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Abstract

Semiconductors, superconductors, conductive polymers and many other advanced
materials have deeply affected modern society. Every special property of these
materials is a macroscopic reflection of the microscopic interactions in them. Among
such interactions, electron-phonon interaction (EPI) is ubiquitous in solids, indicating
the interaction between the electrons and the lattice vibrations, 7.e. the phonons.
This thesis studies the electron and phonon dynamics within EPI, respectively.

For electron dynamics, we explore the electron charge transport in one-dimensional
organic polymer treated as an open system with a two-terminal phonon bath. The
approach is based on nonequilibrium Green’s function (NEGF), generalized quantum
Langevin equation and molecular dynamic (MD) simulation. We employ a semi-
classical one-dimensional model to let one single electron evolve and calculate its
mean squared displacement as well as the diffusion constant. The simulation results
demonstrate that the charge transport behavior is bandlike when temperature is
increasing. By combining deformation potential approximation with Boltzmann
transport theory, we implement an analytical calculation to predict the diffusion
constant and find that it drastically disagrees with our MD simulation. As an exten-
sion, we implement the same approach to simulate a quasi one-dimensional organic
polymer and also compare the results with previous work which uses Boltzmann
transport theory. For this more complicated polymer, we do not succeed to draw a
convincing conclusion about the validity of Boltzmann transport theory due to the

size limit.

vii



For phonon dynamics, we focus on the phonon Hall effect (PHE). Since the first
experimental observation of the PHE in 2005, its physical origin and theoretical
explanation have been extensively investigated. While spin-orbit interactions are
believed to play important roles under external magnetic fields, nonmagnetic effects
are also possible. Here, we propose a mechanism of PHE which is induced by
electric current in a nonequilibrium system through EPI. The influence of the drift
electrons to the phonon degrees of freedom, as a correction to the Born-Oppenheimer
approximation, is represented by an antisymmetric matrix which has the same form
as in a typical phonon Hall model. We demonstrate the idea with a graphene-like
hexagonal lattice having a finite phonon Hall conductivity under a driven electric
current.

Although PHE has attracted a lot of attention in recent years with many
experimental explorations published, theoretical studies are still hovering around
phenomenon-based models. Moreover, previous microscopic theory was found unable
to explain large thermal Hall conductivity obtained by experiments in strontium
titanate (STO). Therefore, in an attempt to bridge this gap, we implement first-
principles calculations to explore the PHE in real materials. Our work provides a
benchmark of the PHE in sodium chloride (NaCl) under a large external magnetic
field. Moreover, we demonstrate our results in Barium titanate (BTO), and discuss
the results of STO in detail about their deviation from experiments. As a possible
future direction, we propose that the inner electronic Berry curvature and cubic

nonlinear potential play important roles in PHE in STO.

viil
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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

1.1 Electron-Phonon Interaction

The electron-phonon interaction determines the temperature dependence of
the transport behaviors such as electron mobility in semiconductors, induces the
conventional low-temperature superconductivity, and can play a role in topological
materials [1]. Moreover, the electron-phonon interaction can also affect phonons’
dynamics by a Berry phase term coming from electrons, which finally could result
in the so-called phonon Hall effect [2]. Straightforwardly, the electron-phonon
interaction can be understood that when there are phonons excited in a crystal, local
charge imbalance caused by this lattice distortion will drag the moving electrons. In
contrast, from phonons’ perspective, the moving electrons are also dragging phonons
at the same time, they are competing with each other to arrive at a dynamic
balance. Therefore, electrons and phonons are coupled to each other all the time

posing difficulty to solve their equations of motions rigorously. Translating this

naive description into contemporary language, a standard form of the Hamiltonian
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including the electron-phonon interaction up to lowest order is [2]

1

H= > EnkClp Cnts + > hwa,(aj;yaql, + 5)
nk quv

1 (1.1)

+ \/N . Z gmnu(k> Q)CInkJrqcnk(aql, + CLT_q,,).

,g,mnv

In this Hamiltonian, €, is the eigenvalue of an electron with crystal momentum
k and band number n, wy, is the eigenfrequency of a lattice vibration with crystal
momentum q in the v-th branch. ¢, and ¢, (a}, and ag,) are the creation and
annihilation operators of electron (phonon), respectively. g, (k, q) represents the
coupling matrix element of the electron-phonon interaction.

To analyze the electron-phonon interaction, a generally accepted way is to make
appropriate approximations. The best-known approximation is Born-Oppenheimer
approximation handling electrons and phonons separately based on the fact that
electrons are much lighter than nuclei. Equipped with this approximation, equations
of motion for electrons and phonons can be solved formally by eliminating each
other. With the elimination, the effect of phonons (electrons) in the equations of
motion for electrons (phonons) is replaced with a phonon (electron) self-energy term
using the Green’s functions formalism. In this way, we can explore the electron and

phonon dynamics within the electron-phonon interaction, respectively.

1.2 Trans-polyacetylene and SSH Model

Trans-polyacetylene has a dimerized structure illustrated in Fig. [I.1} It consists
of conjugate (CH) groups with alternating single and double chemical bonds. In

1977, Shirakawa, Heeger, and MacDiarmid discovered high electrical conductivity
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Figure 1.1: Ball-and-stick model of trans-polyacetylene.

