought this force comes from the variation of zero-point

energy of electron magnetic field with distance changes. In 1954, Lifshitz derived the

attraction between two bodies using a classical way: the fluctuation of electromagnetic

field developed by Rytov[58]. It is a classical way and did not consider the non-local

effect, such as anomalous skin effect. The whole process of FE in RHT calculation is

similar with the derivation of Lifshitz for van der Waals forces, i.e. we focus on the

calculation of Poynting vector instead of Maxwell stress tensor.

In the first section of this Chapter, we will provide a summary for the development

of fluctuation electrodynamics with detailed formula.

2.1.2 Classical Green’s functions description

The Green function (GF) formalism, which is one of the analytical methods, has distinct

benefits and constraints. It has been used almost only for highly symmetric configu-

rations, such as infinite planes, dipoles, spheres, and cylinders. Once applying to real

calculation, the GF can give the semi-analytical or even exact solutions with several

assumptions. A brief outline of this method is given below.

Assumptions

The derivation of fluctuation electrodynamics shown as below is based on some assump-

tions:

a. Continuum electromagnetic treatment (macroscopic Maxwell’s equations);

b. Zero correlation radius for electric currents (locality);

c. Isotropic nonmagnetic properties of material;

d. Stationary in time with local thermodynamic equilibrium.

14



Chapter 2. Methods for radiative heat transfer

Maxwell’s equation

The physical picture of fluctuation electrodynamics starts from macroscopic descrip-

tion with thermal fluctuating micro-electron currents which constitute as the random

source[28, 59, 60].

∇×E = −∂B
∂t

∇×H = ∂E

∂t
+ jind + jsource

(2.1)

Where jsource is the thermal random current density source and jind is the induced

current density in the presence of the EM field. If the material is isotropic and nonmag-

netic, the local relation between jind(x, t) and E(x, t) can be written in each frequency

component.

∂E(x, ω)
∂t

+ jind(x, ω) = iωε(ω)ε0E(x, ω) = iωD(x, ω) (2.2)

Where x is the position vector. ε(ω) = ε′(ω) + iε′′(ω) and the imaginary part of ε(ω)

contains the dissipative properties of the material. D(x, ω) is the electric displacement.

In frequency domain, Eq. (2.1) can be rewritten as below:

∇×E(x, ω) = iωB(x, ω)

∇×H(x, ω) = −iωD(x, ω) + jsource(x, ω)
(2.3)

Based on Eq. (2.3), the vector Helmholtz equations for the electromagnetic waves

(E , H) can be derived as below:

∇×∇×E(x, ω)− ε(ω)
(
ω

c

)2
E(x, ω) = iωµ0jsource(x, ω)

∇×∇×H(x, ω)− ε(ω)
(
ω

c

)2
H(x, ω) = ∇× jsource(x, ω)

(2.4)
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2.1. Fluctuation electrodynamics

Fluctuation-dissipation theorem (FDT)

The thermal random current density source jsource satisfy the statistical correlation

function which is given by the fluctuation-dissipation theorem[22]:

〈ja(x, ω)j∗b (x′, ω′)〉 = 4
π
ε′′(ω)~ω2

[ 1
e~ω/kT − 1

+ 1
2

]
δ(ω − ω′)δ(x− x′)δab (2.5)

Where the superscript ∗ is the complex conjugate. Factor 4 means that we only retain

the positive frequency. ~ is the reduced Planck constant and T is the absolute tem-

perature. 1
2 is the zero point contribution of harmonic oscillator. δab and δ(x − x′)

is the consequence of locality and isotropic assumption i.e. 〈j, j〉 = 〈j∗, j∗〉 = 0. In

above phenomenological approach, the final results dependent on the physics properties

of involved materials. Materials for which the optical properties are affected by the

nonlocal phenomena such as anomalous skin effect are not included.

Ensemble average the Poynting vector

In order to calculate RHT, we need ensemble average the Poynting vector.

〈S(x, t)〉 = Re〈E(x, t)×H∗(x, t)〉
2 (2.6)

Field at particular point x is proportional to current sources at all point x′. So we have

the dyadic Green functions tensor[61], i.e.,
↔
G
ee

(x,x′, ω) and
↔
G
he

(x,x′, ω).

E(x, t) = 1
2π

∫ ∞
0

dω′
∫
dx′eiω

′t
↔
G
ee

(x,x′, ω′)jsource(x′, ω′) + c.c

H(x, t) = 1
2π

∫ ∞
0

dω′
∫
dx′eiω

′t
↔
G
he

(x,x′, ω′)jsource(x′, ω′) + c.c

(2.7)

The expression for ensemble average the Poynting vector is then contains eight fold

integral over ω, ω′,x,x′ and reduced to four fold due to j-j correlation. According to

Eq. (2.5) and (2.7), the radiative heat flux i.e. Eq. (2.6) can be calculate in the general

16



Chapter 2. Methods for radiative heat transfer

form:

〈S(x)〉 =1
2Re

{
1

(2π)3
4
π

∑
a

∫ ∞
0

dω

∫
V
dx′ε′′(ω)~ω2

[ 1
e~ω/kT (~x′) − 1

+ 1
2

]
×

Geeil (x,x′, ω)Ghe∗jl (x,x′, ω)
} (2.8)

Where we can get that the spectral heat flux S(x, ω) is a linear combination of the field

correlations. The integration of S(x, ω) with frequency can derive the total heat flux

S(x). And integration of the displacement components of S(x) over the object surface

can derive the net heat current (energy flow per unit time).

2.1.3 The RHT between parallel-plane systems

z 

11 ),( T 22 ),( T
Vacuum 

d 0 

Fig. 2.1: Geometric situation for radiative heat transfer with semi-infinite planes configuration

Based on the theories and the general method sketched above, the RHT between

different bodies can be defined. We presently offer a solution for the RHT between two

parallel semi-infinite bodies separated by a vacuum gap (Fig. (2.1)), with the help of

the well-known Green’s function for this configuration[62]. Due to high symmetric, the
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2.1. Fluctuation electrodynamics

parallel-plane results became be analytically solved using Green’s function. The various

physical pictures can be obtained during the calculation. The total RHT over a vacuum

gap d can be performed in a Landauer-type expression.

〈S(T1, T2, d)〉 =
∫ ∞

0

dω

4π2 [Θ(ω, T1)−Θ(ω, T2)]
∑
α

∫ ∞
0

dkkT 12
α (ω, k, d) (2.9)

where Θ(ω, T ) = ~ω
e~ω/kBT−1 is the mean energy of a harmonic oscillator minus the

zero point quantum fluctuation contribution with temperature T . T1(2) is the absolute

temperatures of object 1(2). k is the wave vector component parallel to the planar

surfaces, and Tα is the transmission probabilities for the TE and TM modes. They can

be formulated regarding the Fresnel coefficients of the interfaces[63].

T 12
α=s,p(ω, k) =


(1− |r01

α |2)(1− |r02
α |2)

|1− r01
α r

02
α e

2iγ2d|2
, k <

ω

c
.

4Im(r01
α )Im(r02

α )e−2Im(γ2)d

|1− r01
α r

02
α e

2iγ2d|2
, k >

ω

c
.

(2.10)

Where rijα is the Fresnel reflection coefficients at the interfaces between vacuum and

materials. And it is given by rijs = (γi−γj)/(γi+γj) or rijp = (εjγi−εiγj)/(εjγi+εiγj)

and γi =
√
εi(ω)ω2/c2 − k2 is the transverse component of the wave vector in body i

and εi(ω) is the corresponding dielectric constant.

Eq. (2.9) and (2.11) have been derived only for calculation of RHT between two

semi-infinite planes and are not sufficient to explain systems with thin films or layers.

When the objects are not semi-infinite, a straightforward calculation of the RHT is hard

to perform due to the shape effects and others complicated factors. However, when

the emitter and receiver are not semi-infinite or the systems are multilayer systems, the

calculation of RHT should properly account for the many emission sources or multiple

reflections at interfaces. If we focus on the field in the vacuum gap, the same expression
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Chapter 2. Methods for radiative heat transfer

can be obtained by replaced with modified reflection coefficient as below:

T 12
α=s,p(ω, k) =


(1− |R01

α |2)(1− |R02
α |2)

|1−R01
α R

02
α e

2iγ2d|2
, k <

ω

c
.

4Im(R01
α )Im(R02

α )e−2Im(γ2)d

|1−R01
α R

02
α e

2iγ2d|2
, k >

ω

c
.

(2.11)

Where the Riα is the modified reflection coefficient, i.e. the total reflection coefficient

for multilayer systems.

To give the results which can directly be compared with experimental measurements,

the heat transfer coefficient at a mean temperature T can be defined as below:

h(T, d) = limT1→T2

∣∣∣∣〈S(T1, T2, d)〉
T1 − T2

∣∣∣∣ =
∫ ∞

0

dω

4π2
∂Θ(ω, T )

∂T

∑
α

∫ ∞
0

dkkT 12
α (ω, k, d)

(2.12)

Based on the GF formalism, above equations for semi-infinite planes configuration

can be used not only for the structured and composited systems with their dielectric

constant but also for the novel new materials with unusual dielectric constant. Besides,

except for the calculation for NFRHT between parallel planes, the GF formalism can

also be used for other symmetric configurations such as dipole-plane, dipole-dipole,

sphere-sphere, sphere-plane, and cylinder-cylinder.

2.2 Scalar wave method for radiative heat transfer between

two semi-infinite planes

In above FE picture, Eq. (2.9) and (2.11) give the analytical formula for the RHT be-

tween two semi-infinite planes. In this section, we use the scalar wave method to rederive

the similar formula for RHT between two semi-infinite planes based on fluctuation elec-

trodynamics. One of the purposes of this section is to have a clear physical picture for

fluctuation electrodynamic from the view of wave equation and then make a foundation

for the quantum description in the below section. This section is the connection between

FE and our below scalar wave quantum theory for the RHT.
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2.2. Scalar wave method for radiative heat transfer between two semi-infinite planes

2.2.1 Equation of motion and energy current density for scalar wave

Before the calculation of transmission for the RHT, we first indicate a brief description

for the scalar wave. We start from the Lagrange action of scalar wave as the same as

some textbook i.e. S =
∫
Ldt =

∫
V d

3~r
∫ t1
t0
dt(1

2 φ̇
2 − 1

2v
2(∇φ)2) and apply variational

principle of action to get the equation of motion for scalar wave[59]. The final standard

wave equation of scalar wave are shown as below:

∇2φ− 1
v2

∂2

∂t2
φ = 0 (2.13)

Where v is the group velocity of scalar wave.

According to the expression of energy density and of scalar wave (or energy conser-

vation law):

u = 1
2
[
φ̇2 + v2(∇φ)2

]
,

∂u

∂t
+∇ · j = 0.

(2.14)

Where u is the energy density of scalar wave. j is the energy current density for scalar

wave. In different medium, the energy current density j can be derived obviously i.e.

ji = −v2
i φ̇i∇φi (2.15)

Where vi and φi is the group velocity and scalar wave equation of medium i. Our

calculations in this section focus on the computation of Eq. (2.15) from the view of

scalar wave.

2.2.2 Boundary condition matching

The solution of Eq. (2.13) can be described by the standard plane wave i.e Aei(k·r−ωt).

As shown in Fig. (2.1), we assume that there is plane scalar wave incident from region

1 to region 2 through region 0 and reflect at two interfaces. Vice verse, the similar

process is obtained when the scalar wave incoming from region 2 transmits to region
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1. In Fig. (2.2), we show a sketch of the above process. Actually, the scalar wave

should satisfy the previous wave equation φ̈ − v2
α
~∇2φ = 0 in three regions. To solve

the equation, we need carefully consider the boundary condition when the scalar wave

across the interface. Obviously, the transverse component (perpendicular to z direction

in Fig. (2.2)) of wave vector keep the same during the propagation and the dispersion

relation in the different regions is different.

k⊥1 = k⊥0 = k⊥2 = (kx, ky)

|k1|2 = ω2

v2
1
, |k0|2 = ω2

v2
0
, |k2|2 = ω2

v2
2

(2.16)

Where |k|2 = k2
x + k2

y + k2
z .

1 0 2 

z 

a1 

a2 

a1r12 

a2r21 

a1t12 

a2t21 

Fig. 2.2: Boundary scatter process of scalar wave betweeen two interfaces.

When the scalar wave incidents from region 1 and multiple reflects in region 0, the

energy can transmit to region 2. In this physical picture, we can write the solution of

wave equation in the three regions[64].

φ(r, t) = ei(k
⊥·r⊥−iωt)



eik
1
zz + r12e

−ik1
z z < 0

Aeik
0
zz +Be−ik

0
zz 0 < z < d

t12e
k2
zz z > d

(2.17)
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2.2. Scalar wave method for radiative heat transfer between two semi-infinite planes

Where r⊥ is vector in x− y plane, i.e. r⊥ = r(x, y). We assume that the amplitude of

incident scalar wave is normalized to 1. r12 is the amplitude of the reflected wave and

t12 is the amplitude of the transmitted wave. In the center region, it is a superposition

of forwards and backwards moving waves. A and B are amplitude of those waves. If

group velocity in region 0 (v0) larger than v1 or v2, k0
z may be pure imaginary. In that

condition, the wave in the region 0 is evanescent.

Boundary condition at z = 0:

φ is continuous : 1 + r12 = A+B

jz is continuous : v2
1[1− r12]k1

z = v2
0[Ak0

z −Bk0
z ]

(2.18)

Boundary condition at z = d:

Aeik
0
zd +B−ik

0
zd = t12e

ik2
zd

v2
0[Aeik0

zd +B−ik
0
zd]k0

z = v2
2t12k

2
ze
ik2
zd

(2.19)

After solving above formula carefully, we can get the final expression of transmission:

t12 = 1
ϕ2

ϕ0t10t02
1− r01r02ϕ2

0
(2.20)

Where, tij = 2ξi
ξi+ξj , rij = ξi−ξj

ξi+ξj , ξi = (vi)2kiz, ϕi = eik
i
zd.

2.2.3 Derivation for the Landauer formula

In previous section, we obtain the transmitted amplitude of scalar wave in region 2.

The next procedure is to get a derivation for Landauer like formula from the view of

scalar wave. In below calculation, we use quasi-one-dimensional geometry so that the

energy is only transported in z direction. And quantum theory is needed to obtain the

Bose-Einsein distribution for the scalar wave.

As showing in Fig. (2.3), the width of region 0 is finite with d. The widths of

region 1 and region 2 are extended to semi-infinite in the opposite directions. The area

of cross-section in (x, y) direction is set as L2 = A. It is convenient to use periodic
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Chapter 2. Methods for radiative heat transfer

boundary conditions in the transverse (x, y) direction.

φ(x+ L, y, z) = φ(x, y + L, z) = φ(x, y, z) (2.21)

With standard quantization procedure, the wave function in transverse direction are

quantized as below:

φ(x, y, z, t) =
∑
k⊥

ck⊥(z, t)eik⊥·r⊥ (2.22)

Where, we have k⊥ = (kx, ky) = (2πlx
L , 2πly

L ). In continuous limit, we have:

∑
k⊥

→
∑

( L2π )2∆kx∆ky → ( L2π )2
∫ +∞

−∞
dkxdky (2.23)

Fig. 2.3: A 3-d sketch for boundary matching condition of Laudauer Formula.

Then we quantize the wave function when the wave transmits from left side to right

side as below:

φ̂L(r, t) =
∑

k⊥,k1
z>0

√
~

2ω(k)L2d

[
aLkc

L
k(z)ei(k⊥·r⊥−ωt) + H.c.

]
(2.24)

cLk (z) =



eik
1
zz + r12e

−ik1
zz

Aeik
0
zz +Be−ik

0
zz

t12e
ik2
zz

(2.25)
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2.2. Scalar wave method for radiative heat transfer between two semi-infinite planes

Where L means the wave in the left side (region 1). Noted that when the wave vector

of incoming wave is specified, i.e. k⊥, k1
z is given, k0

z and k2
z can be calculated from the

dispersion relation and boundary condition. So we need to take a summation of k1
z . We

have

[aLkaLk ′] = δkk′

〈aLkaLk ′〉 = 0 , 〈a†Lk a†Lk
′〉 = 0 , 〈aLkaRk ′〉 = 0

〈a†Lk aLk
′〉 = δkk′nk = δkk′

1
eβL~ωk − 1

(2.26)

Where aLk and akL† are the annihilation and creation operators for the scalar wave on

the left side. nk is the Boson distribution.

Next we give a detailed calculation for the Landaur form of the energy current density.

At first, we assume that the incident wave, the refracted wave and the transmitted wave

are independent with each other i.e. φtot = φi + φr + φt. If the wave incidents from

region 1, the energy transmitted to region 2 can be calculated from the transmitted

wave i.e. φ̂Rt (r, t). According to Eq. (2.24) and (2.25), the transmitted wave can be

written as below:

φ̂Rt (r, t) =
∑

k⊥,k1
z>0

√
~

2ω(k)L2d

[
aLkt12e

ik2
zei(k

⊥·r⊥−ωt) + H.c.
]

(2.27)

Where the summation is over the wave vector on the region. The energy current trans-

mitted from the region 1 to the region 2 can be calculated from the equantion (2.33):

jRt =− v2
2

∑
k⊥,k1

z>0

√
~

2ω(k)L2d

[
(−iω)aLkt12e

ik2
zzei(k

⊥·r⊥−ωt) + H.c.
]
×

∑
k′⊥,k1

z
′>0

√
~

2ω(k′)L2d

[
(ik′1z )aLk′t12e

ik′2z zei(k
′⊥·r⊥−ω′t) + H.c.

] (2.28)

Then we take ensemble average of the operator i.e. 〈Ô〉 = Tr( e−βLHLZ ). βL equals to

1/kbTL and TL is the temperature in the left side. HL is the Hamiltonian in the left

side. Z is partition function. According to the Eq. (2.25) and the dispersion relation,
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the ensemble average of the transmitted energy current can be written as below:

〈jRt 〉 =− v2
2

∑
k⊥,k1

z>0

~
2ω(k)L2d

|t12|2(−iω)(−ik2
z)〈(aL~k a

L†
~k

+ aL†~k
aL~k )〉

=
∑

~k⊥,k1
z>0

~
V
v2

2k
2
z |t12|2〈

1
2(aL~k a

L†
~k

+ aL†~k
aL~k )〉

=
∑

~k⊥,k1
z>0

~
V
v2

2k
2
z |t12|2(nLk + 1

2)

(2.29)

The same calculation can be performed for the energy current transmitted from the

region 2 to the region 1:

〈jLt 〉 =
∑

k⊥,k2
z<0

~
V
v2

1k
1
z |t21|2(nRk + 1

2) (2.30)

Since ω2 = [(kiz)2 +(k⊥i )2]v2
i , we can get the relation between ω and z component wave

vector kiz with the fixed k⊥i :

ωdω = v2
i k

i
zdk

i
z

1
d

∑
kiz>0

→ 1
2π

∫ ∞
0

ωdω

v2
i k

i
z

(2.31)

Where we take variable substitution according to the continuous dispersion relation and

change the summation of kiz into frequency domain. Then the Eq. (2.29) and (2.30)

can be written with a more simplify way:

〈jRt 〉 = 1
L2

∑
k⊥

∫ ∞
0

dω

2π ~ω
v2

2k
2
z

v2
1k

1
z

|t12|2(nLk + 1
2)

〈jLt 〉 = 1
L2

∑
k⊥

∫ ∞
0

dω

2π ~ω
v2

1k
1
z

v2
2k

2
z

|t21|2(nRk + 1
2)

(2.32)

In thermal equilibrium i.e. T1 = T2, the net heat current should equal to zero ac-

cording to the first law of thermodynamics. That means 〈jRt 〉 should equals to 〈jLt 〉

and our derivations must have v2
2k

2
z

v2
1k

1
z
|t12|2 = v2

1k
1
z

v2
2k

2
z
|t21|2. Actually this relation also can

be derived easily from the Eq. (2.20). The consistence between two derivation in-

dicates the self-consistence for our scalar wave calculation. Then if we define that
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v2
1k

1
z

v2
2k

2
z
|t21|2 = v2

2k
2
z

v2
1k

1
z
|t12|2 = T12(ω,k⊥), the final net energy current density from the

region 1 to the region 2 can be written as a Landauer form:

〈jnet〉 = 〈jLt 〉 − 〈jRt 〉 =
∫ ∞

0

dω

2π ~ω
∫
dkxdky
(2π)2 T12(ω,k⊥)(nLk − nRk ) (2.33)

Where nL(R)
k is the Bose distribution with the temperature of left(right) region.

Due to the energy conservation, we have the below relation for tij and rij :

v2
2k

2
z |t12|2 = v2

1k
1
z(1− |r12|2) (2.34)

v2
1k

1
z |t21|2 = v2

2k
2
z(1− |r21|2) (2.35)

Based on Eq. (2.20), (2.32) and (2.34), we can calculate the expression of the trans-

mission with the scalar wave view.