_=z 0 k3
k

Figure 1.2: Electronic band structure of the SSH model with perfect dimerization.
a is the length between two nearest (CH) group.

e ]
|
Qla

upon doping in the polyacetylene . Inspired by their work, a new field of organic
conductive polymers was launched in physics. Therefore, to explore the charge
transport behavior in trans-polyacetylene, SSH model, the abbreviation of the

authors Su, Schrieffer, and Heeger, was firstly proposed in 1979 [4]. There are
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some assumptions made in this model to simplify the description. Firstly, the
interchain electron hybridization was ignored, therefore, SSH model is a quasi one-
dimensional (1-D) model. Secondly, the o electrons are treated adiabatically due to
the large gap between the ¢ bonding and antibonding states compared to the phonon
energies, while the 7 electrons are approximately described by a tight-binding model.
Moreover, each (CH) group is forced moving only along the bond (carbon-carbon
bond) direction, which again indicates it lies in 1-D space. The original Hamiltonian

[4] is given as follows:

ﬁ == Z[to - a(uTH‘l - un)](CiL—l-l,scns + C;rlscn-‘rl,s)
” (1.2)

+;;K(un+1 — uy)? —1—;;]\4@%,
where ¢!, and ¢, are the creation and annihilation operator of 7 electrons with
spin s on the n-th group, respectively, u, is the displacement of n-th group, K
and M are the effective spring constant matrix and mass matrix, respectively, tq is
the hopping integral for the undimerized 1-D chain, and « is the electron-phonon
coupling constant. For the perfectly dimerized system, the displacements can be
described by a general formula: wu, = +(—1)"uq. In this case, the effective hopping
integral only has two different values, ty — t; and ty + t; with ¢; = 2aug , which
represent the single bond and double bond, respectively. As Fig. shows, the
dimerization will induce a band gap in the electronic band structure indicating
the system becomes lower in energy due to the distortion. Therefore, previous
equally spaced one-dimensional system with one electron per site is unstable, which

is the so-called Peierls instability. Moreover, the dimerization introduces non-trivial
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topological properties into the system so that SSH model becomes the simplest 1-D

model with non-trivial topology.

1.3 Berry Phase Effect

Geometric phase did not appear in physical research until Aharonov and Bohm
proposed their famous A-B effect in 1959 [5]. Subsequently, in 1984, Michael Berry
systematically described the adiabatic evolution of an eigenstate around a loop
in the parameter space with parameters varying slowly [6]. During the evolution,
if no degeneracies in the parameter space, besides the usual dynamic factor, the
eigenstate will accumulate an extra phase factor which will not be cancelled even
when it reaches its starting point. This extra phase factor, therefore, will play a
role in determining and relating observables. Berry’s work has greatly influenced
different fields of physics including the quantum chemistry so that people named
this geometric phase as the Berry phase [7].

The derivation of the Berry phase and its associated quantities has already been
written in many textbooks, therefore, we just briefly introduce the general formalism.
Consider a time-varying Hamiltonian H(R) in the parameter space spanning by a
set of parameters R = (Ry, Rs, ...), where R; = R;(t) varies in time very slowly. The
parameters set moves along a closed path C so that R(T") = R(0). Since the motion

is adiabatic, for each R(t) point, we have following equation:
H(R)|n(R)) = E.(R)|n(R)), (1.3)

where |n(R)) is an orthonormal basis of the corresponding eigenstates at that point.
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This equation is still valid if we multiply a phase factor, also called a gauge, on
both sides whether it is dependent on R. Constant factor is trivial, therefore, it is
natural to choose a smooth and single valued time-dependent function along the
path C. Assume the gauged eigen basis is [1)(t)) = e @ |n(R(t))), then according

to quantum theory, the time evolution of the system is

do(t)

EL(RO)In(R0) = h( =32 ) In(R(0) + i

din(R(t)))

dt (1.4)

1 st t d
= 0(t) =+ [ Eu(RI))AY i [ (n(R®)|s In(R{E) '
h Jo 0 dt’
The first term is the conventional dynamical phase. The extra second term is the

Berry phase. We can rewrite the second term as follows:
(1.5)

where A, (R) = i(n(R)|Vg|n(R)) is named as Berry connection, or Berry vector
potential due to its similarity to the vector potential of magnetic filed. Obviously,
the Berry connection is gauge-dependent. If we apply a gauge transformation
In(R)) — ¢“®|n(R)), the Berry connection becomes A, (R) — A,(R) — %E),
After evolving along the path C, the difference is just £(R(0)) — &(R(T)). Since
we have assumed the phase factor is single-valued, £(R(0)) — £(R(T')) must be an
integer multiple of 2w. Therefore, the Berry phase cannot be removed and is a
gauge-invariant quantity. Although there is an imaginary sign in Eq. , the Berry
phase is real because (n(R)|n(R)) =1 — (n(R)|Vg|n(R)) = —(n(R)|Vg|n(R))*.

Therefore, v, = —Im [dR - (n(R)|Vgn(R)). With the application of Stokes
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theorem, the Berry phase can be further rewritten as

= ~Im [ dS - (V x (n(R)| VrIn(R)))
= —Im / a8 - ((Van(R)| x |Vn(R))) (1.6)
= /ds Q(R),

where the integral is over the area enclosed by the path C, and
Qu(R) = —Im|(V,n(R)|V,n(R)) — (p < v)] (1.7)

is the Berry curvature.

Going through the derivation, we can conclude that the Berry phase has three
key properties. First, Berry phase cannot be cancelled by gauge transformation.
This gauge invariance makes it physical and possible to be measured directly through
interference phenomena [7]. Second, it is geometrical. It is not only a line-integral
of the Berry connection over a closed path, but also a surface integral of the Berry
curvature over an area suspending the path. Third, the Berry phase is closely related
to gauge field theories and differential geometry [8]. The integral of its associated
Berry curvature over an enclosed surface is quantized as integers which is known
as the Chern numbers. Due to these properties, the Berry phase effects have been
successfully applied to explain electrical transport behaviours such as quantum Hall
effect |9, [10], anomalous Hall effect |11}, [12], anomalous thermoelectric transport [13],
quantum spin Hall effect |14} |15], and electron polarization |16]. These applications
elegantly connect mathematics and physics, which greatly boost our understanding

of condensed matter.
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Berry phase not only can attend the electrical transport, but also the phonon
transport. In recent years, many physicists have started to relate the phonon
transport with the Berry phase, such as the Berry-phase-induced heat pumping |17],
the Berry phase effect in molecular vibration [18], and the phonon Hall effect 19,
2]. However, since phonons and electrons obey different statistics, the respective
Berry phase effects are not the same. Moreover, in phonon system, there may
be non-Hermitian effective Hamiltonian, therefore, the corresponding Berry terms
should be slightly modified. Berry phase effect in non-Hermitian system is also

another intriguing field in physics.

1.4 Phonon Hall Effect

In general belief, Hall effect under magnetic field always appear in electrical
transport. However, in 2005, Strohm, Rikken, and Wyder observed the counterpart
in phonon transport, the phonon Hall effect. In their observation, the applied
magnetic field bends part of the heat current to the direction perpendicular to
both the temperature gradient and the magnetic field, which finally results in a
temperature difference. The experiment was performed on samples of paramagnetic
terbium gallium garnet (TGG), and the measured transverse temperature difference
has 10~ order of magnitude in kelvin with the magnetic field being about 4 T
at an average temperature 5.45 K. The PHE was found linearly dependent on
the magnetic field in the range 0 to 4 T. Subsequently, more experiments have
confirmed the PHE [20, [21]. To understand this effect, in the past decade, several

theoretical explanations have been proposed [22, [23| 24 25, [2]. Currently, the most
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successful microscopic theory was developed by Qin et al. in which the PHE is
related to the Berry phase of the phononic structure [2]. Their theory introduces a
correction to the traditional linear response theory, called the energy magnetization
[26]. This correction successfully cancels the divergence in previous theory [25] at zero
temperature which is inconsistent with thermodynamics. Inspired by these studies,
the PHE can be generalized that parallel to the Hall effect in electrical transport, as
long as there is a gauge potential playing a similar role as the vector potential in a
magnetic field, there will be PHE. This net vector potential could come from the inner
electron structure of an atomic system itself combined with an external magnetic
field [27], or other more complicated interactions like magnon-phonon interaction
[28]. All of the present PHESs, either experimental or theoretical, need external
[29] or internal magnetic field to induce the observable phonon Hall conductivity.
However, in principle, the magnetic field is not really necessary, therefore, there may
be some mechanisms of the PHE without the significant magnetic field.
Furthermore, with more experiments published, it is evident that we have not
reached the end of the story yet. In 2020, an experimental group found a large
PHE in a perovskite, STO [21]. Their setup for the experiment is illustrated in
Fig. [1.3(a) and (b) extracted from their publication. By their measurement, the
transverse temperature difference is about several mK with the magnetic field
in the range 0-12 T at an average temperature 24 K, and the corresponding Hall
conductivity has 1072 order of magnitude in the unit of W/(K-m). Linearity between
the conductivity and the magnetic field is also showed in Fig. [1.3|(c) and (d). The

authors thought their observations can be explained by Qin’s theory. However,
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Figure 1.3: (a) Setup for measuring longitudinal and transverse temperature differ-
ence. (b) Sample. (c¢) Longitudinal and transverse temperature difference against
the magnetic field. (d) Extracted phonon Hall conductivity ., and field-induced
change in conventional conductivity 0k = k(ugH) — k(0) against the magnetic
field. Reprinted figure with permission from [21]. Copyright 2021 by the American
Physical Society.

subsequently, a theoretical group pointed out that Qin’s theory cannot explain the
large values in experiments and they used Boltzmann transport theory to successfully
predict the ratio between the longitudinal thermal conductivity and the phonon
Hall conductivity [30]. Moreover, another experimental work found that if 60O in
STO is replaced with its isotope O, the phonon Hall conductivity will become
two orders of magnitude smaller [31]. This is a very bizarre behavior challenging
all current theories. The authors concluded that the PHE in STO with 0 is
more like an enhancement compared with SrTi'®Os, and therefore they attributed
the reason most likely to the behavior of the transverse optical phonon modes in
STO at low temperature. All these recent experiments are performed on complex

materials, therefore, it is difficult to understand them with simplified models, and
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more accurate and persuasive first-principles calculations are needed.