T12(ω,k⊥) =


(1− |r10

α |2)(1− |r02
α |2)

|1− r10
α r

02
α e

2ik0
zd|2

, |k⊥| < ω

v0
.

4Im(r10
α )Im(r02

α )e−2Im(k0
z)d

|1− r10
α r

02
α e

2ik0
zd|2

, |k⊥| > ω

v0
.

(2.36)

Where we rederive Eq. (2.9) and (2.11). The consistence between those calculation

indicates a useful benchmark between FE and our scalar wave calculation. However,

the results in this section are just a connection between FE and our quantum theory

for longitudinal photon. In Chapter 4, we will extend this scalar-field method for to

quantum region with the help of NEGF formalism.

2.2.4 Example: near-field phonon effects

In this subsection, we investigate the near-field phonon effects based on our scalar

wave method for the RHT. This is an extended example for our scalar wave theory.

Phonon, i.e., a collective excitation in a periodic system can also be described by a

linear dispersion relation in the small wave vector k region. Similar with the photon, the

phonon can also emit from one body to another, and we call it as the phonon radiation

regime. However, reaching the phonon radiation regime needs high-quality materials
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Chapter 2. Methods for radiative heat transfer

and length scales should be much smaller than the intrinsic phonon-phonon scattering

mean free paths (MFPs)[65]. In the room temperature, MFPs of phonon almost equal

to 10 nm. In low temperature, MFPs can reach the micrometer region. That means that

the phonon in thermal interface material (TIM) are like ballistic and the phonon-phonon

scattering process is low when phonon is transported through the TIM . Typically, there

should be a limit called phonon blackbody limit for thermal conductance. Actually,

similar to the fact that NFRTH can break the BB limit for the photon, the near-field

phonon effect can also break the phonon blackbody limit, enhance the heat conduction

and does not based on the phonon-phonon scattering process (DMM). Based on this

near-field phonon effects, another thermal transport channel can be found in TIM.

Phonon Black-body limit

Acoustic mismatch model (AMM) At first, we derive the phonon blackbody limit

through the AMM. In that model, one assumption is that the phonon is administered by

continuum acoustics and interface is explained as a plane[66]. And we only consider two

semi-infinite isotropic solid in the x− y plane and suppose that the modulus of rigidity

of both materials is zero and neglect the transverse phonons in both sides.

In above simple model, one can obtain the expression as below[67]:

dQ

dt
= k4

BΓA
4π2~3v3

1
[T 4

1 f(T1)− T 4
2 f(T2)] (2.37)

Here, we have f(T ) =
∫ ~ω/kBT

0
z3dz
ez−1 , z = ~ω/kBT,Γ =

∫ π/2
0 α1(θ1) sin θ1 cos θ1dθ1.

At low temperature, we can make ~ω/kBT →∞. In the integral over z as it occurs in

the Debye theory of specific heats and we can obtain the relation:

dQ

dt
= k4

BΓA
4π2~3v2

1
(π

4

15)[T 4
1 − T 4

2 ] (2.38)

Thermal radiation limit In that limit, all phonons from the lower phonon density

side are assumed to be transmitted. In the higher phonon density side, enough phonons

can be transmitted with serving the principle of detailed balance and the second law
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2.2. Scalar wave method for radiative heat transfer between two semi-infinite planes

of thermodynamics. That is the maximum thermal transport through phonon which

does not violate the principle of detailed balance. We also call it as “Perfect match

model"[66].

For bulk material at low temperature, in the absence of scattering process, we can

build the virtual photon blackbody-like formula i.e. phonon blackbody limit. At low

temperature, in an isotropic condensed matter, we introduce the Stefan-Boltzmann

constant σphonon through Eq. (2.38):

σphonon = π2k4
B

120~3

∑
i

1
v2
i

= π2k4
B

40~3
1
3
∑
i

1
v2
i

(2.39)

Where vi is the group velocity. And phonon has one longitudinal and two transverse

branches.

In the phonon blackbody limit, the heat transfer between two body does not depen-

dent on the properties of the left and right material except the temperature. Through

Eq. (2.39), we can easily calculate the heat transfer between two bodies in the phonon

blackbody limit.

For example, if we set the average group velocity in the middle as v = 2 km/s,

temperature T1 = 300K T2 = 200K and assume the group velocity of three branches

are the same, we can get the limited heat transfer:

Q̇phonon =σphonon(T 4
1 − T 4

2 ) = 1.911× 103 × (3004 − 2004) W/m2

Q̇photon =5.670373× 10−8 × (3004 − 2004) W/m2
(2.40)

Near-field phonon calculation

The near-field phonon calculation is based on the previous scalar wave method. Although

our primary goal for the scalar wave method is to rederive the FE results for the RHT,

the scalar photon and phonon are similar with each other except the different group

velocities and our scalar wave method is still valid for the phonon transport calculation.

Due to the similarity between phonon and photon, is there a similar near-field effect for

the phonon transport? Fig. (2.4) shows the schematic diagram for the near-field phonon
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Fig. 2.4: Sketch for near-field phonon effects

thermal transport: the phonon incidents from the region 1 with group velocity v1 to the

region 0 at first, the phonon is reflected at the interface and multiply reflected in the

region 0 with group velocity v0, finally the energy carried by phonon will be transmitted

to the region 2 with group velocity v2. The total energy transfer by phonon can be

calculated from the equation(2.33) and (2.36).

Near-field phonon vs phonon black-body limit

The numerical result of the near-field phonon calculation is presented in Fig. (4.8). It

shows that in some particular cases, the heat transfer through thermal interface material

due to the near-field phonon effects can be even larger than phonon blackbody limit.

For example, if we set the model parameter as shown in the figure, we find that when we

increase the group velocity of the middle materials (different thermal interface materials),

the BB phonon heat transfer will be decreased, but the near-field phonon heat transfer

will be changed periodically. Such novel effect indicates that the near-field phonon

effect can enhance heat transfer through thermal interface materials. When we choose

v0 = 17.5km/s, the heat transferred by the near-field phonon can be several times larger

than phonon blackbody limit results. This result indicates that in a small distance and
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low-temperature region, the heat transfer can be dominated by the near-field phonon

effects. Our results can numerically provide a unique channel for heat transfer when two

bodies are separated by a very small distance. However, there are still some challenges

for the near-field phonon effects. According to our calculation, the near-field phonon

effects can only be found when the separation between two bodies is tiny small. It is

not easy to achieve and measure such condition experimentally.

2.3 Nonequilibrium Green’s function method

In this section, we present a general review for the non-equilibrium Green’s functions

(NEGF). The NEGF is an extension of the standard equilibrium formulation on the

imaginary-time axis[68] and is a very useful tool for various research areas. Some general
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Chapter 2. Methods for radiative heat transfer

review can be found in the reference [69–71]. Here, we will brief review the NEGF with

non-equilibrium steady state assumption. It is easier to understand the NEGF because

the formula for NEGF is greatly simplified in that condition.

2.3.1 Contour-ordered formulation

A general quantum system is driven by an external field and the time evolution of this

system is described by a time-dependent Hamiltonian H(t). The system is assumed to

be in a mixed state initially t = 0, which can be described by the density matrix shown

as below:

ρ(0) = 1
Z
e−βH(0) (2.41)

Where Z = Tre−βH(0) is the equilibrium partition function. β = 1/kBT is the inverse of

temperature times Boltzmann constant. H = H(t)−µN(t) (µ is the chemical potential

and N(t) is the number operator for the particles). Here, we discuss only one general

quantum system. However, for transport studies, when the systems evolve several leads,

we need rewrite Eq. (2.41) with a constrained equilibrium partition function. If the

driving field is opened, the system will evolve with time and the time evolution of the

system is calculated by the von Neumann equation:

i~
dρ(t)
dt

= [H(t), ρ(t)] (2.42)

Where [· · · , · · · ] is the commutator. And the solution can be written by the unitary

evolution operator:

ρ(t) = U(t, 0)ρ(0)U(0, t) U(t, t′) =


T e−i

∫
dtH(t), t > t′

T̄ e−i
∫
dt̄H(t̄), t < t′

(2.43)

Where T (T̄ ) is time-ordering (anti-time-ordering) operator. In general, the Hamiltonians

at different times do not commute with each other. Then the expectation value of an
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2.3. Nonequilibrium Green’s function method

observable operator O(t) at time t can be written as below:

〈O(t)〉 = Tr[ρ(t)O] (2.44)

Combing with Eq. (2.43) and (2.44) and evolve the operator along the imaginary-time

axis from 0 to −iβ, the Eq. (2.44) can be written with imaginary-time ordering:

〈O(t)〉 = 1
Z

Tr[U(−iβ, 0)U(0, t)OU(t, 0)] (2.45)

Im	  𝑡

−𝑖𝛽

Re	  𝑡
𝑡′

𝑡
𝑡+,-

0

𝐶0

𝐶1
𝐶2

Fig. 2.6: The L-shaped contour C = C1 ∪C2 ∪C3 in the Kadanoff-Baym formulism. The arrow means
contour order and t > t′.

When reading Eq. (2.45) from right to left, we can find that the operator following

the time ordering i.e 0 → t → 0 → −iβ. Next, we can define such L-shaped contour

C with three branches as shown in Fig. (2.6), i.e. C1 : 0 → tmax, C2 : tmax → 0 and

C3 : 0 → −iβ, where tmax is the maximal time for the system evolving[46]. In such

contour order, the expectation value of the operator can be rewritten as below:

〈O(t)〉 =
Tr
[
TCe−i

∫
C
dt̄H(t̄)O(t)

]
Tr
[
TCe−i

∫
C
dt̄H(t̄)

] (2.46)

Where TC is the contour-ordering operator. The contour-ordered formalism is a power

tool for the calculation of high-order correlation function and it is convenient for the
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perturbation. expansion.

〈TCA(t)B(t′)〉 = 1
Z

Tr
[
TCe−i

∫
C
dt̄H(t̄)A(t)B(t′)

]
(2.47)

Where A and B is the combinations of creation and annihilation operators. In this

expression, the contour-ordered product of two operator can be written as below:

TCA(t)B(t′) = θC(t, t′)A(t)B(t′)± θC(t′, t)B(t′)A(t) (2.48)

Where θC(t, t′) is the step function. ± is determined by the fermionic or bosonic

properties of the operators. In the actual calculation, we need specify which branch the

operator lies on.

2.3.2 Keldysh contour order

The Keldysh formalism is a useful and simpler approach to the nonequilibrium Green’s

functions, which is appropriate for the non-equilibrium steady state description[44]. The

energy sent to the system by the driving field keeps balance with the energy provided

by the environment in the nonequilibrium steady state. In the Keldysh formalism, the

initial states are not interacted with each other and the interactions are adiabatically

turned on from t → −∞. So there is no interaction vertex on the imaginary-time axis

in contour order. That means, in Fig. (2.6), the imaginary contour order will decouple

with up and down branches. And the Kadanoff-Baym contour order can simplified to

the Keldysh contour order (Fig. (2.7)).

Re	  𝑡
𝑡′

𝑡

𝐶'

𝐶(

−∞ +∞

Fig. 2.7: The Keldysh contour with up and down branches ranging from t = −∞ to t = +∞.
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2.3. Nonequilibrium Green’s function method

2.3.3 Contour-ordered Green’s functions

In this section, we start from the single-particle Green’s functions, which are the funda-

mental elements for many-body theory.

G(τ, τ ′) = − i
~
〈TCc(τ)c†(τ ′)〉 (2.49)

Where τ(τ ′) is the time in contour order. c(c†) is the a creation (annihilation) operator of

particles. We do not obtain the spin and other indices in above definition. The contour-

ordered Green’s functions have 3×3 components because there are three branches. But

in Keldysh contour order i.e. non-equilibrium steady state, the Green’s function is much

simpler i.e. 2× 2. For convenience, we express the Green’s functions with matrix form

i.e.

Ĝ =

G
++ G+−

G−+ G−−

 =

 Gt G<

G> Gt̄

 (2.50)

Where +(−) means up(down) branches in Keldysh contour order. Gt(t̄) is the time-

ordered (anti-time-ordered) Green’s function. G>(<) is the greater(lesser) Green’s func-

tion. In our calculations, we are more interested in the Gr and Ga i.e. retarded Green’s

function and advanced Green’s function. The definition for the Green’s functions we are

concerned are given below in real time:

G>(t, t′) = − i
~
〈c(t)c†(t′)〉

G<(t, t′) = ± i
~
〈c†(t′)c(t)〉

Gr(t, t′) = − i
~
θ(t− t′) 〈[c(t), c†(t′)]±〉

Ga(t, t′) = i

~
θ(t′ − t) 〈[c(t), c†(t′)]±〉

(2.51)

Where in ±, + for fermi operator and − for boson operator. [, ]± is anti-commutator

(commutator). θ(t) is the step function. For simplify, we only use fermions as a example
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in the below section. For above four Green’s functions, there is relation:

G> −G< = Gr −Ga = −iA. (2.52)

Where A is the spectrum function.

Besides, for free particles, i.e., no interaction between electrons and electron’s other

degrees of freedom, the equation of motion for Green’s function can be derived from

Schödinger equation:

(
i~
∂

∂t
−H

)
G>,<(t, t′) = 0, (2.53)(

i~
∂

∂t
−H

)
Gr(t, t′) = δ(t− t′)I. (2.54)

Where H is the Hamiltonian and I is the identity matrix.

2.3.4 Dyson equation

To indicate nonequilibrium systems using Green’s functions, we need to combine the

self-energy Σ and the noninteracting Green’s function G0. In the Feynman diagram,

the sum of all irreducible diagrams of the interacting Green’s function G is named as

the self-energy. Actually, the self-energy is defined on the same contour order with

Green’s function and the similar symmetry and boundary conditions can also working

for the self-energy. The interacting Green’s function G can be described by the Dyson

equation:

G =G0 +G0ΣG0 +G0ΣG0ΣG0 + . . .

=G0 +G0ΣG
(2.55)

When the self-energy is determined, the full Green’s function can be derived from the

Eq. (2.55), which is a numerical problem for the calculation.
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2.3. Nonequilibrium Green’s function method

2.3.5 Fluctuation dissipation theory and Keldysh equation

For equilibrium systems, we have the fluctuation dissipation relation for Green’s function

in frequency space:

G<(ω) = −f(ω) [Gr(ω)−Ga(ω)] = if(ω)A(ω)

G>(ω) = i[1 + f(ω)]A(ω)
(2.56)

Where G>,<,r,a(ω) is the corresponding Green’s function in frequency domain. f(ω) is

the particle distribution, i.e., Fermi function.

For nonequilibrium steady state, we have the Keldysh equation:

G>,<(ω) = Gr(ω)Σ>,<(ω)Ga(ω) (2.57)

Where Σ>,< is the greater (lesser) self-energy.

In the actual calculation, once we know all the Green’s functions, the physical quan-

tity can be calculated. For example, the current out of the bath can be calculated from

the Meir-Wingreen formula[72], which is the standard formula for calculating the current

through various systems.

IFermi =
∫ +∞

−∞

dω

2π ~ω
[
G>(ω)Σ<(ω)−G<(ω)Σ>(ω)

]
, (2.58)

IBoson = −
∫ +∞

−∞

dω

4π ~ω
[
D>(ω)Π<(ω)−D<(ω)Π>(ω)

]
. (2.59)

where IFermi is the current out of the fermi bath and IBoson is the current out of the

Boson bath. D and Π are Green’s functions and self-energy of boson. When the

interaction between particles is ignored, above formulas can be reduced to the Landauer

formulas.
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Chapter 3
Thermal management in MoS2 based

integrated device using near-field

radiation

“No problem is too small or too trivial

if we can really do something about it.”

—Richard Feynman

3.1 Introduction

There has been increasing interest in using the transition metal dichalcogenide (TMD)

compounds, MX2 (where M 1/4 Mo/W, X 1/4 S/Se/Te) for electronic and photonic

devices, including logic transistors, optoelectronic, memories, lightemitters, photovoltaic

and photodetectors, together with physical phenomena such as coupled spin-valley

physics[73, 74]. Single-layer MoS2, a member of the TMD family, is a semiconduc-

tor with a large band gap and has been regarded as a promising candidate for field effect

transistor applications with an on/off ratio exceeding 108 and high mobility[75–79].

For a MoS2 transistor, by improving sample quality, removing absorbates, and deposit-

ing atop a high-dielectric layer, extrinsic scatters such as charged impurities and grain

boundaries can be partially suppressed. The room temperature carrier mobility can be
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improved significantly[80–85]. which is close to theoretically predicted phonon-limited

intrinsic values[86, 87]. Using multi-terminal transport measurement, a record-high Hall

mobility reaching 34000 cm2/Vs for six-layer MoS2 at low temperature was observed[88].

The growth of MoS2 on insulating substrates makes it to be promising for fabrication

of atomically thin high performance electronic and optoelectronic devices without film

transfer. This technique can be used for fabrication of vertically stacked transistors for

the future three-dimensional (3-d) integrated circuits (ICs)[89].

Unlike the single MoS2 transistor device, for MoS2 based ICs, due to the larger

number of transistors or higher functional density, heat dissipation will become a crucial

issue[55]. Owing to the atomic thickness of MoS2, the localized Joule heating can reduce

device reliability and performance. The common way for heat transfer is lattice thermal

conduction. The heat flux flowing through a system can be described by Fourier’s law:

j = −κ∇T , where J is the heat flux density in the system, ∇T is the temperature

gradient, and κ is the thermal conductivity. For materials such as graphene[90–93],

high in-plane thermal conductivity can help dissipate waste heat efficiently. However,

the experimental[94–96] and theoretical studies[97–101] reveal that thermal conductivity

of monolayer MoS2 is less than 20W/(mK), which is two orders of magnitude lower than

that in graphene. Obviously, there is a problem with using MoS2 in future ICs, because

of its low thermal conductivity and the induced challenge in thermal management. A

different cooling strategy for MoS2 based device is really needed.

In addition to lattice thermal conduction, heat also can be transferred by radiation.

The RHT is caused by transportation of electromagnetic wave. But, in far-field region,

RHT between two bodies is limited by the Stefan-Boltzman law (Planck’s blackbody

limit). Comparing with heat conduction, RHT is always ignored in traditional ther-

mal management for ICs. But, RHT can be enhanced by various methods, including

using thermal extraction device[102] or NFRHT[28–30, 103, 104], Due to the several

orders of enhancement by large density of evanescent modes[6, 8, 34, 104], NFRHT can

become a promised way in controlling heat transfer in thermal rectifiers[105], thermal

transistor[13], and noncontact cooling[106].
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In this Chapter, using the formalism of fluctuation electrodynamics[24, 25], we ex-

plored the NFRHT from a monolayer MoS2 sheet to graphene with short MoS2-graphene

distance (less than 100 nm). According to Wien’s law, the peak wavelength λmax is

given by: λmax = b/T , where b is the Wien’s displacement constant. The thermal wave-

length is 5-10 µm within the considered range of temperature (300-600 K). Therefore,

Stefan-Boltzmann law does not hold and NFRHT will play the dominated role. Con-

sidering the low in-plane thermal conductivity in MoS2 and the significantly enhanced

NFRHT, for micrometer scaled MoS2 transistor, the heat channeled by radiation can ex-

ceed that by the in-plane lattice thermal conduction. Based on these theoretical results,

a distinctive thermal management strategy for MoS2 ICs is proposed.

3.2 Near-field radiative heat transfer between two suspended

plane

Fig. 3.1: Schematic of our simulation model: one MoS2 sheet and one graphene sheet are brought
into close proximity with a vacuum gap separation d. The temperature of MoS2 is higher than that of
graphene.

We first consider the configuration in Fig. (3.1), where one MoS2 sheet and one

graphene sheet are brought into close proximity with a vacuum gap separation d. The

temperature of MoS2 (graphene) is T1(T2). To control optical conductivity of each sheet,
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3.2. Near-field radiative heat transfer between two suspended plane

we assume they are connected to external gate electrodes. When electrical current flows

through MoS2, the Joule heating increases the temperature of MoS2 sheet and leads to

NFRHT from MoS2 to graphene.

In principle, the heat energy transfer between two objects can be described by the

electromagnetic flux resulting from fluctuating current sources inside each object: ther-

mal fluctuations in the first object (high temperature) induce correlations between elec-

tric currents, which are related to the real part of its conductivity; next, the fluctuating

currents in the first object induce electromagnetic fields in the second object (low tem-

perature); then, the heat energy transfer is realized by the Poynting flux around the

second object. Under steady state, the heat transfer from object-1 to object-2 is higher

than heat transfer along the opposite direction and results in a net heat flow from high

temperature object to low temperature object. The total RHT between two objects is

given by:

H =
∫ ∞

0

dω

2π [Θ1(ω, T1)−Θ2(ω, T2)] · (ffar + fnear) (3.1)

Where Θ(ω, T ) = ~ω/(e~ω/kBT − 1) is the average energy of photons. The spectral

transfer function ffar (fnear) describes the contribution of far-field (near-field) radiation.