1.5 Spin-Phonon Interaction

For a particle with spin, when it moves inside a potential, its spin will interact
with its orbital quantities. A famous example resulted from the spin-orbit interaction
is the shift of atoms’ energy level. With the help of the electromagnetic interaction
between the spin of the electrons and the magnetic field of nuclei from electrons’
perspective, the spin-orbit interaction can be detected through the energy split.
Similarly, for phonon transport, the vibrating ions could also interact with their
spins or the local magnetization, which is called spin-phonon interaction (SPI).
In the past century, the SPI has been widely studied [32, |33, 34, 135, |36, 37].
In its phenomenological description, the coupling raises between the pseudo-spin
representing the Kramers doublet of ions and the lattice vibrations. It can be
assumed that only the lowest Kramers doublet keeps degenerate within the crystal
fields, and as a result, the energy required to jump to excited states is greater than
the Debye energy [36, 137]. Therefore, as an approximation, we use a pseudospin-1/2
operator s, to represent the doublet for n-th ion. The Raman-type SPI without

external magnetic field is [25]:

Hgpr = gzsn : (un X pn)a (18)

where ¢ is a coupling constant related to the charge and mass of the ions, u, and
p,, are the displacement and momentum of the n-th ion, respectively. With external

magnetic field, the time-reversal symmetry is broken, therefore, the Kramers doublet
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is not degenerate any more and there will be a magnetization M. Assuming isotropy
in the SPI, the mean-field approximation gives (s,) = ¢M. Thus the SPI can be
rewritten as:

Hspr=h-) u, X p,. (1.9)
Here, h = gcM.

SPI was mostly applied to study the magnetic properties and longitudinal thermal
transport behaviors of the system previously. In the last decade, it was noticed
that SPI could also play a role in the PHE [25]. Although the SPI itself is not
particularly small, its induced PHE in the proposed theoretical model was somehow
weak compared with the experiments. One of the possible reasons is the isotropic
assumption. In real ionic materials, there are no free charges, instead, the charge
properties are described by Born effective charge tensor. Therefore, the form of the
SPI should be modified according to the real charge distribution. We also note STO

is not magnetic, so we cannot expect SPI in STO.

1.6 Perovskite

Perovskite, named in honor of the Russian mineralogist Lev Perovski, originally
refers to calcium titanium (CaTiOs). With more minerals similar to the CaTiO3
found, perovskite now refers to this fascinating family of materials with many
fantastic properties. All the compounds in this family have the same general formula
ABOj and orthorhombic crystal structure shown in Fig. In the formula, trivalant
cation A at eight corner positions usually is a rare earth ion such as Pr, La, Gd,
or divalent alkaline earth, e.g. Ca, Sr, Ba, etc. Cation B at the central position

12
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Figure 1.4: Crystal structure of general perovskite.

typically is a transition metal ion, e.g. Mn, Ti, Co, Fe, etc. O locating at the face
center usually is the oxygen anion and six of them form an octahedral cage. The
octahedron in the center could be easily distorted, and the distortions will greatly
affect the properties of the material, which is the main reason that perovskite has
that diversity in electrical, magnetic, and optical properties. Therefore, perovskite

has been widely studied in various applications especially in solar cells |38 39).

1.6.1 Barium Titanate and Strontium Titanate

Alkaline earth titanate is one of the important subfamilies in the perovskite due
to their electrical properties. In this thesis, we mainly focus on two of them: BaTiO3
(BTO) and SrTiO3 (STO). One of the important properties of these two materials

is that they both go through phase transitions during temperature decreasing
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Figure 1.5: Dielectric constant of STO versus temperature. Reprinted figure with
permission from [40]. Copyright 2021 by the American Physical Society.

process. Above 400 K for BTO, and above 105 K for STO, both of them are cubic.
When temperature decreases to lower than those critical value, they will experience
a phase transition. In this transition, the TiOg octahedron will be distorted so
that they transform to tetragonal structure. Moreover, if the temperature keeps
decreasing, further transition sequence could happen: tetragonal — orthorhombic —
rhombohedral. In cubic phase, BTO and STO are paraelectric, while in tetragonal
phase, they become ferroelectric. Both BTO and STO has large dielectric constant
in ferroelectric phase, however, dielectric constant of the BTO decreases to 0 when
temperature goes to 0 [41] while the STO’s dielectric constant remains to be an
almost constant large value (around 10* in ST units) when temperature < 4 K, which
is shown in Fig. [L.5l The surprising behavior of STO at extremely low temperature,
called quantum paraelectric, was attributed to the quantum fluctuation [40].

Due to the complex structures, BTO and STO are highly anharmonic so that we

cannot use the traditional harmonic oscillators to describe their lattice vibrations. To
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overcome the shortage of the harmonic potential, a quartic potential was introduced
to address the instability of the system [42], which is called the polarizability
model. With the extra quartic term, the Hamiltonian is fairly like the free energy in
Ginzburg—Landau theory. Applying the mean-field approximation, this model can
be solved self-consistently. Although the polarizability model could qualitatively
explain the ferroelectricity in perovskite and discover soft optical modes, it is rather
parameters-dependent. First-principles calculations have also been implemented
in recent years [43, |44, 45|, |46] trying to match the measurements. However, the
computational results are still not good enough so far. Besides, the large dielectric
constants in STO raised by the soft optical modes could also contribute to its large
PHE [30]. Therefore, even current first-principles calculations are not perfect, it

deserves to try to combine it with the microscopic theory for PHE.

1.7 Objectives

The objectives of this thesis can be divided into two parts, one for the electron
dynamics, and the other for the phonon dynamics, which are coupled through
electron-phonon interaction. To calculate the transport quantities, one usual method
is the non-equilibrium Green’s function method (NEGF), which has been developed
very well so far [47]. However, NEGF can only deal with small open system, to
overcome this shortage, we can combine it with MD method. It has been showed
that as long as the electron density is low, it is valid [48]. Therefore, the first
objective of this thesis is to numerically calculate the charge transport behaviors in

organic polymers using the combined method. Boltzmann transport equation (BTE)
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method is another widely used one once the electron and phonon structure of the
materials is obtained from first-principles calculations. However, the validity of this
method for one dimensional case has not been strictly proved. Thus comparing with
the BTE method is the second objective of this thesis.

For phonon dynamics, the thesis focuses on the PHE. Current proposed mech-
anisms of the PHE all requires significant magnetic field, while according to the
general theory for PHE [2], magnetic field is not necessary. Therefore, The third
objective of this thesis is to propose a mechanism of PHE induced by electric current
and explore its properties. Moreover, there is still a gap between the experiments
and theoretical research for PHE. To bridge this gap, this thesis implements a
further exploration with the first-principles calculations trying to understand the
PHE observed in complex materials, which is the final objective of the thesis.

The thesis may provide insights to understand the electron and phonon dynamics

within the electron-phonon interaction. The rest of this thesis is organized as follows.

In NEGF and other methods used in this thesis are provided.

explores the charge transport behaviors in organic polymers. gives a

general description and derivation for the PHE, with which a current-induced PHE
is proposed. Based on the research in [Chapter 4] first-principles calculations are

implemented in [Chapter 5 At last, a conclusion of this thesis and an outlook are

given in [Chapter 6|
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Chapter 2

Methods

In this thesis, to explore transport properties in electron and phonon dynamics,
NEGF, BTE method and Green-Kubo formula are employed. To figure out the
topological structure of an eigensystem, explicit and geometric formulas for Berry
curvatures are applied. Moreover, we borrow the density functional theory to

implement first-principles calculations for complex materials.

2.1 Nonequilibrium Green’s Function Method

The Nonequilibrium Green’s Function method, an elegant method handling the
nonequilibrium transport problems, was firstly introduced by Schwinger in 1951
[49, 50], and initially applied to solve the Brownian motion problem for a quantum
oscillator [51]. Subsequently, Kadanoff and Baym [52], and Keldysh [53] developed
equation of motion method and diagrammatic approach, respectively. With the
foundation built by them, the NEGF method has been applied in electrical and
thermal transport problems [54, |55, |56, [57, |58} |59]. The NEGF method for electron
and phonon are similar except for different statistics they obey. Since in this thesis,

phonon matters most, we briefly introduce the NEGF method for phonon following

17



CHAPTER 2. METHODS

the discipline in the review by Wang et al. [60].

2.1.1 Green’s Functions for Harmonic Oscillator in Equilib-
rium

We start with a quantum harmonic oscillator to introduce the definitions of

the six Green’s functions. By second quantization, a harmonic oscillator can be

expressed as follows:

1 1 1
H= =4+ =-0%%=nm(a'a+ = 2.1
5 +2 ﬁ(aa+2), (2.1)

where u = \/mz = /45 (a + a') with m and z being the mass and the displacement,
respectively. a and a are the creation and annihilation operators having [a, a'] = 1.

The Heisenberg equation determines the evolution of a:

alt) — Z,lh[a(t), H = —iQa(t), (2.2)

which has the simple solution a(t) = ae~**. In statistical mechanics, we use the
canonical ensemble to describe the equilibrium system where there are many states
with corresponding probabilities. The probabilities are given by the density operator
p = P Tr(e ") B = 1/(kgT). Here kp is the Boltzmann constant, T is the
temperature. With |n) representing the orthonormal basis of the energy eigenstates,
we have the typical results in many textbooks,

aln) = v/nln — 1), a'|n) = vVn + 1|n + 1),

(aa) =0, (a'a’) =0, (2.3)

(a'a) = n, (aa’) =1 +n,
where (---) = Tr(p---) is the ensemble average, and n = 1/[e®"™ — 1] is the
Bose-Einstein distribution function.
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Usually, Green’s functions are defined with the creation and annihilation opera-
tors, but in phonon system, for convenience, we can define the six Green’s functions

using the u operator directly as follows:
G (1) = = (u(t)u(t)"), G= = ——(u(t)u(t)"),

G't,t) =0t —t)g (t,t)+ 0 —t)g=(t, 1),
(2.4)