For two semi-infinite nonmagnetic planes, ffar (fnear) is presented as[30, 107]:

ffar =
∫
q<ω/c

dq2

(2π)2
[1− |r1p(q, ω)|2] · [1− |r2p(q, ω)|2]
|1− e2iγdr1p(q, ω)r2p(q, ω)|2 ,

fnear =4
∫
q>ω/c

dq2

(2π)2 e
−2|γ|d Imr1p(q, ω)Imr2p(q, ω)

|1− e−2|γ|dr1p(q, ω)r2p(q, ω)|2
.

(3.2)

Where r1(2) is the reflection coefficient of different layers, q is the wave vector, γ =√
ω2/c2 − q2 is z component of the wave vector, d is the distance of vacuum gap, and

p means p-polarized modes. In Eq. (3.1), the spectral transfer function Tfar (Tnear)

describes the contribution of far-field (near-field) radiation by considering the nonlocal

optical effects. For two semi-infinite planes, which are separated by vacuum, the RHT

can be calculated from the Green’s functions as Fourier integrals along the transverse

coordinates (x, y). In z component (perpendicular with plane), we can mathematically
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find spectral transfer function (Tnear).

Fig. 3.2: Schematic calculation process for near-field radiative heat transfer based on the fluctuation
electrodanamics.

It is necessary to justify the applicability of Eq. (3.1) in studying near-field radia-

tion between ultra-thin 2-d materials. Based on fluctuation electrodynamics, the optical

conductivity σ(x, y, z) of a semi-infinite plane is used to study the near-field radiation.

To study 2-d material in x-y plane with optical conductivity of σ(x, y), the form of

optical conductivity can be changed to σ(x, y)δ(z). This describes the surface of a

semi-infinite plane by surface optical conductivity σ(x, y) and others are described by

vacuum. Thus the system is equivalent to a 2-d material. With this treatment, Ilic et al.

have justified the applicability of equation(3.1) in studying NFRHT between graphene

and semi-infinite plane. In 1999, in an independent work, Pendry also demonstrated

the equation for p-polarized NFRHT between two flat surfaces is the same as Eq. (3.1).

Actually, Eq. (3.1) has been used to study NFRHT between two graphene sheets. A

more general consideration is given by reference[107]. Therefore, it is clear that equation

is applicable in studying near-field radiation between two 2-d sheets. Besides, in our cal-

culation, electron tunneling[108] and acoustic phonon tunneling[109] are not contained
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3.3. Optical conductivity of graphene and MoS2

due to large distance (more than 10 nm) between MoS2 and graphene considered here.

3.3 Optical conductivity of graphene and MoS2

3.3.1 Optical conductivity of graphene

From Eq. (3.2), we need get the reflection coefficient r1(2) to calculate the RHT. In

our calculation, the reflection coefficient r1(2) equals to (1 − ε)/ε[8, 110]. Here ε =

1 + γσ/(2ε0ω) is the dielectric function of different layers, σ is the optical conductivity

of the layers. We get that reflection coefficient depends on optical conductivity of

different materials, which can be divided into intra-band and inter-band parts. The

intra-band term can be described by the Drude model, which is the response for intra-

band processes at frequencies that are well below the band gap; and the inter-band

term describes excitation process with photon frequencies above the band gap. In our

calculation, in the limit of high carrier concentration, optical conductivity of Graphene

is presented as[111, 112]:

σ =σintra + σinter,

σintra = i

ω + i/τ

e22kBT
π~2 In

[
2cosh µ

2kBT

]
,

σinter = e2

4~

[
G(~ω2 ) + i

4~ω
π

∫ ∞
0

G(ξ)−G(~ω/2)
(~ω)2 − 4ξ2 dξ

]
,

G(ξ) =sinh(ξ/kBT )/[cosh(µ/kBT ) + cosh(ξ/kBT )].

(3.3)

Where µ is chemical potential of graphene, τ ≈ 10−13s is the relaxation time which

describes the scattering process of graphene and is assumed that it is not varied with

temperature (at room temperature region).

3.3.2 Optical conductivity of MoS2

Different from graphene, MoS2 has in-equivalent K(K ′) points in Brillouin zone due to

the lack of inversion symmetry. The calculation about optical property of MoS2 is based
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on the below modified Hamiltonian[113]:

H = ∆
2 σz + λτs

1− σz
2 + t0a0q · στ + ~2|q|2

4m0
(α1 + β1σz). (3.4)

where στ = (τσx, σy) is the Pauli matrices, s(τ) = +(−) for different K(K ′) point and

describe two independent spin(valley) in the first Brillouin zone, a0 is lattice constant,

m0 is free electron mass, α1 and β1 are high order parameters which are connected

with electron or hole effective mass. The intrinsic optical conductivity of MoS2 also

contains two parts: intra-band part and inter-band part. For inter-band part of MoS2,

the calculation starts from the modified Hamiltonian of MoS2 and use the Kubo formula

to calculate the inter-band optical properties[114]. On the other side, the intra-band

optical conductivity is calculated by the general formula in the limit of high carrier

concentration[111]:

σintraαβ (ω) = e

π2

∫
d2pvαvβ
iω − τ−1

df [ε(p)]
dε

(3.5)

Where p is the wave vector, vα(β) is the group velocity of electron in conduction band,

α and β are the indices, f is the Fermi Dirac distribution function. In our numerical

calculation, the parameters are taken from first-principle calculation to describe prop-

erties of MoS2[113, 114]. For intraband part, we take the relaxation time data from

Cai et al.[97], where τ equals to 1.889× 1014 s for electron doping case of MoS2. The

adopted parameters for calculation of optical conductivity of MoS2 are summerized in

Table. (3.1).

∆ (eV) λ (eV) t0 (eV) α1 β1
1.9 0.08 1.68 0.43 2.21

Table 3.1: Numerical parameters for monolayer MoS2

3.4 Results and discussion

The tunable spectral transfer function of NFRHT for different cases is shown in Fig. (3.3).

Graphene is a gapless semimetal with Dirac cone structure, and MoS2 is a direct band
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3.4. Results and discussion

Fig. 3.3: (a) Band shift diagram. (b) Spectral transfer function with different Fermi energy of MoS2.
Distance is 10 nm, and chemical potential of graphene is fixed as 0.1eV. (c) Spectral transfer function
with different chemical potential of graphene. Fermi energy of MoS2 is set as 1.0 eV for electron doping
case. (d) Spectral transfer function with different distances between MoS2 and graphene. A fixed 300
K temperature is applied to both MoS2 and graphene in all three figures.

gap semiconductor (Fig. (3.3a)). First, we fix the chemical potential of graphene and

tune the Fermi energy of MoS2. Due to the large band gap and spin-orbit coupling

in MoS2, the inter-band transition processes of MoS2 are the dominant channels at

visible light frequency region and split into two small peaks. As shown in the inset of

Fig. (3.3b), the inter-band transition peaks can be adjusted by the Fermi energy of MoS2

(εf ) and there is obvious blue shift when εf increases, which agrees well with the previ-

ous reports[114]. However, the strength of Tnear at high frequency region (1.5-2.5 eV)

is much lower than that at low frequency region (x < 1.0eV) due to the poor absorbing

ability of graphene in visible light frequency region. That means intra-band transition of

MoS2 (Drude process) dominates Tnear in low frequency region. The central frequency

of peak (below 1 eV region) has red shifts with the decrease of Fermi energy of MoS2.

At εf = 0.93eV, the Fermi energy of MoS2 is close to its conduction band edge, thus

leading to sharp resonant peak. This low frequency resonant peak provides main channel
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for NFRHT.

Fig. (3.3c) shows that spectral transfer function can be tuned by the chemical poten-

tial of graphene. But, comparing with Fig. (3.3b), Fig. (3.3c) provides more interesting

physical processes: the competition between inter-band and intra-band transition in

graphene. Due to the gapless of graphene, inter-band transition plays important role

in 2µ (µ is the chemical potential) frequency region. When µ is small, the intra-band

and inter-band peaks in graphene are coincident due to the thermal broaden. With the

increase in chemical potential (µ = 0.3eV), two kinds of peaks are separated and form

different channels with MoS2 (Blue line in Fig. (3.3c)). The results in Fig. (3.3c) can

provide the optimized chemical potential and Fermi energy, and that is useful for taking

advantage of NFRHT.

In addition to the chemical potential and Fermi level in graphene and MoS2, it is

obvious that the spectral transfer function should depend on the graphene-MoS2 gap.

Fig. (3.3d) shows Tnear as function of frequency, with graphene-MoS2 gap changed from

10 to 20 nm. Although the spectral transfer function curves have the common feature

of frequency dependence, there is considerable blue shift when graphene-MoS2 gap

decreases, accompanied with remarkable increase in the strength. When gap decreases

from 20 to 10 nm, the strength of Tnear increases 5 times, showing strong distance

dependent NFRHT.

NFRHT between MoS2 and graphene is quantitatively investigated as a function

of distance in Fig. (3.4a) and normalized with blackbody limit. For the resonant case

(black line in Fig. (3.3)a : µ = 0.1eV, εf = 0.9eV), three orders of heat enhancements

in NFRHT comparing with blackbody limit is realized, and this ratio increases quickly

with the vacuum gap decreasing. For example, at small vacuum gap of 10 nm, the

heat transfer channeled by near-field radiation is 4 × 103 times of blackbody radiation

limit. However, the NFRHT is very sensitive to the chemical potential and Fermi energy

of graphene and MoS2. With slight deviation from the ideal resonant state, the heat

transfer decreases significantly, such as from 30× 103 kW/m2 to 5× 103 kW/m2 with

only 0.1 eV change in εf .
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Fig. 3.4: (a) NFRHT as a function of distance between MoS2 and graphene. Chemical potential of
graphene is set as 0.1 eV. Temperature of MoS2 is 600 K. (b) NFRHT as a function of temperature of
MoS2 sheet. Chemical potential of graphene is 0.1 eV, and Fermi energy of MoS2 is 0.9 eV. Distance
is 20 nm. (c) NFRHT as a function of Fermi energy of MoS2. Temperature of MoS2 is 600 K and
Distance is 20 nm. (d) NFRHT as a function of chemical potential of graphene. Temperature of MoS2
is 600 K and Distance is 20 nm. The temperature of graphene is fixed at 300 K.

The ratio between NFRHT and Blackbody limit as a function of temperature of

MoS2 sheet is shown in Fig. (3.4b). It is interesting to find that NFRHT increases al-

most linearly with the temperature difference between two layers, while heat transfer by

blackbody limit grows with T 4. Thus, the ratio of HNFRHT over HBB increases with

temperature of MoS2 sheet, achieves maximum value, and then decreases. In the con-

sidered temperature range, heat transfer by near-field radiation keeps thousands times

higher than the Blackbody limit, demonstrating the importance of near-field radiation

in thermal management of nanoscale devices.

Fig. (3.4c) quantitatively indicates the NFRHT as function of εf with different

chemical potential of graphene. There is an optimal Fermi energy of MoS2 yielding

the maximum attainable value of HNFRHT. When Fermi energy of MoS2 is close to its

conduction band edge, MoS2 can support Surface Plasmon-polaritons (SPPs) and form

resonant channels with graphene to enhance NFRHT. Fig. (3.5) shows that there is

strong SPPs peak under resonant cases. Moreover, maximum HNFRHT depends on the
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Fig. 3.5: Transmission probabilities of energy carried by modes. (a) Resonant case between MoS2 and
graphene, i.e. Chemical potential of graphene is set as 0.1 eV and εf = 0.9 eV. (b) Non-resonant case
between MoS2 and graphene, i.e. Chemical potential of graphene is set as 0.1 eV and εf = 0.7 eV
.Temperature of MoS2 is 600 K and Distance is 20 nm. The temperature of graphene is fixed at 300
K.

choice of chemical potential of graphene. When µ = 0.1eV, the resonant matching of

spectral transfer function significantly enhances the NFRHT. As the chemical potential

of graphene changes from 0.1 eV, the plasmons in the graphene and MoS2 sheets move

out of resonance and the heat transfer decreases. The maximum heat transfer by near-

field radiation reduces from 15× 103 kW/m2 to about 2× 103 kW/m2 with chemical

potential changes 0.4 eV. Thus, in the application for thermal management, accurate

controlling of chemical potential of the low temperature sheet is critical to obtain high

heat transfer efficiency. However, Fig. (3.4d) shows that the NFRHT has quite different

dependences on µ with varied εf . When εf = 0.86eV (at the resonance state), NFRHT

shows highly tunable properties for different values of µ. When µ increases from 0.1

to 0.4 eV, the HNFRHT decreases with about 14.5 × 103 kW/m2. In contrast, the

HNFRHT versus l curve is almost flat when εf = 1.0eV. In this case, the Fermi energy

of MoS2 is shifted away from conduction band edge and SPPs modes in MoS2 are

suppressed. The channels of NFRHT are closed and almost independent with chemical

47



3.4. Results and discussion

potential of graphene. Combining the results in Figures (3.4c) and (3.4d), it is clearly

shown that the controlling of Fermi energy of MoS2 sheet is more critical to achieve

high energy transfer efficiency in the NFRHT between MoS2 and graphene sheets.

The improvement of NFRHT provides promising application in thermal management

of MoS2 based electronic and optoelectronic devices. Finally, we discuss the cooling

process by NFRHT and compare with the in-plane lattice thermal transport. We consider

a MoS2 sheet that width is 1 µm, and the length is varied from 0.5 to 3.5 µm. Heat is

generated by Joule heating effect and leads to temperature increasing of MoS2 sheet.

So, we assume the temperature of its middle part is 600 K, while the two ends are

at a constant temperature of 300 K. According to Fourier’s law, there is heat current

flow from the middle part to two ends. At steady state, the temperature decreases

linearly from middle part to the two ends and heat current can be obtained from the

temperature gradient and thermal conductivity. This is heat energy transfer by in-plane

lattice thermal conduction. To study the NFRHT, a graphene sheet is placed parallel to

MoS2 sheet, with distance to MoS2 sheet (varied from 10 to 20 nm). In our calculation,

we divided the MoS2 sheet into different slices along heat current direction (as shown in

Fig. (3.6a)), and temperature in each slice is assumed to be constant. We also assume

that only the parts which are directly opposite to each other are contributed to the

RHT. Then, NFRHT from each slice to the faced graphene section is calculated from

fluctuation electrodynamics. Besides, we also do not consider the size effects of surface

plamsons.

The thermal conductivity of monolayer MoS2 is obviously lower than that of graphene;

however, there is discrepancy in reported values from different experimental and theo-

retical works, which is varied from several W/mK to tens W/mK[86, 94–96, 98–101].

First, we select thermal conductivity of monolayer MoS2 as 30 W/mK. Solid lines

in Fig. (3.6b) show the ratio between NFRHT and in-plane thermal conduction. It

is interesting to find that ratio increases quickly when length increases. Although, as

commonly expected, RHT is lower than in-plane thermal conduction for short MoS2

sheet, it exceeds the later one for MoS2 longer than 2.7 µm, with MoS2-graphene gap
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Fig. 3.6: (a) Temperature distribution of NFRHT based cooling device. (b) Ratio of NFRHT and in-
plane heat conduction as a function of length of MoS2 when the thermal conductivity of MoS2 is 30
W/mK. (c) Energy power of NFRHT and in-plane heat conduction as a function of length of MoS2.
(d) Ratio of NFRHT and in-plane heat conduction as a function of length of MoS2 when the thermal
conductivity of MoS2 is 10 W/mK. In (b)-(d), Fermi energy of MoS2 is 0.9 eV and chemical potential
of graphene is 0.1 eV. Width of MoS2 and graphene sheet is 1 µm.

d = 20 nm. This unexpected phenomenon can be understood from the different size

dependences for these two heat transfer mechanisms, which are showed in Fig. (3.6c):

energy power of in- plane lattice heat conduction decays fast with increasing length of

MoS2, but energy power of NFRHT almost linearly increases with increasing length of

MoS2. In lattice thermal conduction, when device length increases, the temperature

gradient along heat flux direction decreases if the temperature difference between the

two ends is constant. This leads to reduction in the total heat current. On the other

side, for NFRHT, the total heat energy transfer increases with the increase in sample

size. Thus, there is one critical sample length beyond which RHT is higher than the

in-plane heat energy conduction. When MoS2-graphene gap d = 20 nm, this critical

length is about 2.7 µm, in the range of real MoS2 devices. Moreover, this critical

length decreases with MoS2-graphene gap decreases. For d = 10 nm, for short-channel
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MoS2 device with length less than 1.5 µm, the importance of RHT is appeared. The

heat energy transferred by near-field radiation is 5-times of that by the in-plane thermal

conduction when length of MoS2 sheet is 3.5 µm. Considering that the length range

of real MoS2 field-effect-transistor is about 10 µm[75–80, 83], the NFRHT should play

dominated role in thermal management of MoS2 based ICs. As the in-plane heat current

is proportional to the value of thermal conductivity, while NFRHT is independent on

this material property, the importance of NFRHT is expected to be more significant

with the decrease in thermal conductivity. Our numerical results adopting lower values

of thermal conductivity are shown in Fig. (3.6d). If various external scattering sources

existed to reduce thermal conductivity of MoS2 sheet to 10 K, with d = 10 nm and

L = 3 µm, the heat energy carried by near-field radiation is one order of magnitude

higher than that by lattice thermal conduction, which provides an important cooling

strategy for this type of nanoscale devices.

3.5 Summary

In summary, we have numerically studied the NFRHT between MoS2 and graphene. It

is found that the heat transfer by near-field radiation can be controlled by the chemi-

cal potential of graphene and the Fermi energy of MoS2. By appropriately tuning the

chemical potential of graphene and Fermi energy of MoS2, surface plasmon-polaritons

form low frequency resonant peaks in spectral transfer function and provide dominated

channels for NFRHT. Under resonance, the heat energy transfer via near-field radiation

from monolayer MoS2 to graphene can be several orders of magnitude higher than the

Blackbody limit. Due to this large enhancement and low thermal conductivity of mono-

layer MoS2, NFRHT can be ten times higher than in-plane lattice thermal conduction.

Our work provides a theoretical support for designing strategy for thermal management

of future MoS2 based highly integrated electronic and optoelectronic devices.
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Chapter 4
Capacitor physics in ultra-near-field

heat transfer

“Science is organized knowledge.

Wisdom is organized life.”

—Immanuel Kant

4.1 Introduction

Historically, the studied for blackbody radiation deposits the foundation for radiative

heat transfer(RHT)[115]. In fact, Planck’s blackbody theory [1] is not valid when dis-

tances between objects are comparable to the thermal wavelength, i.e., on the order of

micrometers at room temperature. In the early 1970s, scientists started to pay atten-

tion to this problem qualitatively. Rytov[116] developed a general theory in the 1950s,

known as FE. Then Polder and von Hove (PvH) gave the first formula for the RHT with

a parallel-plate configuration[28, 117], which assumes a Landauer form in the parlance

of mesoscopic transport theory[107]. In that calculation, the electromagnetic wave is

treated through Maxwell’s equations. And the quantum effects are only considered in

the quantum version of the fluctuation-dissipation theorem. Later, FE method has been

applied to study the RHT in other symmetric configurations, such as sphere-plate[2],

cylinder-plate[3], as well as one-dimensional gratings[4]. Under the context of pho-

51



4.1. Introduction

tonic thermal management, the NFRHT[118, 119] between different 2-d materials are

studied[6, 120, 121], while novel concepts are frequently proposed, e.g. vacuum thermal

rectifier[105], near-field thermal transistor[13] and radiative thermal memory device[15].

Recently, precision measurements of RHT in nanoscale gaps were achieved in different

materials with plane-plane or tip-plane configurations[7, 9, 40, 104, 122]. As a whole,

sixty years after its birth, fluctuation electrodynamics continues to stimulate interests

across a broad spectrum of the scientific community.

Except for a few works[123–126], the quantity of interest for RHT has always con-

centrated on the calculation of electromagnetic energy flux density, i.e., the Poynting

vector[6, 120, 121]. Further, one regularly holds current or polarization density as the

only fluctuating source responsible for RHT[2–4, 30, 127]. While FE method has been

very successful, some questions persist: down to which length scale does a semiclassical

theory as such remain valid? Is current fluctuation the only mechanism to be accounted

for in electromagnetic heat transfer? Such are the issues we want to address in this

Chapter. Based on a double quantum dots model, we give a detailed account of the

fully quantum-mechanical treatment of thermal radiation proposed in a recently sub-

mitted paper[128]. We focus on the scalar field, which was initially thought to be for

the sake of simplicity. However, ignoring the vector potential A[129] (which arises from

current fluctuation) reveals that charge fluctuation (to which is associated the scalar po-

tential) plays an equally if not more important role in the RHT within short distances.

In particular, we identify a length scale much smaller than the thermal wavelength at

room temperature.