G'(t, ") =0t —t)g” (¢, ') + 0(t — t")g=(¢,1),
G (8,#) = =7 0(¢ — )[u(e),u(®)"), GU(t,#) = 7 0~ 1){[u(t), u(t)")).
Here G~, G= are called greater and lesser Green’s functions, respectively. Combining
the greater and lesser Green’s functions with a time step function 0(¢) = 1if ¢t > 0
else 0, we obtain time-ordered Green’s function G* and anti-time-ordered Green’s
function G*. Furthermore, the commutator between u(t) and u(t') together with the
step function forms retarded Green’s function G" and advanced Green’s function
G®. T as a superscript indicates matrix transpose, and ([u(t), u(t')’] should be
interpreted as (u(t)u(t')?) — (u(t)u(t)”)T. We can easily discover that these six
Green’s functions are related to each other:
G -G =G - G<,
G'+G'=G" +G<, (2.5)
G'— G =G+ G
These relations hold in both time domain and frequency domain with a Fourier

transform defined as Glw] = [*0_ G(t)e™'dt. Moreover, in frequency domain, we
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have the following relations:

G'[~w] = G"w]", G*[w] = G"[w]",
(2.6)
G w]' = —G<[w], G~ [w] = GZ[w]" = =G~ [wW]* + G"[w]" — G"[w]*.

These relations can be easily checked by substituting the definitions of the Green’s
functions.

As an example, we apply these formulas to the harmonic oscillator in equilibrium.
With the solution of a(t), the Green’s functions are

i

G=(t,t') = —50

{ne_m(t_t’) +(1+ n)eiﬂ(t—t')]7
' / (2.7)
G'(t,t) = —0(t - t’)w'

w

The reason they are called the Green’s functions is that the retarded Green’s function

is the solution of the equation

Gr(t) + Q2G7 (1) = —8(1), (2.8)

where 0(t) is the Dirac ¢ function. This is coincident with the original definition of
the Green’s functions in mathematics. Switching into frequency domain, the Green’s

functions become

T

G w] = —=|né(w—Q) + (n+ 1)d(w + Q)|,
al 1 | (2.9)
Cll =i 10

where 7 is a positive damping factor to force the integral converge. With the help of

the Plemelj formula, which is

1 1
— = P— —imd(x), (2.10)
T+ T
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Figure 2.1: Schwinger-Keldysh contour.

where P means the Cauchy principle value, we can further relate the G"[w], G*[w]
with the G<[w]| that

G<[w] = (G"[w] — G°lw])n(w). (2.11)

Therefore, in equilibrium system, there in fact is only one independent Green’s

function and usually, we choose the retarded one.

2.1.2 Nonequilibrium Contour-ordered Green’s Functions

Nonequilibrium simply means the density operator of the system is not propor-
tional to the canonical distribution e ## any more, therefore, the corresponding
six Green’s functions have the same forms as we defined in equilibrium. In the
six Green’s functions, evolution direction in time plays an important role in distin-
guishing them. Therefore, a new type of Green’s functions, contour-ordered Green’s
functions, is proposed. Since the quantum evolution, represented by the evolution
operator U(t,t"), can either go forward or backward, we can always treat it as a
segment of the contour from —oo to oo, then back to —oo from oo [60], as Fig.

shows. In this way, we define the contour-ordered Green’s function as follows:

G(r,7') = —;_LTr [o(to) Tru(r)u(r')"], (2.12)
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where t; is a reference time which could be —oo, 7 stands for combination of two
indices (t,0), 0 = +(—) indicates the upper branch (lower branch) of the Schwinger-
Keldysh contour shown in Fig. 2.1} 77 is a contour-order operator ordering the
operators along the contour. There are several special rules for calculus and derivative

along the contour which should be noted in application [60]:

4 d &) A

dr di’ dr it

/dT:/OO dt++/_oo it~ =Y /OO odt, (2.13)
C —oo™t 0o o=+t J—00

sy = POT) s s — 1),

or

Exhausting the four combinations of 7, we can map the contour-ordered Green’s
functions to previously defined Green’s functions:
Gt G<
G = . (2.14)
G> Gt
With this map, the convolution including contour-ordered Green’s functions, for
example,

C(r,7') = /dTlA(T, 71)B(1,7"), (2.15)

can be treated as matrix multiplication so that C<~> = A"B<~> + A<~ B% More

general results are known as the Langreth theorem [61].

2.1.3 Equation of Motion Method

Equation of motion method is an efficient method to start NEGF calculation in
coupled system comparing with diagrammatic method. The idea can be illustrated

in a coupled harmonic system with a standard Hamiltonian

1 1
H= §pr + §uTKu, (2.16)
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where u is the stack of the displacement of each harmonic oscillator, p is the conjugate
momentum vector, and K is the spring constant matrix which is symmetric and
positive definite. The first-order equation of motion can be derived according to the

previous derivative rules:

oG(1,7') i . NT i ' NT
5 = ~{Tralr)u(r)") = o7, m){ulr), u(r) ). (2.17)

The 4(7) cannot be determined, therefore, we apply one more derivative to both

sides, which results in

2 / . .
TOTT) — Limiryu(e)") — otr, ) [alr) u()]. (218)
According to the Heisenberg equation ii = —Ku and the commutator [u(7), p(7")?] =
ihd (7, 7)1, the second-order equation of motion can be simplified to be
PG(r, T
8(7—2’ ™) + KG(r,7") = =d(r, 7). (2.19)
-

To solve this equation of motion, we treat the system as an open system: a central
region with left and right leads. Moreover, we extract the decoupled harmonic

oscillators so that the spring constant matrix can be rewritten as follows:

KL vt ¢
K=|ycr gc yer|, (2.20)
0 VRC’ KR

where V represents the coupling. We label the contour-ordered Green’s functions of
the decoupled harmonic oscillators as g(7,7') = diag{g*, g%, ¢®*}, which satisfies the

equation of motion,

829L’C’R(7, 7_/)

52 + KLvC’Rg(T’ 7'/) = —5(7’, 7'/)]. (2'21)
-

23



CHAPTER 2. METHODS

It is easy to derive the following Dyson equation:
Gr,r) = g(r7) + [ [dngr )2, )G ), (222)

where ¥ is the off-diagonal part of the K [60].

2.2 Boltzmann Transport Equation

Boltzmann transport equation (BTE) is a semi-classical equation proposed by
Ludwig Boltzmann in 1872 to describe the statistical behaviors in nonequilibrium
thermodynamics [62]. Although it is semi-classical, it is rather powerful which is
still widely used in exploring electron and phonon dynamics in various materials.
The kernel idea of the BTE is to greatly reduce the enormous degrees of freedom
in analyzing the positions and momenta of each particle by employing probability
distributions of particles. In this way, the effect of uncountable collisions among
particles can be described by some macroscopic values, e.g. the relaxation time.

Consider a distribution fi(r) measuring the amount of particles in the infinitesi-
mal neighbourhood of r with state k, when the system is in nonequilibrium, obviously
the distribution varies in time. There are three mechanisms that can affect the dis-
tribution [62]: drift, external fields and scattering. Drift refers to particles’ entering
to state r from adjacent regions and particles’ leaving from current position at the

same time. Therefore, this mechanism must be related to the velocities of particles,
; Otk
LY 2.23
| arite LR (2.23)

External fields can change the state k of particles by the electromagnetic interaction,
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and the rate of the change is
ke = %(E + vy, x B). (2.24)

Due to k, the distribution will change at the rate

e

h

K

frlsa = (2.25)

Scattering, labelled as fk\scatt, is a net effect containing all the microscopic collisions in
the system, and we cannot rigorously address it without appropriate approximations.

Combining all the three terms, we obtain the general BTE,

O f Ofe e
E‘i‘vkair—i‘ﬁ(E—i"kaB)

Ofe  Of

. 87,{; == E‘scatt. (226)

In the steady state, the first term must vanish. In equilibrium, the distribution

function fr — fp is the Bose-Einstein or Fermi-Dirac distribution.

2.2.1 Linearized BTE and Single-mode Relaxation-time Ap-
proximation

The difficulty to solve the BTE is the complexity of the scattering term. If we
assume the deviation from equilibrium is small, we may only keep the lowest order
of the change (fr — f7) in the scattering term while replace fi with f2 for all other
terms. In this way, the scattering can be simplified to be the integrated probability

of the particles jumping from one state to another,

Frlscate = /[fk’(l — fi) = fu(L = fu)]P(k — K')dK'
(2.27)

~ [ (i = fi)P(k = )k,
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where we have used the principle of microscopic reversibility P(k — k') = P(k' — k).

Therefore, the linearized BTE is

Ofi

0
v ! Ofk _ / (o — fu) Pk — K')dK. (2.28)

B+ B)- G
Moreover, with further assumptions, linearized BTE could have explicit solutions.
First, we assume the distribution may only rely on the energy of particles €, and
the energy surface is spherical, i.e. g, < k?. Second, the probability should only
depend on the angle between two vectors so that the integral can be extracted out

to be a mode-dependent value, labelled as 1/7(k), the single-mode relaxation time.

Thereafter, the BTE becomes

80
vk'[éfic+€(E+kaB)'

Oey, T(k)
Once we have solved the BTE, we can calculate many transport observables, for ex-
ample, the electrical conductivity. The electric current J, by definition, is [ evy frdk.

Substituting the solution of fx, we obtain [62]

0
J=—¢ / VRV - g?}:ET(k)dk. (2.30)

Since J = o E,| the electrical conductivity tensor can be extracted out.

2.3 Berry Curvature

Berry curvatures contain information of the parameter space and determine
its topological structure. Moreover, Berry curvatures are closely related some
physical observables, for example, electrical conductivity in quantum Hall effect

2

where 0,, = —%();,. In PHE, Berry curvatures are also the key ingredients to
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calculate the phonon Hall conductivity. Therefore, in this section, two methods to
calculate Berry curvatures are given.
The first one is by explicit derivation starting from the eigen equation. Recall

our introduction for Berry phase in [Chapter 2] the Berry curvatures are defined as

follows:

on(R) On(R)

w = —Tm[ (T2 S — (e ). (2.31)

Since H(R)|n(R)) = E,|n(R)), applying partial derivative to both sides, we obtain

dH(R) on(R), OE,(R) on(R)
o n(R) + HR)| S 2 = S n(R)) + El(R) 5. (232

Afterwards, we multiply (m(R)| to the left on both sides so that

On(R). OE.(R)
(R s 1n(R)) = (Bu = En) (R S 22) + = b (2:33)

Inserting the identity > |m(R))(m(R)| = I into the Eq. (2.31]), the Berry curvatures

becomes
Q= —Im[Z(
= —Im[ Z

m#n

On(R) on(R)
e IR (RS2 — (e 5 0)]

(n(R)| 25 [m(R)) (m(R)| 2242 [n(R))

(En(R) — En(R))?