From a methodological perspective, the calculation of RHT can be explained as

an open system. Since in steady state, we need a source capable of supplying energy

for an indefinite amount of time. For two bodies placed extremely close to each other

(<10 nm), which is now experimentally possible[7, 9, 40, 104, 122], a fully-quantum

description is required. In this respect, NEGF is the usual choice of method. It has been

used to study quantum thermal transport of electrons and phonons [64, 71, 130–132],

and we wish to extend this method to the case of photon-mediated thermal transport.
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Importantly, we go beyond the ballistic treatment and consider the nonlinear interactions

between the scalar field and the electrons.

This Chapter is formed as follows. We begin with a constructing two-dot capacitor

model in section (4.2), where we also write down the Hamiltonian, discuss the quan-

tization of electrodynamics and the inverted harmonic oscillator. In section (4.3), we

outline the NEGF methods, solve the Dyson equation and present the Keldysh equation.

In section (4.4), we quantize a “Poynting scalar” (heat flux due to the Coulomb inter-

action) and relate its expectation value to a Green’s function. In section (4.4.2), we

analyze the current expression under different limiting procedures to represent a physical

picture from our simple model. In section (4.5), we take the problem of self-energy cal-

culations. Three approximations are discussed, putting into perspective Rytov’s theory

and our NEGF approach. In section (4.6), numerical simulations of our theory are given,

allowing us to investigate two-dot transport behaviors. We conclude and summarize in

section (4.7).

4.2 Model construction

In this section, we deal exclusively with a one-dimensional field. By one dimension, we

do not mean that our physical system is a one-dimensional line. Instead, we assume

the fields (the scalar potential, or the electric field) which live in a three-dimensional

space, depend only on one single variable z. Thus, a three-dimensional parallel plate

with sufficiently large cross-sectional area A belongs to a one-dimensional problem.

4.2.1 The Lagrangian of model

We fist consider nanoscale parallel plates with a possible charge of either 0 or −Q as

shown in Fig. (4.1) and small cross area A. We regard this system as two quantum dots

mathematically. It is like a mean-field approximation because we ignore the electron-

electron interaction in the nanoscale plate. To each dot is connected a reservoir, allowing

its charge to fluctuate and generate radiation. This simple model allows for analytically

tractable expressions, all the while providing an essential ingredient for radiative heat
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Fig. 4.1: Schematic of the two-dot capacitor model. Scalar photons permeate the space, with TL and
TR indicating the photon bath temperatures. Electrons of onsite energies v0 and v1 are located at
z0 = 0 and z1 = d, connected to fermionic reservoirs at temperatures and chemical potentials (T0, µ0)
and (T1, µ1) respectively.

transfer: two separated systems connected to two baths. We postulate the Lagrangian

as L = Le + Lγ + Lint, with

Le =
∑
j=0,1

c†j
(
i~ċj − vjcj

)
+
∑
j=0,1

∑
k∈bath

d†jk(i~ḋjk − εjkdjk)

−
∑
j=0,1

∑
k∈bath

(
Vjkc

†
jdjk + H.c.

)
,

Lγ =s
∫
dz

[
−1

2 φ̇
2 + c2

2

(
∂φ

∂z

)2]
,

Lint =−
∑
j=0,1

(−Q)c†jcjφ(zj).

(4.1)

Here we assume a tight-binding model for the electrons represented by fermionic annihi-

lation operators cj and creation operators c†j . The electrons are located at positions zj

with z0 = 0 and z1 = d. The onsite energy of dot j is vj . The electrons themselves at

different sites do not have direct hopping coupling but the electrons are coupled to their
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respective baths. Electron bath j is described by fermionic operators d†jk with energy

εjk and is coupled to dot j via a tunneling amplitude Vjk, where k’s are the reservoir

modes. For the field φ(z, t), we have defined the scale factor s = ε0A/c
2, where ε0 is

the vacuum permittivity, A is the cross-sectional area of the plates, c is the speed of

light, and the integral extends from −∞ to ∞. We split this integral into three parts,

(−∞,−L/2], [−L/2, L/2], and [L/2,+∞), and consider them to be the left photon

bath, central region, and right photon bath.

The most striking feature of the Lagrangian is the scalar field part. Since we can split

the Lagrangian as L = T−V , the kinetic energy minus the potential energy, we see that

the Lagrangian for the field has both a negative kinetic energy and a negative potential

energy. This is the correct Lagrangian to use since it gives the wave equation with the

charge as the source from the principle of least action (δ
∫

(Lγ +Lint)dt = 0)[133, 134],

1
c2 φ̈−

∂2φ

∂z2 = ρ

ε0
= 1
ε0A

∑
j

(−Q)c†jcjδ(z − zj). (4.2)

We note that in the limit c→∞, it reduces to the (one-dimensional) Poisson equation

for the potential.

4.2.2 Canonical quantization and Hamiltonian

The introduction of the Lagrangian gives us a good starting point to quantize the system

according to the canonical quantization scheme. We compute the conjugate momenta

for the dynamical variables cj , c†j , and φ:

Pcj = ∂L

∂ċj
= i~c†j ,

P
c†j

= ∂L

∂ċ†j
= 0,

Πφ(z) = δL
δφ̇(z)

= −sφ̇(z).

(4.3)

The last derivative above is a functional derivative since φ̇(z) is a field that depends

continuously on z.
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We impose canonical commutation relations to quantize the system, turning numbers

into operators. However, the fermionic degrees of freedom are already in a quantized

form. More precisely, we should think of cj and its Hermitian conjugate as Grassmann

numbers obeying the anti-commutation relation, cjc†k + c†kcj = δjk. For the field, we

have:

[φ(z), φ(z′)] = 0,

[Πφ(z),Πφ(z′)] = 0,

[φ(z),Πφ(z′)] = i~δ(z − z′).

(4.4)

Due to the negative-definite kinetic energy term, the last commutation relation, i.e.

[φ̇(z), φ(z′)] = (i~/s)δ(z − z′), differs from the usual ones for phonons (or transverse

photons) by a minus sign.

The quantum Hamiltonian is obtained from the Legendre transformH =
∑
j

(
Pcj ċj+

P
c†j
ċ†j
)

+
∫
dzΠφ(z)φ̇(z)− L, giving H = Hγ +He +Hint[128], with:

Hγ =− s
∫
dz

1
2

[
φ̇2 + c2

(
∂φ

∂z

)2]
,

He =
∑
j=0,1

vjc
†
jcj +

∑
j=0,1

∑
k∈bath

εjkd
†
jkdjk +

∑
j=0,1

∑
k∈bath

(
Vjkc

†
jdjk + H.c.

)
,

Hint =
∑
j

(−Q)c†jcjφ(zj),

(4.5)

where Hγ is the free scalar photon Hamiltonian. In our model, we regard the photon

field as a scalar wave propagating at the speed of light, and restrict the 3D photon field

to an infinite cuboid with cross-sectional area A. From the free photon Hamiltonian,

we see that the scalar field obeys a wave equation: ∂2φ
∂z2 − 1

c2
∂2φ
∂t2 = 0 in free space. Hint

is the interaction between electrons and the scalar potential which assumes the form

qjφ(zj), where the charge operator at site j is given by qj = (−Q)c†jcj .

In above models, one question is the use of Lorenz gauge without vector potential—

this seems to be incompatible with the gauge condition, φ̇/c2 + ∇ ·A = 0. However,

recall that we wish to focus on charge fluctuation, so we shall forego completely the
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transverse1 current J⊥ = 02. This way, the only part left of the vector potential

A = A⊥+A‖ is its longitudinal part A‖. Now, in the limit c→∞, one has ∇·A‖ = 0,

which together with A⊥ = 0 implies a vanishing A. Thus it is possible to work under

Lorenz gauge with a zero vector potential, provided that the current is irrotational,

∇ × J = 0, and that we take c → ∞ at the end. A finite speed c is needed for

canonical quantization, for otherwise there will be no generalized velocity φ̇ in the

Hamiltonian which will result in a vanishing conjugate momentum Πφ = 0. In the limit

of taking c → ∞, our scalar field description is completely equivalent to the Coulomb

interaction[129].

4.2.3 Inverted harmonic oscillator

Another question is how to deal with a negative-definite Hamiltonian Hγ? One does

not encounter this problem in the standard quantum electrodynamics[135], because the

negative-definite scalar photon Hamiltonian gets canceled precisely by its longitudinal

counterpart that arises from the vector potential[133, 134], resulting in a total free

photon Hamiltonian that remains positive definite. Here, we circumvent this difficulty

by assigning negative temperatures to the photon baths. However, in the limit c→∞,

the Coulomb interaction—which does not propagate —is recovered, and the photon

baths being placed at ±∞ are immaterial in actual calculations.

The photon baths can be understood as a collection of independent oscillators. Thus,

it is sufficient to study a single-mode oscillator at, say, frequency ω0 > 0. However,

these oscillators are inverted, with a negative kinetic energy and negative potential

energy. Such model has been studied by Glauber[136] as a quantum amplifying device.

Here we see it is necessary to ‘build’ a photon bath.

Consider thus a single-oscillator Lagrangian L = T − V = −1
2(u̇)2 −

(
−1

2ω
2
0u

2
)
.

The conjugate momentum is p = −u̇. This implies the canonical commutation relation

is
[
u, p

]
= [u̇, u] = i~. The Hamiltonian is the negative of the usual one, H =

1For a smooth vector field V admitting Helmholtz decomposition[134], i.e. V = V⊥ + V‖, its
transverse and longitudinal part satisfy respectively ∇ · V⊥ = 0 and ∇× V‖ = 0.

2The longitudinal current J‖ is needed for charge continuity equation but does not appear directly
in the Hamiltonian.
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pu̇ − L = −1
2
(
p2 + ω2

0u
2), which is negative definite. We can introduce the creation

and annihilation operators in the usual way, u =
√
~/(2ω0)

(
a+ a†

)
, and −p = u̇ =

i
√
~ω0/2

(
−a+ a†

)
. This leads to the commutation relation:

[
a, a†

]
= −1. (4.6)

The Hamiltonian can then be written as:

H = −1
2~ω0

(
aa† + a†a

)
= −~ω0

(
aa† + 1

2

)
, (4.7)

where the extra −~ω0/2 is the zero-point motion energy, and aa† is the number oper-

ator. Since
[
H, a

]
= −~ω0a, and

[
H, a†

]
= ~ω0a

†, the meaning of a† (a) increasing

(decreasing) the energy by ~ω0 remains the same as in the usual oscillator. Since the

eigen-energies of the system cannot be positive, the raising operation must terminate at

the zero-number state. This gives the condition a†|0〉 = 0. Thus, how the eigenstates

are built is now different. The eigenvalues are En = −~ω0(n+ 1/2), n = 0, 1, 2, · · · ,

with the eigenvectors ∝ an|0〉.

We can work out the statistical mechanics of the problem. The average occupation

number in a canonical ensemble is:

〈
aa†

〉
H

=
Tr
(
aa†e−βH

)
Tr (e−βH) = 1

e−β~ω0 − 1 ≡ N−β(ω0). (4.8)

In deriving the above, one encounters a geometric series in eβ~ω0 , which, for ω0 > 0,

converges only if β < 0. Thus, we see that the partition function is defined only

for β < 0, i.e. statistical mechanics demands that scalar photon baths yield negative

absolute temperature. Also,
〈
a†a

〉
H

=
〈
aa†

〉
H

+ 1 = −Nβ(ω0). One can check that

the fluctuation-dissipation theorem holds in the usual way,

D<(ω) = Nβ(ω)
(
Dr(ω)−Da(ω)

)
,

D>(ω) =
(
Nβ(ω) + 1

)(
Dr(ω)−Da(ω)

)
,

(4.9)
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where the Green’s functions are defined in the variable u according to the usual convention[64,

71].

4.3 NEGF, Dyson equation and Keldysh equation

4.3.1 NEGF and Dyson equation

In Rytov’s theory[116], one focuses on the electromagnetic fields due to fluctuating

sources whose autocorrelation function is given phenomenologically. On the other hand,

NEGF focuses on correlation functions and allows fields, matter and their interaction

to be studied altogether. As discussed below, the two approaches are equivalent under

the local equilibrium approximation. However, NEGF can handle electron-photon inter-

actions in a perturbative way or through mean-field schemes such as the self-consistent

Born approximation. Thus, NEGF is a more general and more powerful method.

In the formalism of NEGF, we define the contour-ordered Green’s function for

photons[41, 64, 71]:

D(z, τ ; z′, τ ′) = 1
i~
〈
Tτ∆φH(z, τ)∆φH(z′, τ ′)

〉
H

= 1
i~
〈
Tτ∆φ(z, τ)∆φ(z′, τ ′)e−

i
~
∫
Hint(τ ′′)dτ ′′〉

Hγ+He ,

(4.10)

where the first line is in the Heisenberg picture with time evolution according to the

total Hamiltonian H, while on the second line, we have transformed the variables into

the interaction picture. The interaction Hamiltonian is

Hint(τ) =
∑
j

(−Q)c†j(τ̃)cj(τ)φ(zj , τ). (4.11)

Above, τ and τ ′ are Keldysh contour times. τ̃ = τ + ∆τ . Under Tτ , i.e., the contour-

ordering operator, τ̃ is always slightly later than τ . This is to avoid swapping the number

operator c†jcj to cjc
†
j . 〈. . . 〉 = Tr(ρCρBργ . . . ) is the product initial state (ρC(Bγ) is the

density matrix in center system, electron baths, and free photon system) and the thermal

state is assumed to be of the Gibbs form ∝ e−βiHi . Particularly noteworthy is that we
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4.3. NEGF, Dyson equation and Keldysh equation

have already incorporated the effect of the scalar photon baths in the distribution ργ ,

as well as the effect of electron baths in ρB so that these quadratic coupling terms do

not appear in Hint which only contains nonlinear electron-photon interactions.

The standard diagrammatic expansion (or equation-of-motion method) can be used

to cast the result in a Dyson equation,

D(z, τ ; z′, τ ′) = D0(z, τ ; z′, τ ′) +
∑
j

∫
dτ1

∫
dτ2D0(z, τ ; zj , τ1)Πj(τ1, τ2)D(zj , τ2; z′, τ ′).

(4.12)

Because of the extreme locality in our interaction terms, the self energies Πj take discrete

values at the site of electrons, and is diagonal in index j. Applying the Langreth rules[41],

and using time-translational invariance, the contour-ordered photon Green’s function can

be made simple in the frequency domain after Fourier transform. This results in a pair

of equations, the Dyson equation for the retarded component,

Dr(z, z′, ω) = Dr
0(z, z′, ω) +

∑
j

Dr
0(z, zj , ω)Πr

j(ω)Dr(zj , z′, ω), (4.13)

where Πr
j(ω) is the retarded photon self-energy of dot j, and the Keldysh equation which

will be discussed in the next subsection.

In order to fully specify the problem and discuss its solution, one needs to give a

recipe to compute Dr
0, which is the Green’s function for the free photon (including the

effect of “Rubin” baths on the left and right sides) governed by the Hamiltonian Hγ .

Dr
0(z, t; z′, t′) = 1

i~
θ(t−t′)

〈
[φ(z, t), φ(z′, t′)]

〉
Hγ
. (4.14)

The easiest approach is to consider the equation of motion of the retarded Green’s

function. Taking derivatives with respect to t twice, using the commutation relations

for φ given by Eq.((4.4)), we obtain

ε0A

(
1
c2
∂2

∂t2
− ∂2

∂z2

)
Dr

0(z, t; z′, t′) = δ(z − z′)δ(t− t′). (4.15)

60



Chapter 4. Capacitor physics in ultra-near-field heat transfer

Define the usual Fourier transform:

Dr
0(z, z′, ω) =

∫ +∞

−∞
Dr

0(z, t; z′, 0)eiωt dt, (4.16)

and using time translational invariance, we obtain

− ε0A
[(

ω

c
+ iη

)2
+ ∂2

∂z2

]
Dr

0(z, z′, ω) = δ(z − z′). (4.17)

We have added a damping term η → 0+ so that the inverse Fourier transform satisfies

Dr
0(z, t, z′, 0) = 0 for t < 0, consistent with the definition. The differential equation

can be solved, yielding the solution

Dr
0(z, z′, ω) = −e

i(ω
c

+iη)|z−z′|

2Ω , (4.18)

where Ω = iε0A
(
ω
c + iη

)
, and it is an important parameter which appears prevalently

in this work.

Although the full photon Green’s function Dr is defined for the continuum of z, its

solution is essentially characterized by the set of points zj where electrons sit. Thus,

we can solve the Dyson equation in matrix form, specializing z and z′ to the points

{zj} ∪ Z, where Z is a set of discrete points outside the locations of the electrons.

This feature is very convenient, as it turns a continuum problem defined for all z into a

discrete problem. The solution is given in matrix form by D = (D−1
0 −Π)−1.

Alternatively, we can also act the differential operator appearing on the left of Dr
0

in Eq. ((4.17)) to the Dyson equation, and obtain the differential equation:

−ε0A
[(

ω

c
+ iη

)2
+ ∂2

∂z2

]
Dr(z, z′, ω) = δ(z − z′) +

∑
j

δ(z − zj)Πr
j(ω)Dr(zj , z′, ω).

(4.19)

This equation can be interpreted as the scalar potential generated by a unit active

(external) charge located at z′, together with the induced extra charges at the electron

sites, zj , due to the linear response to the applied field. Indeed, the induced charge at
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4.3. NEGF, Dyson equation and Keldysh equation

site j is given by δqj = Πr
jφ(zj), and Πr

j is the associated response function (dynamic

susceptibility of the charge). In fact, Πr
j is exactly the dielectric constant in disguise,

given by εj = 1− v ∗Πr
j , where v is the bare Coulomb potential. The detailed solutions

for Dyson equation are showed in Appendix (4.8.1).

4.3.2 Keldysh equation

While the retarded Green’s functions describe the nature of wave propagation and the

equation of motion, (nonequilibrium) thermal dynamic distributions are given by the

lesser or greater Green’s functions. Since the left side for z < −L/2 and z > L/2 are

designated as photon baths, their effect should be reflected in the distribution. Thus,

the lesser Green’s function must be based on the decoupled subsystems, symbolically,

in the form D = d+ dΠD (defined on contour), where d is the Green’s function of the

isolated center (see Appendix (4.8.2)), Π includes the contributions from the dots, Πi,

as well as the photon baths, ΠL and ΠR. The Keldysh equation associated with this

contour-ordered Dyson equation is then

D<(z, z′, ω) =
∑
j

Dr(z, zj , ω)Π<
j (ω)Da(zj , z′, ω), (4.20)

where {zj} = {−L
2 , 0, d,

L
2 } and {j} = {L, 0, 1, R} for the two-dot model. The ad-

vanced Green’s function is given by Da(z, z′, ω) = Dr(z′, z, ω)∗.

In Appendix (4.8.2), we show that the bath self-energy is:

Π<
α (ω) = 2ΩNα(ω), α = L,R (4.21)

Π>
α (ω) = 2Ω

(
1 +Nα(ω)

)
, (4.22)

whereNα(ω) = 1/
(
exp(βα~ω)−1

)
is the Bose function at temperature Tα = 1/(kBβα).

Since our baths have negative-definite Hamiltonians, they have to be assigned negative

temperatures, βα < 0, for a convergent partition function (see section (4.2.3)).
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4.4 Energy Currents

4.4.1 Poynting scalar

After setting up the machinery to compute the Green’s functions, we now consider how

to connect them to physical observables. In our problem, the most important physical

quantities are the energy currents. We define the energy leaving the baths as positive,

thus,

Iα = −
〈
dHα

dt

〉
, (4.23)

where α = L, R, and j. We denote the left (right) photon baths by HL (HR), while

HB
j , j = 0, 1, · · · refer to the electron baths. Referring to Fig. (4.1), the conservation

of energy is easy to understand, IL + I0 + I1 + IR = 0. The lead currents are given by

the well-known Meir-Wingreen formulas[41, 72]:

Ij =
∫ +∞

−∞

dE

2π~E
[
G>j (E)Σ<

j (E)−G<j (E)Σ>
j (E)

]
, (4.24a)

Iα = −
∫ +∞

−∞

dω

4π ~ω
[
D>(ω, zα, zα)Π<

α (ω)−D<(ω, zα, zα)Π>
α (ω)

]
. (4.24b)

where j = 0, 1, α = L,R, and zL = −L/2, zR = L/2.

In addition to the currents leaving the baths, we can also ask: what is the energy

current between the dots, or between the dot and photon baths? Towards that end,

we shall derive an expression for the energy current carried by the scalar photons. For

lack of a better name, we shall call it as the “Poynting scalar”, in analogy to classical

electrodynamics and reminding oneself that this energy is carried by scalar photons.

According to the Hamiltonian (treated classically), Eq. ((4.5)), the energy per unit

volume is

u(z, t) = −ε02

[
φ̇2

c2 +
(
∂φ

∂z

)2]
. (4.25)

Differentiating this expression with respect to time, and using the equation of motion

of φ in vacuum, we write ∂u/∂t+ ∂j/∂z = 0, with

j(z, t) = ε0φ̇
∂φ

∂z
. (4.26)
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This will be our starting point to derive a quantized “Poynting scalar” at location z.

First and foremost, a symmetrization is in place to ensure hermiticity:

ε0φ̇
∂φ

∂z
−→ ε0

2

[
˙̂
φ
∂φ̂

∂z
+ ∂φ̂

∂z
˙̂
φ

]
(4.27)

We now discuss the necessity of anti-normal ordering to remove the zero-point motion

contribution. Consider the Hamiltonian Eq. (4.5) without the electron-photon interac-

tion Hint, which is a solvable system, with the scalar field φ given by:

φ̂(z, t) =
∑
q

√
~

2ωqsL
(
âqe

i(qz−ωqt) + H.c.
)
. (4.28)

Here, q is the wavevector and ωq = c|q| is the dispersion relation. The bosonic an-

nihilation âq and creation operator â†q satisfy an unusual commutation relation, i.e.

[âq, â†p] = −δqp.

Were (4.27) the quantized expression of the “Poynting scalar”, one would have:

ĵ(z, t) = ε0
∑
q,q′

sgn(q′)
~√ωqωq′

2scL (âqei(qz−ωqt) −H.c.)(âq′ei(q′z−ωq′ t) −H.c.)

=ε0
∑
q,q′

sgn(q′)
~√ωqωq′

2scL
(
[âqâq′ei(q+q

′)z−i(ωq+ωq′ )t − âqâ†q′e
i(q−q′)z−i(ωq−ωq′ )t] + H.c.

)
.

(4.29)

which, upon taking the expectation value with respect to the zero-photon state |0〉,

yields:

〈0|ĵ(z, t)|0〉 = −ε0
∑
q

~ωq
2scLsgn(q)〈0|â†qâq + âqâ

†
q|0〉. (4.30)

Recall that in present there is no Hint but only the free photon field, so the above is

expected to vanish. In section (4.2.3), we show that the unusual commutation relation

imposes â†q|0〉 = 0. Therefore, one should perform an anti-normal ordering on (4.27):

ĵ = ε0
2 | :

˙̂
φ
∂φ̂

∂z
+ ∂φ̂

∂z
˙̂
φ : |, (4.31)

with | : · · · : | the anti-normal ordering, so that in the non-interacting scenario the current
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expectation value is zero. Having achieved the purpose of quantizing the “Poynting

scalar”, we shall also drop the hats on the quantum operators. We show in Appendix

C that when the expectation value is taken (with respect to a nonequilibrium steady

state), the above can be written as:

〈j(z)〉 =ε0
∫ ∞

0

dω

π
~ωRe ∂D

>(ω, z, z′)
∂z′

∣∣∣∣
z′=z

. (4.32)

Energy conservation dictates that IL + I0 = Aj(d/2) and I1 + Aj(d/2) + IR = 0.

Therefore, it is mandatory for the “Poynting scalar” to agree with the heat current

entering the photon bath. Indeed, it can be shown that IL,R = Aj(z) when z < 0 or

z > d, as outlined in the next section. In what follows, we shall refer to the integrand

in Eq. (4.32) as the “spectral transfer function”.

4.4.2 Currents in various limits

Notice that the parameters η, L are introduced to dodge the pole of the retarded unper-

turbed photon Green’s function, and to give our problem a finite size. Recall also that

the speed of light c should be taken as ∞ for a gauge-consistent theory. In this section,

we consider different limiting procedures for these parameters η, c, L, and discuss their

significance by studying the resulting current expression.

η → 0+ limit

First, we consider the perfect medium limit, η → 0+, keeping the other parameters

of the model fixed. Only in this limit, the energies Iα from various baths are strictly

conserved during wave propagation. Indeed, for η → 0+, the parameters λ, δ, and γ

become phase factors with unit modulus. As a result, the retarded and lesser photon

Green’s functions become independent of the central region size L, and j(z) is piecewise

constant.

We give the heat current calculated from Meir-Wingreen formula, IL, IR, as well

as the “Poynting scalar” expression Aj(z), for z < d, 0 < z < d, and z > d without

committing ourselves to the actual form of the self energies due to electrons, Πr,<,>
0,1 .
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For the bath spectral functions, we have Πr
α − Πa

α = Π>
α − Π<

α = 2Ω, α = L,R. So

these formulas are still fairly general. The formulas are obtained straightforwardly using

the solutions of the retarded Green’s function Dr, together with the Keldysh equation,

D<,> = DrΠ<,>Da, and the assumption |λ| = |γ| = |δ| = 1:

IL = −
∫ +∞

−∞

dω

2π ~ωΩ
{
|D00|2

(
Π>

0 NL −Π<
0 (NL + 1)

)
+

|D01|2
(
Π>

1 NL −Π<
1 (NL + 1) + 2Ω(NR −NL)

) }
.

(4.33)

Here, NL and NR are the Bose functions associated with the photon baths, and D00

and D01 are defined in Appendix (4.8.1). A similar expression can be written down for

IR. The “Poynting scalar” formula is

Aj(z < 0) = −
∫ +∞

0

dω

π
~ωΩ

{
|D00|2

(
Π>

0 + 2Ω(NL + 1)
)

+ |D01|2
(
Π>

1 + 2Ω(NL + 1)
)

+ (NL + 1)
(
D∗00 −D00

)}
.

(4.34)

Since IL and Aj(z < 0) have the same physical meaning–the energy from the left

bath going to the right–they should be identical. Indeed, this can be shown using an

important identity for the Green’s functions[137]:

Dr −Da = Dr(Πr −Πa)Da, (4.35)

where Dr, Πr, etc., are 4 × 4 matrices whose entries correspond to the positions z ∈

{−L/2, 0, d, L/2}, and Πr is diagonal with diagonal elements {Πr
L,Π0,Π1,Πr

R}. Using

this identity, and the relation Πj−Π∗j = Π>
j −Π<

j , j = 0, 1, the last term ImD00 in the

“Poynting scalar” formula can be transformed into a form involving the self energies,

and the equivalence is proved.

Local equilibrium approximation (LEA)

As the electron contributions to photon self energies, Πr,<
j , are not known exactly,

one has to make various approximations in order to make concrete predictions. In this

paper, we consider three kinds of approximations. The local equilibrium approximation,
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the Born approximation (BA), and the self-consistent Born approximation. We first

elaborate on the LEA. By LEA, we mean that the electrons are in respective equilibrium

with the associated electron baths. Specifically, we assume that the electron-photon

interaction is so weak that the thermal equilibria of the electrons are not disturbed. Thus,

the charge’s degrees of freedom being in equilibrium, the corresponding self energies

satisfy the fluctuation-dissipation theorem:

Π<
j = Nj(Πj −Π∗j ),

Π>
j = (Nj + 1)(Πj −Π∗j ), j = 0, 1.

(4.36)

Notice that the photon self energies are related to the charge’s degrees of freedom

c†jcj , so the flucutation-dissipation theorem is boson-like, with Bose function Nj =

1/(exp(βj~ω)− 1).

Under LEA, our theory is identical to Rytov fluctuation electrodynamics[107] (except

here, we consider charge fluctuations). We denote the transmission function by Tαβ(ω).

For our two-dot model, there is a “detailed-balance” condition, i.e. Tαβ(ω) = Tβα(ω).

Based on such relation, the four-terminal Laudauer-Büttiker form of current expression

can be derived for the bath α = L, 0, 1, and R:

Iα =
∫ ∞

0

dω

2π ~ω
∑

γ=L,0,1,R

[
Nα(ω)−Nγ(ω)

]
Tαγ(ω). (4.37)

This form guarantees energy conservation explicitly,
∑
α Iα = 0. The transmission
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functions are given explicitly by:

T01 =
∣∣∣∣4Ω
D

∣∣∣∣2 ImΠ0 ImΠ1, (4.38)

T0L = 4|Ω|
∣∣D00

∣∣2 ImΠ0, (4.39)

T0R = 16
|D|2
|Ω|3 ImΠ0, (4.40)

T1L = 16
|D|2
|Ω|3 ImΠ1, (4.41)

T1R = 4|Ω| |D11|2 ImΠ1, (4.42)

TLR = (2Ω)4

|D|2
. (4.43)

The diagonal terms Tαα are irrelevant, and other terms are obtained by symmetry,

Tαβ = Tβα.

We consider some special cases. If Π0 = Π1 = 0, i.e. a system with no dot, then all

the transmission functions are 0 except TLR = 1. This represents a perfect transmission

from the left bath to right bath. If the two photon baths have different temperatures,

the whole system is not in thermal equilibrium and an energy current flows between the

two photon baths.

Next, we consider the energy exchange between scalar photons and electrons. Notice

that ImΠj < 0 if ω > 0 as shown in Fig. (4.2). This means that the transmission

coefficients between the photon baths and electron, i.e. Eqs. (4.39)–(4.42) are negative.

Now, scalar photon baths, having negative-definite Hamiltonians, must be assigned

a negative temperature (see section (4.2.3)). Therefore, the difference of the Bose

function between a scalar photon and an electron bath is always negative, i.e. NL/R −

N0/1 < 0 for ω > 0. Thus the integrand in the Landauer-Büttiker formula (4.37)

is always positive when we consider the energy contributed by scalar photons to the

electrons. This matches the expectation that a negative temperature is hotter than

any positive temperature[138, 139]. However, as we discuss in the following subsection,

scalar photon baths will not play any role when c→∞.
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Fig. 4.2: Real and imaginary part of the photon self-energy.

c→∞ limit

Infinite speed of light is the limit that must be taken for a gauge-consistent theory.

One could think of c as a speed that is needed only for field quantization. Once it has

served this purpose, in all resulting expressions, e.g. the current formula, transmission

coefficients, one eliminates c by letting it goes to infinity.

Returning to the transmission coefficients, observe that the speed of light appears

in Ω = iε0Aω/c = O(1/c) (we already sent η to 0+), and also D = O(1/c). Using

this fact, the coefficients that involve at least one photon bath, i.e. Eqs. (4.39)–(4.43)

can be shown to vanish, leaving T01 as the only nonzero transmission. This shows that

in the strict Coulomb interaction limit, energy cannot be transmitted to long distances.

We also comment that the infinite speed limit is a robust limit independent of how the

other limits (η and L) are taken.

When c → ∞, the transmission function between dot 0 and dot 1, Eq. (4.38)
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simplifies to:

T01 = 4 ImΠ0 ImΠ1
|Π0 + Π1 −Π0Π1/C|2

, (4.44)

where the parameter C = ε0A/d is precisely the capacitance of the parallel plate capac-

itor. This shows that our model contains indeed the physics of parallel-plate capacitors.

Furthermore, the pole of (4.44) gives a critical length d̃:

d̃ = ε0A

( 1
Π0(0) + 1

Π1(0)

)
, (4.45)

where the self energies are evaluated at zero frequency. Notice that d̃ is a negative

quantity in normal systems, so the transmission never really diverges. But d̃ is a length

scale that differs markedly from the thermal wavelength λT = 2π~c/(kBT ).

L→∞ limit

In contrast to the above two limits, we get rid of the photon bath in a technically

consistent way, that is, we let the medium (the vacuum) be dissipative, and we put the

baths at ±∞. In the limit L→∞ but keeping η finite, the medium consumes the bath

energies. As a result, the bath contribution disappears. Since the baths are infinitely far

away, their energies are dissipated on the way to the dots, so it is equivalent to having

a distribution which is strictly 0. We are left with the dots only.

In Fig. (4.3), we numerically check the distance dependence of heat current in three

different limits. We find that blue circles and green triangles almost coincide with the

red solid line. This indicates that the currents in three different limits are consistent:

the c→∞ limit is similar with both LEA and BA. However, energy conservation of the

whole system is not guaranteed under BA. Hence, in numerical calculations, it is the

self-consistent Born approximation (SCBA) that we use to calculate the nonequilibrium

“Poynting scalar”.
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Fig. 4.3: Distance dependence of heat current under different limits. The temperature of dot 0 is 1000
K and dot 1 is 300 K. In LEA calculation, the temperature of left and right photon bath is set as -30 K.
The onsite energy of dot 0 is 0.0 eV and dot 1 is 0.01 eV. The chemical potential of dot 0 is 0.0 eV and
dot 1 is 0.02 eV. We take the wide band limit(4.51), with Γ0 = 1 eV and Γ1 = 0.5 eV, E0 = E1 = 50
eV. The Q factor is 1e and the area of capacitor A = 19.2×19.2 nm2.

4.5 Calculations of self energies

To make numerical predictions of our analytic formulas for the currents, we need a way

of computing the photon self energies. If the local equilibrium approximation (LEA) is

assumed, we only need to know the retarded self energies. This correlation function can

be calculated exactly since we assume that the electrons are kept in equilibra with the

baths, unaffected by the photons. A formula is given in Appendix (4.8.3). However,

if the electron-photon interaction of our model is taken into account, there is no exact

method for such calculations, except the purely formal Hedin equation[140]. Thus, we

consider various approximation schemes.
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4.5. Calculations of self energies

4.5.1 Photon self-energy

In a diagrammatic expansion of the contour-ordered scalar photon Green’s function

D(τ, τ ′), we can write the result as a Dyson equation. The lowest order term in this

expansion for the self-energy (all the irreducible diagrams) Π(τ, τ ′) is [42, 141]

Πjk(τ, τ ′) ≈
1
i~
〈
Tτqj(τ)qk(τ ′)

〉
He
, (4.46)

where qj = (−Q)c†jcj is the charge operator at site j. Notice that Πjk(τ, τ ′) = 0 if

j 6= k, true for all orders, because we excluded inter-dot coupling in the Hamiltonian

(4.5). In other words, electrons are not allowed to jump from one site to the other. Since

Π is diagonal, we use the notation Πj ≡ Πjj . After applying Wick’s theorem[142], the

resulting expression can be written as a series of diagrams, see Fig. (4.4). If we stop here

and use the equilibrium distributions of the electrons G0, we obtain LEA, as discussed

earlier. This is however not an exact result. We have neglected many diagrams and

kept only the loop (polarization) diagram (see Fig. (4.4)(a)). In particular, we have

ignored a class of nontrivial diagrams known as ladder diagrams (see Fig. (4.4)(b)). In

order to include systematically the ladder diagrams, we need to solve the Bethe-Salpeter

equation[142, 143], which is computationally much more involved.

(a) (b)

𝜏 𝜏′ 𝜏 𝜏′

Fig. 4.4: Diagrammatic expansion of the photon Green’s function (4.10), including the photon lines
at both ends. (a) Lowest-order non-trivial loop diagram. (b) Typical ladder diagram in higher-order
expansions which are not included.

The next level of approximation is the Born approximation (BA). In the Born ap-

proximation, we do not use the equilibrium Green’s functions of the electrons. Instead,

we include the lowest order nonlinear self-energy as a perturbation. As it turns out,

this is a bad approximation, because energy conservation is not done consistently. More
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precisely, the energy conservation,
∑
Iα = 0, is violated at the next order (Q4) of

approximation.

Thus, for numerical simulations, we adopt the well-established self-consistent Born

approximation (SCBA)[130]. This calculation requires iterations until a convergence

criterion is attained. Fig. (4.5) shows the Ferman diagrams for electron self-energy

where the screened Coulomb interaction is donated by the double wiggled line and the

interacting Green function is denoted by a double straight line. In GW method, the self

energy is also given by similar diagrams. However the GW method can be derived when

we neglect the vertex corrections completely in Hedin equations. The SCBA used here

can be understood though GW methods and Hedin equations.

As mentioned, we only keep diagram (a) in Fig. (4.4). The nonlinear photon self-

energy in contour time is given by:

Πj(τ, τ ′) = −i~Q2Gj(τ, τ ′)Gj(τ ′, τ). (4.47)

After applying the Langreth rules[41], the photon self energies in real time read:

Π>
j (t) =− i~Q2G>j (t)G<j (−t),

Π<
j (t) =− i~Q2G<j (t)G>j (−t),

Πr
j(t) =θ(t)

[
Π>
j (t)−Π<

j (t)
]
,

(4.48)

where θ(t) is the Heaviside step function. In numerical calculations, we transform

Eq. (4.48) to the frequency domain using the fast Fourier transform.

4.5.2 Electron self-energy

For an unperturbed electron, the retarded Green’s function is written in standard form,

Gr0,j(ω) = 1
~ω − vj − Σr

b,j(ω) , (4.49)
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where the subscript 0 refers to the absence of interaction and vj is the onsite energy

of dot j, Σr
b,j(ω) is the retarded electron bath self-energy for electron bath j, given

explicitly by:

Σr
b,j(ω) =

∑
k∈bath

|Vjk|2

~ω + iηk − εjk
, (4.50)

where one must then specify the mode energy εjk, coupling strength Vjk and damping

factor ηk for mode k in bath j. In this work, we use the Lorentz-Drude model[144]:

Σr
b,j(ω) = Γj/2

i+ ~ω/E0,j
. (4.51)

The wide-band limit is obtained by taking E0 →∞, which reduces the self-energy to a

constant. Adding a decay makes it more physical, as the real time function Σr(t) has

an exponential decay with decay time ~/E0. This model has been used for electronic

transport studies of quantum dots[41, 144]. In calculations, we set Γ and E0 > 0

as constant. The free electron lesser Green’s function can be easily derived using the

fluctuation-dissipation theorem for electrons. When electron-photon interaction is ac-

tive, the full retarded Green’s functions are obtained from a Dyson equation and the

lesser Green’s function can be derived from Keldysh equation with external interaction

self-energy:

Grj(ω) = 1
~ω − vj − Σr

b,j(ω)− Σr
n,j(ω) , (4.52)

G<j (ω) =Grj(ω)[Σ<
b,j(ω) + Σ<

n,j(ω)]Gaj (ω). (4.53)

Σr,<
n,j (ω) is the retarded and lesser self-energy due to nonlinear electron-photon interac-

tions at site j. Σ<
b,j(ω) is the lesser Green’s function of the electron bath which can be de-

rived from the fluctuation-dissipation relation, i.e. Σ<
b,j(ω) = −fj(ω)[Σr

b,j(ω)−Σa
b,j(ω)],

where fj(ω) = 1/
{
exp([βj(~ω − µj)] + 1

}
is the Fermi distribution for dot j. Grj(ω) is

the total retarded Green’s function and G<j (ω) is the total lesser Green’s function. For

our two-dot capacitor model, the nonlinear self energies Σr,<
n,j (ω) can be obtained from

the Hartree and Fock diagrams[132] (see Fig. (4.5)) in a diagrammatic expansion for
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the Green’s function G(τ, τ ′).

(a) (b)
Fig. 4.5: Self energies in the diagrammatic expansion of the electron Green’s function G(τ, τ ′). (a)
Hartree term. (b) Fock term.

For each of the dots j = 0, 1, up to first non-trivial diagrams, we have, for the

nonlinear electron self energies:

Σ<
n,j(t) = i~Q2G<j (t)D<(zj , zj , t),

Σr
n,j(t) = θ(t)[Σ>

n,j(t)− Σ<
n,j(t)]

− i~Q2 ∑
k=0,1

[
−G<k (t = 0)

∫
dt′Dr

0(zj , zk, t′)
]
.

(4.54)

Hence, electrons interact with photons via the photon Green’s function D, which in turn

interacts with the electron Green’s function G. Thus the equations have to be solved

iteratively.

4.5.3 Computational Details

In actual calculations, we always take the limit c→∞, under which Eq. (4.60) reduces

to:

D00 =C −Π1
D

,

D11 =C −Π0
D

,

D01 =D10 = C

D
,

(4.55)
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where, as before, C = Aε0/d is the capacitance but the denominator is now D =

Π0Π1 − C(Π0 + Π1). With these coefficients, the radiative heat current in the limit

c→∞ simplifies from Eq. (4.32) to:

〈j〉 = 1
A

∫ ∞
0

dω

π
Re
[
i~ω|D10|2(Π>

1 ImΠ0 −Π>
0 ImΠ1)

]
. (4.56)

Numerically, the terms (4.55) diverge in the high frequency regime, leading to unstable

iterations under SCBA. To overcome this difficulty, we multiply Eq. (4.55) with an

artificial damping factor 1
1+(E/Ed)2 to help with convergence under SCBA and Ed is set

as 4 eV in the following calculations. We have checked numerically that despite this

artificial damping, energy conservation is still satisfied after several iterations.

4.6 Results and discussion

BA vs SCBA In this paragraph, we first discuss the differences between BA and SCBA.

The solid lines in Fig. (4.6) show the heat current between two quantum dots under BA

with different dot chemical potentials. A first observation is that the chemical potential

of quantum dots hugely influences the heat current. As the chemical potential increases,

the total heat current under BA decreases and eventually converges to the same value at

large dot separation. Such convergence can be understood by the evanescent properties

of the scalar field: with an increasing gap between the dots, the heat current density

decreases and ultimately becomes insensitive to the source properties. However, in sharp

contrast to BA, currents computed under SCBA (dotted lines) increase with chemical

potential. This can be understood as follows. As the chemical potential is increased

(within a reasonable parameter region), the dot becomes highly occupied, leading to a

stronger electron-photon interaction. Under SCBA, the self energies of electrons and

scalar photons are updated at each iteration, allowing this strong interaction to be more

aptly captured. On the other hand, BA crudely stops at just the first iteration. Therefore,

one expects the heat current to be enhanced under SCBA and not necessarily so for the

case of BA. Another observation is that both BA and SCBA show a convergence (at
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large dot separation) of heat currents towards two different chemical potentials. Finally,

it is seen that the chemical potential only affects the heat current at small distances,

which again can be understood from the rapidly-decaying property of the scalar field.
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Fig. 4.6: Distance dependence of heat current density for different dot chemical potentials, using either
BA or SCBA. The temperature of dot 0 is 1000 K and dot 1 is 300 K. The chemical potentials of both
dots are equal. Q = 1e.

Q and area dependence In our model, the parameter Q is the maximum charge at

the dot. It also determines the strength of electron-photon interaction. Fig. ((4.7)a)

shows the Q dependence of the heat current density at different chemical potentials. As

in Fig. (4.6), the heat current between two quantum dots can be amplified by increasing

the dot chemical potential. Besides, the heat currents at different chemical potentials

converge to the same value as Q is increased. This can be understood as follows: with

a strong electron-photon interaction, the electrons in quantum dots are less prone to

excitations by thermal fluctuation alone. Hence, the effect of chemical potential on the

heat current is expected to diminish for large Q.

For smaller values of Q, the heat current is more easily controlled by the chemical
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Fig. 4.7: Charge-dependence and area-dependence of the heat current density for different dot chemical
potentials under SCBA. (a) Charge-dependence of current density. (b) Area dependence of current
density. The left axis scale corresponds to the solid line and right axis scale corresponds to the dashed
line. The temperature of dot 0 is 1000 K and dot 1 is 300 K. The chemical potentials of both dots are
the same. The distance between the two dots is 19.7 nm.
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potential of quantum dots. However, as Q approaches zero, the heat current decays

rapidly, and vanishes for Q = 0. Therefore, this parameter needs to be optimally chosen

to control the heat transfer. For gold, the free electron concentration is 5.90×1022 cm−3

and the estimated value of Q is of the order of 103e. In this case, the scalar field is

therefore not expected to be the dominant heat transfer channel. On the contrary,

semiconductors or certain 2-d materials such as graphene have much lower free electron

density compared to bulk gold, Q ≈ 10−1e, hinting at a more controllable RHT by

tuning the chemical potential.

Fig. ((4.7)b) shows the area dependence of the heat current density between the

two dots. Comparing the peak positions of the solid and the dashed line (corresponding

to different Q), we find that the peak position is proportional to Q2. Hence, within

this parameter regime (0.1e < Q < 1e), the dot area A, which governs partly the

capacitance C = ε0A/d, plays a crucial role in the heat transfer.
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Fig. 4.8: Current calculation under SCBA and the blackbody limit in log-log plot. The temperature of
dot 0 is 1000 K and dot 1 is 300 K. The chemical potential of dot 0 is 0.0 eV and dot 1 is 0.02 eV.
Q = 1e and the area is set as 388 nm2.
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Scalar field vs blackbody limit Fig. (4.8) presents the distance dependence of heat

current density in a double logarithmic plot. For large distances, the heat current density

decreases like d−2. Such a scaling law arises from the capacitor property, which can be

manifested in the expression for transmission coefficient when c → ∞, i.e. Eq. (4.44).

This is different from the case of p-polarized waves, which diverges like d−2 only for

short distance (< 0.1 nm). Our prediction of a d−2 scaling at large distances for

a nanocapacitor can be experimentally tested, such as with a tip-plane heat current

measurement. However, the heat current is suppressed at close separation because of

the large value of capacitance when the two dots are nearly in contact. With such large

capacitance, our calculation predicts a constant transmission in the d→ 0 limit.

Fig. (4.8) shows an extremely large enhancement of heat transfer mediated by the

scalar photons. Comparing the red solid and blue dashed-dotted lines at 10 nm, we

find that the heat current density is two thousand times larger than the blackbody limit.

This result demonstrates that the heat transfer channel provided by electron-photon

interaction is the dominant one for nanocapacitors at small separations.

Capacitor physics Fig. ((4.9)a) shows the heat current density 〈j〉 as a function of

the two-dot separation d. A key parameter is the area A; we choose it to be close to

the experimental values in Ref. [9]. The results are insensitive to the onsite potentials

vj and chemical potentials µj , provided Γj is large. We note that the energy current

takes an exact scaling form, 〈j〉A = F (x), x = A/(Q2d), with the area A, distance

d, and charge Q. Further analysis shows that F (x) ∝ x2 for small x and approaches

a constant for large x. Under the strong coupling limit, kBTj � Γj , in addition to a

T 4
j temperature dependence, the current is proportional to A/(d2Q4) for small x and

1/(AΓ2) for large x [here Γ ≈ max(Γ0,Γ1)]. The crossover from one type of behavior

to the other type of behavior is controlled by Γ ≈ Q2/(2C). Alternatively, a length

scale can be obtained from D01, giving d̃ = −ε0A[1/Πr
00(0) + 1/Πr

11(0)]. The current

decreases as 1/d2 for large d and saturates at the scale given by d̃ (about 40 nm with

our choice of parameters) for small d.

This phenomenon is different from near-field radiative heat transfer results at a
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Fig. 4.9: (a) Heat current density 〈j〉 as a function of distance d with different maximum charge Q
for the two-dot model. We set the temperatures of the baths at T0 = 1000 K, T1 = 300 K, chemical
potentials µ0 = 0 eV, µ1 = 0.02 eV, and onsite v0 = 0, v1 = 0.01 eV, area A = 388 (nm)2, and the
electron bath parameters Γ0 = 1 eV, Γ1 = 0.5 eV, E0 = 2.0 eV, E1 = 1.0 eV. (b) The temperature
dependence of heat current density. Here, we set T1 = 300 K and vary T0, with d = 35.5 nm and
Q = 1 e. Other parameters are the same as previous figure.

length scale less than ~c/(kBT ) dominated by evanescent modes when the transverse

component of the wave vector q⊥ > ω/c. There are no evanescent modes in our 1D

model since q⊥ = 0 permanently. Besides, Fig. (4.9)(a) also shows large values of heat

transfer. At the saturation value, the heat current density is approximately 9×107 W/m2,

which is about a thousand times larger than the black-body (BB) limit of 5.6 × 104

W/m2. This enhancement is at least one order of magnitude larger than a typical PvH

theory prediction for metals, which is in the range of the hundreds. Compared to a one-

dimensional Landauer formula (1D BB) result with perfect transmission, i.e. 1.1× 109

W/m2, our numbers are about 1/12-th of that upper limit [145]. Such enhancement

is mainly due to transverse confinement (there is only one transmission mode) and

the small area A. The temperature dependence of the current density is plotted in

Fig. (4.9)(b). Asymptotically for large T0 fixing T1, the Stefan-Boltzmann law gives the

fourth power of T0 and the 1D BB limit gives a quadratic function of T0.

The results presented above are for strong couplings, where Γj is comparable to

electron energy scale of order eV. For weak couplings, SCBA convergence is difficult.
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However, we observe the physics remains qualitatively the same if we do not do self-

consistency. In such a framework, the photon self-energies Π>
jj can be approximated by

the fluctuation-dissipation theorem, assuming each dot is in local thermal equilibrium.

Within this framework of approximation, we can recover a Caroli/Landauer formula.

4.7 Conclusion

In this Chapter, using the method of NEGF, we studied the heat flux between a nanoscale

capacitor, mediated by the Coulomb interaction, generated by charge fluctuation. By

modeling the capacitor as a double quantum dot, we ruled out transverse electrical

current and focused only on charge fluctuation. Keeping in mind that c → ∞ must

be taken at the end for a gauge-invariant theory, we worked under Lorenz gauge to

quantize the scalar potential. We then outlined the framework of NEGF and solved

the Dyson equation. From a classical continuity equation, we derived a Coulomb heat

flux, dubbed “Poynting scalar”, discussed its quantization, and related it to the greater

Green’s function. Next, we studied the current expression under various limits of three

model parameters. This was achieved by focusing on the local equilibrium approximation,

which bridges our approach and Rytov’s theory. To illustrate the greater generality of

NEGF, we discussed two approximation schemes on the self energies: the BA and SCBA.

Finally, we performed numerical simulations, explored the dependences of heat current

on different parameters, and demonstrated how chemical potential can be used to tune

radiative thermal rectification. We also found a thousandsfold enhancement of the heat

current compared with the blackbody limit and discovered a new distance dependence

(1/d2) at large distances.

Although our model might be unrealistic, it contains an essential feature of most

thermal transport problems: a left/right partition of the whole system. It also helps ad-

dress several issues, such as the ambiguity of heat fluxes (“Poynting scalar” and photon

bath energy current), the necessity of a negative definite scalar photon Hamiltonian,

and perhaps most importantly how our approach is a generalization of Rytov’s phe-

nomenological theory. A more interesting three-dot transistor model will be the subjects
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of future work.

4.8 Appendix

4.8.1 Solution of Dyson equation

The differential equation in section (4.3) can be solved using transfer matrix[62], or a

straightforward boundary-condition matching. Consider the case z′ < 0, for example. In

each region we can write the solution as forward-moving and backward-moving waves:

Dr(z, z′) =



be−ik̃z, z < z′,

ceik̃z + de−ik̃z, z′ < z < 0,

Aeik̃z +Be−ik̃z, 0 < z < d,

teik̃z, d < z,

(4.57)

where we define the “wavevector” k̃ = ω
c + iη. Since we demand Dr to be a bounded

function at |z| → ∞, for z < z′ (z > d) the wave moves only backward (forward). The

function is continuous at the points z′, 0, and d where we have charges:

bγ′ = c

γ′
+ dγ′,

c+ d = A+B,

Aλ+ B

λ
= tλ.

(4.58)

We have defined the parameters λ = eik̃d, γ′ = eik̃|z
′|. The first derivatives need to be

discontinuous so as to generate the Dirac delta functions on the right-hand side of the

equation. This gives

(
dγ′ − c

γ′
− bγ′

)
Ω = 1,

(
B −A+ c− d

)
Ω = (A+B)Π0,(

Aλ− B

λ
− tλ

)
Ω = tλΠ1.

(4.59)
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The six unknowns can be solved through these six linear equations.

For convenience of later calculations, we give here the solution of the Dyson equation

for the two-dot case. They also degenerate to a one-dot or no dot case if we set

Π1 ≡ Πr
1(ω) or Π0 or both to zero. We note that the retarded Green’s function

is symmetric in space arguments, Dr(z, z′, ω) = Dr(z′, z, ω). The matrix elements

associated with the locations of two dots are:

D00 = Dr(0, 0, ω) = (1− λ2)Π1 + 2Ω
D

,

D01 = D10 = Dr(0, d, ω) = 2λΩ
D

,

D11 = Dr(d, d, ω) = (1− λ2)Π0 + 2Ω
D

,

(4.60)

where we have defined

D = (λ2 − 1)Π0Π1 − 2Ω (Π0 + Π1)− 4Ω2. (4.61)

For −L/2 < z < 0, the rest of the elements can be expressed in terms of Djk (j, k =

0, 1). We have

Dr(z,−L/2, ω) = (γ2 − 1)
2γΩ δ + γδD00,

Dr(z, 0, ω) = γD00,

Dr(z, d, ω) = γD01,

Dr(z, L/2, ω) = γδ

λ
D01,

(4.62)

where we have defined γ = ei(
ω
c

+iη)|z| and δ = ei(
ω
c

+iη)L/2. For 0 < z < d, we obtain

Dr(z, 0, ω) =
(
γ2 − λ2

γ
Π1 + 2γΩ

)
1
D
,

Dr(z, d, ω) =
(
(1− γ2)Π0 + 2Ω

) λ

γD
,

Dr(z,−L/2, ω) = Dr(z, 0, ω) δ,

Dr(z, L/2, ω) = Dr(z, d, ω) δ
λ
.

(4.63)
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For d < z < L/2, we have

Dr(z,−L/2, ω) = γδ

λ
D01,

Dr(z, 0, ω) = γ

λ
D01,

Dr(z, d, ω) = γ

λ
D11,

Dr(z, L/2, ω) = (γ2 − λ2)δ
2γλ2Ω + γδ

λ2D11.

(4.64)

4.8.2 Scalar photon bath

We discuss here the bath spectrum of the scalar photon. As per standard procedures

of open quantum systems, we need to partition the photon field into system and baths.

Our strategy is to first discretize the photon to have recourse to the well-developed

surface Green’s function[64, 131]. We then take the continuum limit to obtain a bath

spectrum of the photon field defined on a continuum.

Discretization of scalar photon field

In Sec. (4.2), when describing the photon Hamiltonian Hγ , we split the real line into

three regions for the left bath in (−∞,−L/2], the central system in [−L/2, L/2] and

the right bath in [L/2,∞). However, given that the Hamiltonian is an integral on the

line, it is not clear what the interaction between the bath and the central region is.

For this reason, we consider a discretized version of the model by putting the problem

on a 1D lattice with lattice constant a. The spatial derivative in potential energy thus

becomes a finite difference, and the z integral becomes a discrete sum:

Hγ =− s
∫
dz

1
2

[
φ̇2 + c2

(
∂φ

∂z

)2]

−→− s

2
∑
n

a

[
φ̇2
n + c2

(
φn+1 − φn

a

)2]
.

(4.65)

Similar to phonon on a lattice, we set x = j · a and φj = 1√
sa
uj . Continuum limit is

recovered for a→ 0. Putting a “spring constant” k = c2

a2 , we find a discretized photon
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Hamiltonian[131]:

H0 =−
∑
n

1
2 u̇

2
n −

1
2k
∑
n

(un+1 − un)2, (4.66)

which has the same form as a phonon Hamiltonian (except for the minus sign). For the

equation of motion of un we have:

ün = k(un+1 − 2un + un−1), (4.67)

which also follows from a direct discretization of the wave equation ∂2φ
∂t2 = c2 ∂φ

∂x2 .

Eq. (4.67) can be solved by setting:

un =Aλne−iωt. (4.68)

Putting ω → ω + iη̃ (for regularization) and λ = eiq·a, we find the dispersion relation

for the discretized photon field:

(ω + iη̃)2 =2k[1− cos(q · a)]. (4.69)

In the continuum limit a → 0, the above reads ω + iη̃ = ±c · q, recovering the free

photon dispersion relation in continuum.

Using the discretized photon quadrature operator uj , we define the decoupled re-

tarded Green’s function as:

ďrjk(ω) = − i
~

∫ ∞
0

dteiωt〈[uj(t), uk(0)]〉H0 , (4.70)

where H0 is the unperturbed free photon Hamiltonian. Its relation to the usual one

defined on a continuum, namely:

dr(x, x′, ω) = − i
~

∫ ∞
0

dteiωt〈[φ(x, t), φ(x′, 0)]〉H0 , (4.71)
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is given by:

dr(x, x′, ω) = lim
a→0

1
sa
ďrjk(ω), (4.72)

where j · a and k · a correspond respectively to x and x′.

self-energy of scalar photon bath

Consider a semi-infinite chain of discretized photons, labeled by j = −1,−2, · · · . We

derive the surface Green’s function of this system by attaching a new site j = 0 to the

right-most site j = −1. The retarded Green’s function (4.70), when regarded as an

infinite matrix, satisfies the following equations:

[(ω + iη̃)2 − K̃]ďr = −I, (4.73)

where I is the identity matrix (the minus sign originates from the unusual commutation

relation [uj , u̇k] = −δjk), and K̃ is an infinite tridiagonal matrix given by:

K̃ =



2k −k

−k 2k −k

−k 2k . . .
. . . . . .


. (4.74)

Focusing on the first column of the right-hand side of (4.73), we find a system of

difference equations:

kďrj−1,0 + [(ω + iη̃)2 − 2k]ďrj,0 + kďrj+1,0 = 0, j = −1,−2, · · · (4.75)

with boundary condition:

[(ω + iη̃)2 − 2k]ďr0,0 + kďr−1,0 = −1. (4.76)
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To solve (4.75) and (4.76), consider the ansatz ďrj,0 = αλj , where j = 0,−1,−2, · · · ,

which gives the quadratic equation:

kλ−1 + [(ω + iη̃)2 − 2k] + kλ = 0. (4.77)

This equation admits two roots: λ<, λ> with |λ<| < 1 and |λ>| > 1. We choose the

second root so that ďrj,0 goes to zero for j → −∞. Using the boundary condition (4.76),

we find α = 1/(kλ>) and hence ďrj,0 = λj−1
> /k.

Next, we consider attaching the first system site j = 1 to the semi-infinite chain

(Fig. (4.10)).

15

To solve (B11) and (B12), consider the ansatz ďrj,0 =

αλj , where j = 0,−1,−2, · · · , which gives the quadratic
equation:

kλ−1 + [(ω + iη̃)2 − 2k] + kλ = 0. (B13)

This equation admits two roots: λ<, λ> with |λ<| < 1
and |λ>| > 1. We choose the second root so that ďrj,0
goes to zero for j → −∞. Using the boundary condition
(B12), we find α = 1/(kλ>) and hence ďrj,0 = λj−1

> /k.
Next, we consider attaching the first system site j = 1

to the semi-infinite chain (Fig. 10).

j=0j=-1j=-2 j=1

left bath system

FIG. 10. Derivation of discretized photon bath self energy.
Attaching the first system site j = 1 to the semi-infinite left
bath j = 0,−1,−2, · · · leads to the identification of bath self
energy, Eq. (B15), from the Dyson equation describing the
coupling.

This coupling can be described by a Dyson equation:

[
Ďr

11 Ďr
01

Ďr
10 Ďr

00

]
=

[
ďr11 0
0 ďr00

]
+

[
ďr11 0
0 ďr00

] [
0 k
k 0

] [
Ďr

11 Ďr
01

Ďr
10 Ďr

00

]
,

(B14)

where the Ďr’s denote the discretized retarded photon
Green’s functions that result from coupling the left bath
to site j = 1. From the equation for Ďr

11, one identifies
the left photon bath self energy Π̌r

L:

Ďr
11 = [(ďr11)−1 − (kďr00k)︸ ︷︷ ︸

Π̌rL

]−1. (B15)

Hence, we find:

Π̌r
L = kďr00k

= kλ<,
(B16)

where we used the fact that λ>λ< = 1 in view of the
quadratic equation (B13), which can be solved (up to
second order in a) by:

λ< = ei(
ω
c +iη̃)a,

λ> = e−i(
ω
c +iη̃)a.

(B17)

Armed with the retarded left photon bath self energy,
we find the lesser self energy using the fluctuation-
dissipation relation:

Π̌<
L = NL[Π̌r

L − Π̌a
L]

≈ NLk
[
2ia

ω

c

]
.

(B18)

Finally, using the relation between discretized and con-
tinuum Green’s functions, Eq. (B8), we obtain for the
left photon bath:

Π<
L = lim

a→0
saΠ̌<

L

= 2iscωNL

= 2ΩNL,

(B19)

where Ω = isc2(ωc + iη) = iε0A(ωc + iη) as in the main
text, and a damping factor η has been added.

3. Meir-Wingreen formula for scalar photon bath

Lastly, we comment on the validity of the usual Meir-
Wingreen formula. Since we have in hand a negative
definite Hamiltonian for the scalar photon, a sign-flip is
apparently needed compared to the usual case of positive
definite bath Hamiltonian. However, similar sign flip oc-
curs for the Green’s functions D,Π. Thanks to the sym-
metrical combination of the Green’s functions (D<Π> or
D>Π<) in the integrand for current, the minus sign is
canceled, allowing the usual Meir-Wingreen formula to
remain intact without any sign-flip needed.

Appendix C: Current expression

Here we relate the quantized “Poynting scalar”,
Eq. (35) to the greater Green’s function as in Eq. (36).
We first perform a nonequilibrium steady-state average
on (35), which amounts to:

〈j(z, 0)〉 =
ε0
2

∂

∂t

∂

∂z′

[
〈| : φ(z, t)φ(z′, 0) + H.c. : |〉

]
t=0
z′=z

.

(C1)

In frequency domain, this yields:

〈j(z)〉 =
−iε0

2

∫

R

dω

2π
ω
∂

∂z′
〈| : φ(z, ω)φ(z′, 0) : |〉z′=z

+ c.c.
(C2)

where the second term inside the braket is still in time
domain: φ(z′, 0) = φ(z′, t′ = 0). We now split the
scalar field into its positive frequency part φ+(z, t) =∑
q

√
~

2ωqsL
aq(t)e

iqz and its negative frequency part

φ−(z, t) = [φ+(z, t)]†, so that φ = φ+ + φ−. In the
following we outline the steps that lead to the conclusion
〈φ+φ+〉 = 0 = 〈φ−φ−〉.

Define a 2×2 contour-ordered full Green’s function D,
whose components are given by: [D]σσ′ = − i

~ 〈Tτφσφσ
′〉,

where σ, σ′ ∈ {+,−}. This splitting yields a Dyson equa-
tion: D = D0 +D0ΠD, where the photon self energy Π
is index-independent. For non-interacting Green’s func-
tions D0, the average is with respect to photon thermal

Fig. 4.10: Derivation of discretized photon bath self-energy. Attaching the first system site j = 1 to the
semi-infinite left bath j = 0,−1,−2, · · · leads to the identification of bath self-energy, Eq. (4.79), from
the Dyson equation describing the coupling.

This coupling can be described by a Dyson equation:

Ďr
11 Ďr

01

Ďr
10 Ďr

00

 =

ďr11 0

0 ďr00

+

ďr11 0

0 ďr00


0 k

k 0


Ďr

11 Ďr
01

Ďr
10 Ďr

00

 , (4.78)

where the Ďr’s denote the discretized retarded photon Green’s functions that result

from coupling the left bath to site j = 1. From the equation for Ďr
11, one identifies the

left photon bath self-energy Π̌r
L:

Ďr
11 = [(ďr11)−1 − (kďr00k)︸ ︷︷ ︸

Π̌rL

]−1. (4.79)
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Hence, we find:

Π̌r
L = kďr00k = kλ<, (4.80)

where we used the fact that λ>λ< = 1 in view of the quadratic equation (4.77), which

can be solved (up to second order in a) by:

λ< = ei(
ω
c

+iη̃)a,

λ> = e−i(
ω
c

+iη̃)a.

(4.81)

Armed with the retarded left photon bath self-energy, we find the lesser self-energy using

the fluctuation-dissipation relation:

Π̌<
L = NL[Π̌r

L − Π̌a
L] ≈ NLk

[
2iaω

c

]
. (4.82)

Finally, using the relation between discretized and continuum Green’s functions, Eq. (4.72),

we obtain for the left photon bath:

Π<
L = lim

a→0
saΠ̌<

L = 2iscωNL = 2ΩNL, (4.83)

where Ω = isc2(ωc + iη) = iε0A(ωc + iη) as in the main text, and a damping factor η

has been added.

Meir-Wingreen formula for the scalar photon bath

Lastly, we comment on the validity of the usual Meir-Wingreen formula. Since we have

in hand a negative definite Hamiltonian for the scalar photon, a sign-flip is apparently

needed compared to the usual case of positive definite bath Hamiltonian. However,

a similar sign flip occurs for the Green’s functions D,Π. Thanks to the symmetrical

combination of the Green’s functions (D<Π> or D>Π<) in the integrand for current,

the minus sign is canceled, allowing the usual Meir-Wingreen formula to remain intact

without any sign-flip needed.
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4.8.3 Matsubara sum formula for photon self energies due to electrons

Under the local equilibrium approximation, the polarization diagram, i.e. Eq. (4.48)

for the photon self-energy, can be calculated exactly. In frequency domain, Eq. (4.48)

becomes:

Πr
j(ω) = −i~Q2

∫ +∞

−∞

dω′

2π
[
Grj(ω′)G<j (ω′ − ω) +G<j (ω′)Gaj (ω′ − ω)

]
. (4.84)

This integral can be performed by closing a contour using the residue theorem. Writing

E = ~ω, under the wide-band limit for electron bath we find:

Πr
j(E) = Q2

{
iΓj
[
f(vj + i

Γj
2 + E)− f(vj + iΓ

2 )
]

(E + iΓj)E
−
∞∑
n=0

ikBT Γj
(µj − vj + i~ωn)2 + Γ2

j

4

×
( 1
µj − vj + i~ωn + E + i

Γj
2

+ 1
µj − vj + i~ωn − E − iΓj

2

)}
,

(4.85)

where f(E) = 1/
[
exp(E−µkBT

) + 1
]
is the Fermi function, and ωn = (2n + 1)πkBT/~ is

the Matsubara frequency.

4.8.4 Consistence between FE and NEGF

In this subsection, we give a connection between FE and NFGF calculation. During the

derivation of FE calculation for RHT, the important statistical correlation function is

the use of fluctuation-dissipation theory for current-current relation, i.e.:

〈jµ(~r1, ω)j∗v(~r2, ω
′)〉 = 4

π
ε′′(ω)~ω2

[ 1
e~ω/kT − 1

+ 1
2

]
δ(ω − ω′)δ(~r1 − ~r2)δµv (4.86)

To clarify the connection between two methods, we calculate the current-current correla-

tion through NFGF. For scalar photon, we need to change the current-current correlation

into charge-charge correlations. For the self-energy calculation of photon, we use the
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loop diagram and can be defined as below:

Πµv(~r1, τ1, ~r2, τ2) = − i
~
〈Tτ jµ(~r1)jv(~r2, τ2)〉 (4.87)

Where µ, v = x, y, z corresponds to direction components of self-energy. τ1,2 are Keldysh

contour time. The position vector ~r can be separated as left part and right part

and we assume that the current of two part is uncorrelated, i.e. 〈jLjR〉 = 0. The

〈jL(~r1, τ1, ~r2, τ2)jL(~r1, τ1, ~r2, τ2)〉 and 〈jR, jR〉 should be obtain. For the left part of

photon self-energy, we have:

ΠL
µv(~r1, τ1, ~r2, τ2) = − i

~
〈Tτ jLµ (~r1)jLv (~r2, τ2)〉 (4.88)

Under local equilibrium approximation, i.e. left part and right part are equilibrium with

TL and TR, we have the fluctuation-dissipation theorem. It is reasonable approximation

when the electron-photon coupling strength is weak. Then we use the LEA for the

calculation of photon self energy component in real time:

ΠL>
µv (~r1, ~r2, ω) = [1 +NL(ω)][ΠLr

µv(~r1, ~r2, ω)−ΠLa
µv (~r1, ~r2, ω)] (4.89)

ΠL<
µv (~r1, ~r2, ω) = NL(ω)[ΠLr

µv(~r1, ~r2, ω)−ΠLa
µv (~r1, ~r2, ω)] (4.90)

Generally, the retarded photon self energy can be related to the optical conductivity

σµv(ω) by the linear response theory of Kubo.

ΠLr
µv(~r1, ~r2, t) = − i

~
θ(t) 〈[jLµ (~r, t), jLv (~r2, 0)]〉 (4.91)

ΠLr
µv(~r1, ~r2, ω) =

∫
dteiωtΠLr

µv(~r1, ~r2, t) (4.92)

σLµv(ω) = − e2

iωV
〈τµv〉 −

1
iωV

∫ ∞
0

1
i~

[JLµ (t), JLv (0)]eiωtdt (4.93)

= − e2

iωV
〈τµv〉 −

1
iωV

∫
d~r3

1

∫
d~r3

2ΠLr
µv(~r1, ~r2, ω) (4.94)

σLµv(~r1, ~r2, ω) ≈ ie
2n

mω
δµv −

V

iω
ΠLr
µv(~r1, ~r2, ω) (4.95)

ε(ω) = 1 + iσ(ω)
ε0ω

(4.96)
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Then we get the connection between retarded photon self energy and dielectric

constant:

εLµv(~r1, ~r2, ω) = 1− e2n

ε0mω2 −
V

ε0ω2 ΠLr
µv(~r1, ~r2, ω) (4.97)

ImΠLr
µv(~r1, ~r2, ω) = −ε0ω

2

V
ε′′µv(~r1, ~r2, ω) (4.98)

Under random phrase approximation or local approximation, we have:

ε′′µv(~r1, ~r2, ω)
V

= ε′′(ω)δµvδ3(~r1 − ~r2) (4.99)

If the dielectric constant is homogeneous in x − y direction, we can simplify the

notation and only consider the z direction. The lesser photon self energy under local

equilibrium for both left and mid can be written by fluctuation dissipation relation.

Π>
µv(z, ω) =



−2iω2[1 +NL(ω)]ε0ε′′L(z, ω) z in left,

0 z in vaccum

−2iω2[1 +NR(ω)]ε0ε′′R(z, ω) z in right

(4.100)

The Poynting vector can be calculated from lesser Green’s function.

〈Sz〉 = 1
µ0

∫ +∞

−∞

dω

2π ~ω
(
− ∂

∂z′

) ∑
α=x,y

D>
αα(~r1, ~r2, ω)

= 1
µ0

∫ +∞

−∞

dω

2π ~ω
(
− ∂

∂z′

) ∑
α=x,y

∫
dq2
⊥

(2π)2dzdz
′×

∑
µv=x,y,z

Dr
αµ(⊥, ω, z, z′)Π>

µv(q⊥, ω, z, z′)Da
vα(q⊥, ω, z, z′)

=
∫ +∞

−∞

dω

2π ~ω {[TL(ω)NL(ω)− TR(ω)NR(ω)] + [TL(ω)− TR(ω)]}

=
∫ +∞

−∞

dω

2π ~ω[NL(ω)−NR(ω)]T (ω)

(4.101)
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Where T (ω) = TL(R)(ω) is:

T (ω) = TL(R)(ω) =
(
−2iε0ω2

µ0V

)(
− ∂

∂z′

) ∑
α=x,y

∑
µv=x,y,z

Dr
αµ(q⊥, ω, z, z′)εL(R)

µv
′′(ω)Da

vα(q⊥, ω, z, z′)

(4.102)

Where we have TL(ω) = TR(ω) due to the detail balance. So we get a Landauer-type

expression for the Poynting vector. When we obtain the multiple reflection of photon

and get the explicit expression for the transmission, we can obtain the same formula

as previous results. The scalar photon derivation is similar as the derivation of vector

photon if we change the current-current correlation as charge-charge correlation. In our

work, we focus on the scalar photon part due to it is can be connected to the Coulomb

interaction which is not paid much attention in the RHT research area.
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Chapter 5
Radiative quantum thermal rectifier

and transistor

“Only those who attempt the absurd

can achieve the impossible.”

—Albert Einstein

5.1 Introduction

In the last century, electricity management and electricity logic device have been achieved

by the two important components: the diode and the transistor[146]. The electric diode

is a two-terminal electronic component. This device has low resistance to the current

in one direction and high resistance in the reverse direction. The electronic transistor

consists of the drain, the source, and the gate. The electron current between source

and drain can be controlled by the changing of gate voltage. In a electric transistor, a

small change of gate voltage will lead to a large change of source and drain current.

In the last two decades, by analogy with electricity management and electricity logic

device, researchers developed the similar thermal logical devices to control the heat eas-

ier. Similar to electric diode, people have focused on the thermal rectifiers which have

the asymmetric heat current when the temperature is inverted. Analogically, the ther-

mal transistor can be designed through phononic and electronic thermal transport[55].
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Recently, due to the special properties of thermal radiative heat transport, the thermal

rectifiers and thermal transistors can be investigated theoretically in near-field or far-

field region[12, 13, 53, 147, 148]. To achieve the properties of the thermal transistor,

the researchers have to involve the phase change materials[13]. However, different with

electricity logic device, such radiative thermal logical devices have very large cross areas

to enhance the radiative heat current, which is not convenient for integration.

At the same time, the development of quantum systems has also been used for the

photon rectifiers and transistors in the last two decades. The radiative heat current

between quantum systems is slightly different with previous radiative heat current cal-

culation based on fluctuation electrodynamics. Very recently, Joulain et.al demonstrate

a quantum thermal transistor through three coupled two-level system using quantum

master equation approach[14]. But the configuration of such quantum thermal device

is difficult to achieve experimentally. In this section, we combine with our previous

capacitor physics results and numerically demonstrate a quantum thermal rectifier and

transistor through scalar field photon, which in principle is more achievable in experi-

ments.

5.2 Method

The method used in this section is the same as that in Chapter 4. So in this part, we

only briefly show the schematic calculation process in Fig. (5.1) and detailedly show how

to construct a non-linear heat bath which is not mentioned as before. For the actual

thermal rectifier calculation, we use the self-consistence Born approximation, which is

similar to the GW method for optical conductivity calculation. However, for the radiative

quantum thermal transistor calculation, we use the local equilibrium approximation for

simplicity. It is a good approximation when the system is weakly coupled with the heat

bath.

The RHT between dots can be calculated though previous “Poynting scalar” formula,
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5.3. Scalar-photon-based thermal rectifier

Fig. 5.1: Schematic calculation process for near-field radiative heat transfer based on the non-equilibrium
Green’s functions.

i.e.:

〈j(z)〉 =ε0
∫ ∞

0

dω

π
~ωRe ∂D

>(ω, z, z′)
∂z′

∣∣∣∣
z′=z

. (5.1)

Where we shall refer to the integrand in Eq. (5.1) as the “spectral transfer function”.

The NEGF method is a formalism from the view of quantum field theory. For the

purpose of constructing a radiative quantum thermal transistor, the FE method is not

suitable because it is not easy to find the corresponding dielectric constant for the

quantum system, especially for the small size quantum system. From the quantum

field view, the dissipation part of the energy is related to the self-energy of a quantum

system. To solve that, we need the quantum field technique. This is why our method

for radiative heat transfer in nanoscale is important for this research area.
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Fig. 5.2: Sketch of thermal rectifier

5.3 Scalar-photon-based thermal rectifier

Thermal rectification is a phenomenon in which the heat flux depends on the sign of the

temperature difference of two bodies. In the literature, a vast majority of the previous

works focuses on geometry or phonon-induced rectification[12, 53, 55, 149, 150]. While

not much has been done on voltage-controlled thermal rectification, our simple two-dot

model is suitably tailored for that. Therefore, we discuss in this paragraph the tunability

of thermal rectification via chemical potential. Fig. (5.2) shows the schematic sketch for

the thermal rectifier based on two quantum dots. To quantify the strength of thermal

rectification, we define the rectification constant:

R = J0→1 − J1→0
J1→0

, (5.2)

where Ji→j is the radiative heat current from system i to system j. The temperature

difference has the same magnitude but opposite sign to J0→1 and J1→0.

Fig. 5.3 shows the chemical potential dependence of rectification strength. For

simplicity, we set the same chemical potential for both dots. Within experimentally-
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Fig. 5.3: Thermal rectification effects. (a) Rectification constant as a function of the chemical potential
of the quantum dots, with both dots having the same chemical potential. (b) Spectral transfer function
of two quantum dots with switched temperature. The chemical potential of two quantum are set as
−0.4 eV. In above two figures, the temperatures are set at 1000 K and 300 K. Distance between the
two quantum dots is set as 19.2 nm. Q = 1e.
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Chapter 5. Radiative quantum thermal rectifier and transistor

accessible parameter regimes, i.e., −0.8 eV to 0.8 eV, the rectification constant varies

from 0.08 to 0.17, and is maximized at −0.4 eV. On the other hand, the heat flux

is very small when the chemical potential is greater than 1.0 eV or smaller than −1.0

eV. Such parameter regime corresponds to a highly occupied or unoccupied electron

level, both indicating the lack of carriers for heat flux generation. One can also study

rectification by means of the spectral transfer function. In Fig. 5.3(b), the blue dash-dot

(S0→1) and red solid line (S1→0) have the same peak position at 0.22 eV but different

maxima. In the wide-band limit for the electron bath, the value Γ, which determines the

dot-bath coupling, is set at 1 eV for dot 0 and 0.5 eV for dot 1. Both parameters are

in the strong-coupling regime, so the energy flux from electron bath to the dot depends

greatly on the coupling strength. Due to the asymmetric coupling, the electron hopping

to the dots are different so that the temperature response of the dots are effected and

the rectification effects can be found in that condition. On the contrary, if two dots

have symmetry electron bath coupling, we can not find the rectification effects in the

red line in figure (5.3a).

5.4 Radiative quantum thermal transistor

5.4.1 Sketch of radiative quantum thermal transistor

Δ1

Non-linear  
thermal  gate

Boson	  
bath	  TG

Electron	  bath
(TS,	  μs)

Electron	  bath
(TD,	  μD )

Δ2

TSS
TSS

QD0 QD1 QD2 QD3

JD JS

JG

d d

Drain Source

Fig. 5.4: schematic sketch of the radiative quantum thermal transistor
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Fig. (5.4) shows the schematic sketch of the radiative quantum thermal transistor.

In this model, we consider four quantum dots, i.e. the QD 0 and QD 3 are regarded as

the drain and source of the transistor, the QD 1 and QD 2 coupling to the non-linear

thermal bath, which is consisted with two states system (TSS) and the boson bath, is

considered as the thermal gate of the transistor. The radiative heat flux can be transfer

from the QD 3 to QD 2 through Coulomb interaction but can not transfer from the QD

3 to QD 0 directly. Where JS is the heat current from source to gate, JD is the heat

current from gate to drain, and JG is heat current take into the gate from gate bath.

5.4.2 Non-linear quantum thermal environments

As shown in the previous Chapter, the wide-band approximation is always used for our

electron bath calculation, and the bath is assumed as a half-infinite chain of harmonic

oscillators. For some normal cases, such approximation can keep consistency with actual

systems. However, Fig. (5.5) shows the actual calculations for thermal transistor with a

linear thermal gate bath. Due to the “normal” properties of the linear bath, we can not

build a thermal transistor with such linear gate. So, due to the special properties of the

thermal transistor, a non-linear heat bath gate, i.e., a temperature dependent thermal

gate, is really needed for switching, modulating and amplifying heat current. In this

section, we discuss the construction of a non-linear thermal bath.

Model hamitonian of the non-linear thermal bath

At first, we regard a single level quantum dot as our system, which can be explained

as a nanoscale disk with possible charge of 0 or Q. Our single level system is coupled

to a two-state system (TSS), such as a unsymmetric double-well quantum oscillator

which is assumed that only two lowest energy states are populated and the energy

difference ∆ between two ground states is much smaller than the higher transition

energy. And the TSS is coupled to a linear boson bath. As seen from our single level

system, the TSS+(linear boson bath) can be consider as a non-linear bath because the

anharmonicity of a TSS and the linear bath can guarantee the whole system is a nonlinear
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Fig. 5.5: Transistor with a linear bath gate. Current density of source, drain and gate as a function of
gate temperature. The distances between gate, source and drain d is set as 18 nm. The temperature
of source TS is 500 K and the corresponding temperature for drain TD is 100 K. Γ1 equals 1 eV and
Γ2 equals to 0.5 eV. Chemical potential and site energy are all set to zero.

system and a thermal reservoir. As shown in Fig. (5.3), the total Hamiltonian of the

system with a non-linear thermal bath can be written as below in the rotating-wave

approximation[151, 152]:

H = vc†c+ ησx(c† + c) + ∆
2 σz +

∑
k

[ωka†kak + λσx(a†k + ak)]. (5.3)

Where v is the site energy of quantum dot. c and c† are the annihilation and cre-

ating operator of electron and it satisfies anticommutation relation. d1(2) and d†1(2)

are the annihilation and creating operator of TSS and subscript 1(2) corresponds to

ground(excited) state. For convenience, the Pauli matrix is used to describe the prop-

erties of the TSS. σx,y,z is the Pauli matrix. σ± = 1
2(σx ± iσy) and it can be also

rewritten as: σ+ → d†2d1, σ
− → d†1d2. ∆ is the energy gap of TSS. η is the coupling

between the quantum dot and TSS. The second term of the Hamiltonian corresponds to

standard electron hoping between quantum dot and TSS. ak and a†k is the annihilation
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Fig. 5.6: schematic sketch of nonlinear heat bath: a single level quantum dot coupled with asmmentric
double quantum well

and creating operator of boson bath and it satisfies commutation relation. λ is the

coupling between TSS and boson bath.

In Eq. (5.3), if we get rid of the system and system-TSS coupling terms, the left

Hamiltonian is the same as the normal spin-boson model[153, 154]. This is the logic

sketch to build a non-linear thermal bath: the normal heat bath coupled to a non-

linear harmonic oscillator. When turning on the coupling between system and TSS, the

overall system i.e. TSS+(boson bath) behaves like non-linear thermal bath. Such system

can be achieved experimentally[155–159]. For example, Eq. (5.3) can be achieved by

attaching a graphene sheet to a double quantum well (DQW) with exciton gas. The

attached graphene sheet acts as 2d electron gas which can interact with the photon and

transfer radiative heat to drain or source. The DQW and exciton gas act as a nonlinear

thermal bath which can change the optical properties of attached graphene sheet and
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Chapter 5. Radiative quantum thermal rectifier and transistor

radiative heat flux can be controlled by the temperature of such non-linear thermal bath.

However, It is difficult to find a dielectric constant to describe the optical properties of

such multicomponent system. That means the normal fluctuation electrodynamics is

not a reasonable method to calculate radiative heat flux. Our previous NEGF method

is needed for such quantum system.

Green’s function of the TSS-boson model

The final goal of this section is to calculate the self-energy of the non-linear thermal

bath. According to the procedure of surface Green’s function calculation, we need to

compute the Green’s function of the TSS-boson thermal bath at first. As usual, the

Green’s function of the TSS can be defined as below and we set t′ = 0 for simplicity.

G>(t, t′ = 0) =− i

~
〈σ−(t)σ+(0)〉,

G<(t, t′ = 0) =− i

~
〈σ+(0)σ−(t)〉,

Gr(t, t′ = 0) =− i

~
θ(t− t′)〈{σ−(t), σ+(0)}〉.

(5.4)

At first, we turn off the dot-nonlinear-bath coupling i.e. η = 0. In that condition,

the master equation method can be used for Eq. (5.3). In the interaction picture and

thermal equilibrium, we can write the master equation as below[151]:

dρI

dt
=− γ(1 + n̄)(σ+σ−ρI + ρIσ+σ− − 2σ−ρIσ+)

− γn̄(σ−σ+ρI + ρIσ−σ+ − 2σ+ρIσ−),
(5.5)

Where n̄ = 1
e∆/kBT−1 is the expectation value of 〈a†kak〉. γ is a constant coefficient that

depends on TSS-Boson bath coupling λ. In above equation, we have neglect the Lamb

shifted term. In Schrödinger picture, we can rewrite the master equation as below:

dρs

dt
= dρI

dt
− i∆2 [σz, ρs]. (5.6)
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5.4. Radiative quantum thermal transistor

The state coherence 〈σ−〉, 〈σ+〉 follow the equation:

d

dt
〈σ−〉 = (−i∆− γ(1 + 2n̄)) 〈σ−〉.

d

dt
〈σ+〉 = (i∆− γ(1 + 2n̄)) 〈σ+〉.

(5.7)

The solution of above atomic coherence can be written as below (matching the boundary

condition i.e. decay at t→ ±∞):

〈σ−(t)〉 =e−[i∆t+γ(1+2n̄)|t|]〈σ−(0)〉,

〈σ+(t)〉 =e−[−i∆t+γ(1+2n̄)|t|]〈σ+(0)〉.
(5.8)

The real time Green’s function defined in Eq. (5.4) can be calculated from Eq. (5.8)

with quantum regression theorem. For simplify, we set t′ = 0.

G>(t, 0) =− i

~
〈σ−(t)σ+(0)〉

=− i

~
e−γ(1+2n̄)|t|e−i∆t 〈σ−(0)σ+(0)〉 ,

G<(t, 0) =− i

~
〈σ+(0)σ−(t)〉

=[ i
~
〈σ+(0)σ−(−t)〉]∗

=− i

~
e−γ(1+2n̄)|t|e−i∆t 〈σ+(0)σ−(0)〉 ,

Gr(t, 0) =θ(t)[G>(t, 0)−G<(t, 0)].

(5.9)

Where the whole nonlinear bath are in equilibrium so we have 〈σ+(0)σ−(0)〉 = e−∆/2T

2cosh(∆/2T )

and 〈σ−(0)σ+(0)〉 = 1− 〈σ+(0)σ−(0)〉 are the probability weights for energy levels of

TSS. The Green’s functions of the TSS-boson model into frequency domain can be

written as below:

G>(ω) =− i

~
2γ(1 + 2n̄)

[γ(1 + 2n̄)]2 + (ω −∆)2 〈σ
−(0)σ+(0)〉,

G<(ω) =− i

~
2γ(1 + 2n̄)

[γ(1 + 2n̄)]2 + (ω −∆)2 〈σ
+(0)σ−(0)〉,

Gr(ω) =1
~

1− 2〈σ+(0)σ−(0)〉
iγ(1 + 2n̄) + (ω −∆) .

(5.10)
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Surface Green’s function of the non-linear TSS-boson thermal bath

Due to the coupling between quantum dot and TSS, reduced Dyson equation for the

non-linear thermal gate can be written as below:

 Dr
QD Dr

QDB

Dr
BQD Dr

B

 =

drQD 0

0 drB

+

drQD 0

0 drB


0 η

η 0


 Dr

QD Dr
QDB

Dr
BQD Dr

B

 . (5.11)

Where Dr
QD(Dr

B) is the retarded Green’s function of the quantum dot (bath). drQD(drB)

is the retarded Green’s function without the dot-bath coupling. η is the dot-bath coupling

strength. According to the Eq. (5.11), the expression of Dr
QD can be derived.

(Dr
QD)−1 = (drQD)−1 − ηdrBη. (5.12)

From Eq. (5.12), the retarded self-energy of non-linear thermal bath Σr
nl equals to η2drB.

In the normal bath, we can assume the fluctuation dissipation relation can be satisfied

and the lesser and greater self-energy can be easily derived. In our non-linear thermal

bath, we assume that such bath still in local equilibrium. Based on the Eq. (5.10) and

(5.12), the self-energy of our non-linear bath can be written as below:

Σr
nl(ω) = η2

~

[
1− 2〈σ+(0)σ−(0)〉
iγ(1 + 2n̄) + (ω −∆)

]
. (5.13)

Fig. (5.7) shows the real and imaginary part of the retarded nonlinear bath self-

energy. This nonlinear self-energy has a Lorentz-Drude peak in frequency ∆ and it has a

strong bath temperature dependence. The temperature dependence is the key difference

between normal linear thermal bath and the nonlinear thermal bath. Such properties

can make the thermal transistor becoming realiable.
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Fig. 5.7: Real and imaginary part of the retarted nonlinear bath self-energy. ∆ equals to 0.05 eV and
temperature T equals 300 K.

5.4.3 Results and discussion

Thermal switching

As shown in Fig. (5.8), when the temperature of gate equals to 100 K, the heat flux

from gate to the drain JD equals to zero. It is the apparent result due to the 0-th law

of thermal dynamics. At the same time, the heat flux from source to the drain JS is

very small but not equals to zero. Comparing with the value of JS with TG = 260 K,

JS with TG = 100 K is almost ten percent of that value. It means that we can call

it is the “off” mode of the quantum radiative thermal transistor when TG close to the

temperature of the drain TD. With the increase of TG, the transistor is in the “on”

mode.
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Fig. 5.8: Radiative quantum thermal transistor. Radiative current density of drain, source and gate as
a function of gate temperature. The distances between gate, source and drain d is set as 36 nm. The
temperature of source TS is 500 K and the corresponding temperature for drain TD is 100 K. ∆1(2) are
set as 0.1 eV. The site energy v0, v1 and v3 are set as 0 eV and v2 are set as 0.11 eV. The hopping
strength between quantum dot1 and TSS η is set as 0.005 eV and 0.0005 eV between dot2 and TSS
to adjust heat current. In dot0 and dot3, we use wide bath approximation and the coupling strength
are set as 0.5 eV and the energy cutoff are 50 eV. The chemical potential of QD1 to QD4 are set as 0
eV for simplicity. The coupling between TTS and boson bath λ1 are both set as 0.005 eV for the weak
coupling assumption of quantum master equation.

Thermal modulation

When TG is changed from 100 K to 260 K, Fig. (5.8) shows there is very small gate

current JG and very large source and drain heat current JS&JD are existed comparing

with JG. These results indicate that a small change of JG can lead to the large changes

of JS&JD, when the gate temperature is changed from 100 K to 260 K. Then in

another word, the heat flux out of the source and heat flux transferred into drain can

be modulated by a small change of gate heat flux.
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Thermal amplification

Another important feature of a thermal transistor is the ability to amplify the current

towards the drain. Previous researchers applied the phase transition materials to achieve

thermal amplification, and the amplification effects only exist in a small gate temperature

region[13]. In our calculation, we can achieve a significant thermal amplification in a

large gate temperature region through the novel properties of the non-linear heat bath.

As we know, the negative differential thermal conductance is the key factor to have a

thermal amplification effect. The amplification factor can be defined as below.

α =
∣∣∣∣∂JD∂JG

∣∣∣∣ = 1∣∣∣1− ∂JS
∂TG

/∂JD∂TG

∣∣∣ . (5.14)
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Fig. 5.9: Amplification factor of radiative quantum thermal transistor. Red line is the amplification
factor as a function of gate temperature. Dot line is the amplification factor α = 1.

Fig. (5.9) shows the amplification factor α as a function of gate temperature in a

solid red line. Comparing the dot line α = 1, the amplification factor α can be always
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larger than 1 when TG locates from 100 K to 260 K. Especially, when TG equals to 150

K or 210 K, we find that the gate temperature dependence of JS and JD is almost the

same and there will be a large amplification effects.

Discussion
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Fig. 5.10: Spectral functin analysis.(a) Spectral functin of source with different gate temperature. (b)
Spectral functin of drain with different gate temperature. TS = 500 K and TD = 100 K.

In above calculation, to find the thermal transistor effects, we set site energy of dot2

v2 equals to 0.11 eV, which is closed to the energy difference between ground state

and excite state of TSS. In our parameter setup, a suitable value of v2 is needed. In

figure (5.10), the effects of v2 is tested with different value. We find that when the

value of v2 is increasing, the total heat current density of source JS will decrease when

TG change from 100 K to 500 K. Such effects can be understood through the RHT

between two dots. When v2 is large, the system is far away from the resonant cases

v1 = v2. However, except the site energy has effects on the heat current density, the

self-energy of bath also makes some contributions. In the normal linear bath cases, when
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the temperature difference between gate and source are the largest, the largest current

should be discover. Due to the the energy level alignment between the excited state of

TSS and dot site energy, the density of state of low frequency, which is helpful for RHT,

can be increased with the gate temperature increasing in our nonlinear thermal bath. So

we can achieve the negative differential thermal conductance in low temperature region.

When TG equals to TS , the heat current equals to zero due to the thermal dynamics

law. That means there is competition between energy level alignment and temperature

gradient. Such effects are the core physics picture for our scalar field based quantum

thermal transistor.

The more detailed information for quantum thermal transistor effects can be under-

stood from spectral function analysis in Fig. (5.11). Fig. (5.11a) shows the spectral

transfer function between drain and gate (dot0 and dot1) and the site energy of dots

are set as zero. In that condition, the nonlinear bath contribution almost have no differ-

ence with normal linear bath: the heat current density increased with the temperature

increasing. Fig. (5.11b) shows the spectral transfer function between source and gate

(dot2 and dot3) and the site energy is closed to energy level of excited state in TSS.

Due to the energy level alignment, the electron in excited state is easier to hop to the

energy level of dot. But the population of excited state of TSS depends on the bath

temperature. When the gate temperature increases from 100 K to 500 K, population

in excited state will increase due to the thermal distribution. The density of state for

RHT will increase due to such energy alignment effects. The spectral transfer function

in Fig. (5.11b) shows that there is peak in 0.01 eV and provide a prove for our analysis.

Besides, due to the temperature gradient become small, the net heat current also be

small. So finally, when TG = TS , the heat current equals to zero due to the thermal

dynamics law.

In our calculation, we use four quantum dots to achieve the radiative quantum

thermal transistor i.e. two normal quantum dots for source and drain. For the gate,

we combine it with the non-linear heat bath. The new problem is that how to achieve

that transistor experimentally? For the source and drain, we can use the normal metal
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Fig. 5.11: Spectral functin analysis.(a) Spectral functin of source with different gate temperature. (b)
Spectral functin of drain with different gate temperature. TS = 500 K and TD = 100 K.

nano-particles or graphene covered nano-particles. For the thermal gate, we can use

the double quantum well and combine it with the exciton gas as Bose heat bath. All

of these components are well studied experimentally. With the line configuration, our

radiative quantum thermal transistor is easier for integration in the future. Due to the

contribution of scalar field photon, a large magnitude of radiative heat flux can be found

among the device. This process can overcome the limitation for the far-field radiative

heat transfer. Besides, comparing with thermal transistor through phonon, our transistor

do not be limited by the speed of heat carriers.

5.5 Summary

In this Chapter, we use the NEGF method to investigate the scalar-photon based thermal

rectifiers and thermal transistors. That is the extended work for our previous Chapter.

Due to the different quantum-dots-bath coupling, we find that we can achieve high
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5.5. Summary

rectification effects for our two quantum dots rectifiers. Next, due to the requirement

of negative differential thermal conductance and failure of linear thermal bath in that

condition, we combine the novel properties of our two quantum dots calculation with

the non-linear heat bath. A radiative quantum thermal transistor is constructed based

on the scalar photon. The thermal switching, modulation and amplification effects are

discussed through the spectral analysis. Last we also consider how to achieve such

device experimentally.
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Chapter 6
Conclusion and future works

“Now this is not the end.

It is not even the beginning of the end.

But it is, perhaps, the end of the beginning.”

—Winston Churchill

RHT is the date between light and heat. Due to the differences between the photon

and other heat carriers, the RHT provide a non-contacted channel for heat transfer. In

nanoscale, the contributions of various quantum effects open a broad door for the inves-

tigation of RHT. The primary purpose of this thesis is to focus on the RHT in nanoscale

and investigate the potential applications for photon-based thermal management and

thermal circuit. In this chapter, we summarize the significant results presented in this

thesis and show the directions for future works.

At first, we start this research area with a brief review of the historical development

both theoretically and experimentally. That research area is still alive recently. Some

very recently experimental measurements are also discussed. In the second part of thesis

introduction, we give a short introduction to the historical development of NEGF. That

is a useful method for the quantum transport calculation, and we are going to extend

that method for the investigations of RHT. Besides, we present one kind of potential

employments for RHT: thermal management and thermal circuit. Based on RHT, the

photon-based modulation of heat with nanoscale separation can become reliable, and
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it may provide a different way for thermal computing. At last, the structure of thesis

arrangement is given straightforwardly through a construction figure. In this thesis, we

will focus on the stories of RHT from the theoretical explanation to actual applications.

The outline of our future works is also followed such schedule.

In the method part, Chapter 2, we introduce a basic theory for RHT calculation:

FE, which is born in 1951 and widely used in the instigations of RHT. Through FE

method, the exact formula for RHT between two semi-infinite planes is also given to

draw a clear physical picture of the whole procedure of NFRHT. Next, our derivations

develop a longitudinal wave method to reproduce the same results for RHT based on

FE methods. Our approach keeps self-consistency with FE formalism. That calculation

makes a foundation for scalar field theory in the next Chapter. Besides, we also give

a brief introduction for the NEGF formalism with Keldysh contour order. With the

nonequilibrium steady state assumptions, the Green’s function can be much simplified

in Keldysh contour order, which is convenient for quantum transport calculation. Once

we know the Green’s function of various quantum systems, the transport properties,

such as energy current, can be calculated obviously.

One of extending example for our longitudinal wave method is to find the near-field

phonon effects due to the similarity between phonon and photon. In the corresponding

calculation, the near-field phonon effects can also enhance the heat flux and even ex-

ceeding the phonon blackbody limit several times. Such effect can provide a potential

for the further investigation of TIM. Near-field phonon effect offers an interesting way to

tune the heat transfer through evanescent phonon, which is not carefully considered in

previous research for TIM. With the help of such results, a new channel for phonon heat

transfer can be provided. One of our future works will focus on the near-field photon

effects. In our example calculations, the near-field phonon effects are limited by phonon

group velocity of the materials and such effects are only existed at low temperature.

For the real systems, such effects can not be conveniently applied to enhance the heat

transfer. How to control and reduce the thermal resistance in TIM though near-field

phonon effects? It needs to be carefully considered shortly.
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Chapter 6. Conclusion and future works

Next,we discuss the connection between RHT and 2-d materials. Recently, the

wafer-scale growth of monolayer MoS2 films with spatial homogeneity is realized on

SiO2 substrate. Together with the latest reported high mobility, MoS2 based integrated

electronic devices are expected to be fabricated in the near future. Owing to the low

lattice thermal conductivity in monolayer MoS2, and the increased transistor density ac-

companied with the increased power density, heat dissipation will become a crucial issue

for these integrated devices. In Chapter 3, using the formalism of fluctuation electrody-

namics, we explored the NFRHT from a monolayer MoS2 to graphene. We demonstrate

that in resonance, the maximum heat transfer via near-field radiation between MoS2

and graphene can be ten times higher than the in-plane lattice thermal conduction for

the MoS2 sheet. Therefore a new thermal management strategy for the MoS2 inte-

grated device is proposed: graphene sheet is brought into proximity, 10-20 nm from the

MoS2 device; heat energy transfer from MoS2 to graphene via near-field radiation; this

amount of heat energy then be conducted to contact due to ultra-high lattice thermal

conductivity of graphene. Our work sheds light for developing a new cooling strategy

for nanodevices constructing with low thermal conductivity materials.

The key findings in Chapter 3 construct a connection between NFRHT and 2-d

materials. Due to the novel properties and broad application prospects, the 2-d material

is an ideal platform for the further investigations of RHT in nanoscale. In Chapter 3,

the intra-band optical conductivity of MoS2 plays the dominated role for the near-field

cooling strategy. However, due to the spin-orbit coupling, MoS2 can obtain the novel

inter-band optical conductivity. Trion, a localized excitation which consists of three

charged quasiparticles, is found in MoS2 and can be optically created with valley and

spin polarized holes[160]. The trion in MoS2 also has a large binding energy (20 meV)

which can be existed even in room temperature. One of the interesting questions is

how to combine trion effects with NFRHT. One of the creative ideas is that we can

active thermal extraction through NFRHT based on trion effects of MoS2. Based on

such mechanism, we can develop a different cooling strategy for MoS2 device and also

promote the extension of radiative thermal management in nanoscale.
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In Chapter 4, using NEGF, we consider a one-dimensional model of RHT for which

the contribution of the electromagnetic field is only from the scalar potential and the

effect of the vector potential is ignoring. It is a valid hypothesis when the distances

between objects are very close, i.e., on the order of nanometers. Based on the Lorenz

gauge, the scalar field can be quantized with the standard canonical quantization, i.e.,

the scalar photons. In the limit as the speed of light approaches infinity, the theory can

reduce to a pure Coulomb interaction which is well studied in condensed matter physics.

The model can describe the properties of parallel plate capacitor physics, where a new

length scale related to its capacitance emerges. Smaller than this length scale, we

find larger RHT through charge fluctuations. That differs markedly from the general

Rytov’s fluctuation electrodynamics theory in which the enhancement of RHT is due to

evanescent modes. Our theory may explain recent experimental measurements[9] where

charge fluctuations may play a crucial role in RHT.

An important aspect for NEGF formalism makes a foundation for the quantum

control of RHT in nanoscale. In principle, various quantum effects, such as Berry

phase, quantum phase transition and so on, can be included in the calculation without

computing the dielectric constant. We realize that amount of interesting phenomena

can be found once the quantum effects can be carefully obtained. To combine RHT with

novel quantum effects, a quantum field based method for RHT is needed. However, our

NEGF methods for RHT are only valid in nonequilibrium steady state. How to extend

our method to the driving system? This is a difficult but important question for the

further investigation of RHT. Another limitation of our NEGF method is that it only

works well for nano-system. For a macroscopic system, the computation complexity

will increase exponentially due to numerous degrees of freedom. In that case, the self-

consistency procedure will become very difficult to achieve. In the future, once this

obstacle is solved, I think this research field can be tremendous influenced.

In Chapter 5, using NEGF method, we investigate the quantum thermal rectifiers

and thermal transistor based on the scalar-field photon. The tight-binding models for the

electrons are coupled to the electromagnetic field continuum through a scalar potential.
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Chapter 6. Conclusion and future works

Using properties of the quantum capacitor physics, we observe and report the thermal

rectification effects in double quantum dots model due to the asymmetric electron-

bath couplings. With the help of non-linear thermal gate, a radiative quantum thermal

transistor is also achieved by the combination of four quantum dots. We numerically

demonstrate that the thermal switching, thermal modulation, and thermal amplification

can be obtained in the radiative quantum thermal transistor. Our approaches and

results provide a potential application for thermal management and thermal circuits in

the quantum region.

The calculations in Chapter 5 are based on a toy model. To go from theoretical

calculations to the actual applications, one of the questions we need carefully think

about is how to achieve those devices experimentally. For radiative thermal rectifier,

we can achieve it with graphene lying on the different substrates. Due to the different

sample-substrate interactions, the thermal rectification effects can be found with such

symmetry breaking. For the radiative quantum thermal transistor, one of the challenges

is how to find an appropriate thermal gate. The results in Chapter 3 give one potential

way to make it realizable: making use of the trion effects. Trion, in another word, is

always existed in the exciton gas and the boson bath is already existed in such system.

Another challenge is the realization of TSS. In the model calculation, we assume the

double quantum well. But we think we can find a wiser way to achieve it. MoS2, which

is well studied in Chapter 3, has a split band gap with about 30-50 meV due to the

spin-orbit coupling. It can be a natural TSS. The next question is how to construct a

radiative quantum thermal transistor through the special properties of 2-d materials. It

can be an interesting but challengeable question in the future.

For RHT, here, I provide some personal brainstorms for the future works: “smart

heat” i.e. thermal machine learning, nanoscale passive cooling and so on. The next

question is the question which I always raise a question to myself when I started my

Ph.D life: what I can do to make a difference in my research area? In fact, I think I

need use the whole research life to answer that question: you never know what you will

find tomorrow. In the end, I would like to use a sketch to finish my thesis. Figure (6.1)
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Fig. 6.1: Sketch for the future works.

shows what I will do in the future, i.e., make a seed for my research life grow into a

colorful tree. Now, it is, perhaps, the end of the beginning.
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