—(/H—”/)}

The m = n case is excluded because it is real: (n(R)|n(R)) =1 — (n(R)|6gl(£)) =

—((n(R) %))*. In this way, the partial derivative now is applied to the Hamilto-
nian, which is much easier to calculate in practice.
The second method is a geometric method, which is usually used in lattice system.

The definition of the Berry phase is the net phase in the evolution of a state through

a closed loop, therefore, we can split the loop into infinitesimal segments and extract
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the Berry phase from a sequence of the inner products [16],

o = —Tm [ln(<n0|n1)<n1|n2) - <nN_1|n0>)}, (2.35)

where the subscript ¢ = 0,1, ---, N — 1 represents Ry, Ry, ---, Ry_1. This
expression can be easily related to the continuum formula of the Berry phase by

Taylor expansion up to the first order,

In(n(R)|n(R+ dR)) = ln<n(R)|<|n(R)> + 8’2(11;» “dR + -- )
= (1 + (n(R)|Or|n(R)) - d(R) + - ) (2.36)

= (n(R)|0r[n(R)) - d(R) + - -
After taking the continuum limit, the higher order terms can be discarded so that
Yo = —Im [(n(R)|0r|n(R)) - d(R). Since Berry phase can also be regarded as a
surface integral of the Berry curvatures over the area enclosed by the loop path
C using the Stokes’ theorem, the Berry curvatures can be approximated to be the

Berry phase through an infinitesimal loop divided by the area it suspends,

T
Q.(R) ~ 1. (2.37)

where vector dS points to the direction of the normal vector of the area dS. In the
continuum limit, it has been proved this simple formula can produce correctly the
Berry curvatures [63].

The explicit formula is elegant enough to be used in calculation for simple models,
while for more complicated Hamiltonian or a numerical one, it could be troublesome

and inefficient. Therefore, geometric method is more suitable in complex system.
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2.4 Green-Kubo formula

Green-Kubo formula is a widely used formula to study transport phenomena
which generally describes the response of a system to an external perturbation up
to the first order. Since it only considers the first order perturbation, it is named
as the linear response theory and not rigorous. However, it is proven to be rather
convincing in a large number of applications, for example, the calculation of thermal
conductivity. This formula was developed by Melville Green in 1954 [64] and Royogo
Kubo in 1957 [65].

Consider a system with a time-dependent perturbation: H(t) = Hy+H'(t), where
H'(t) is an adiabatic perturbation turned on at time 0. Under this perturbation,

the expectation of an observable A will vary from its value in equilibrium:
A(A)y = (A)r — (A)o = Tr[p(t)A] — Tr(poA), (2.38)

where py = £e 7™ is the density matrix in equilibrium, p(t) is the density matrix
at time t, 8 = 1/kgT, T is the temperature, and H = H(t) — uN in general if the
system has a chemical potential p. We define p(t) = po + dp(t), then according to

its equation of motion within the Schrodinger picture,

di@f” = Z.lh([%o, pol + [Mo, 3p(t)] + [H'(t), po] + [H'(2),0p(1)]), (2.39)

where Hy = Hy — pN. Note that [Ho, po] = 0 and [H'(t),p(t)] is a second order
correction. Therefore, if we keep only the terms up to first order, the equation

becomes

00 31, 500)] = [H(2). 0] (2.40)
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For convenience, we switch to interaction picture such that
Spr(t) = ern™0t5p(t)e~ 10t HI(t) = en Ot H (¢)e~ i o, (2.41)

Then the equation is further simplified to be

dopr(1)

i
R

= [H7(t), pol, (2.42)

with the solution dp;(t) = —% [y dt'[H](t'), po]. If we switch back to Schrédinger

picture, and assume the perturbation is H'(t) = B f(t), where f(t) is a real function,

the deviation of the expectation of the observable A is
] t i / @ !
A(A) = —% / dt' Tr{ei™=D[B pole i =D A} £(¢). (2.43)
0

Defining A(t) = ertot Ae=i#ot B(t) = en™ot Be= it and applying the identity of

the commutator, Tr{[B, po]A} = Tr{po[A, B}, we obtain

AA) =~ [ @ Te{mlA), BEO(), (2.44)
Furthermore, we can define a response function,

Xap(t —1') = —;9(75 — 1) Tr{po[A(t), B(t')]} (2.45)
so that

Ay = [ Cdtyan(t — ) (). (2.46)

2.4.1 Kubo Identity
Define the canonical correlator as follows:
/ — 1 A AHo —AHo /
(AD); BW)) = 5 /O ANTE o™ A(t)e M0 B(t)] (2.47)
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Then the Kubo identity says

(A(t): B(t')) = ;Tr{po [ e e o))

iTr{pO / T DO, A(D)]e= M B(E)}

— 5Tl [ N A ()

(2.48)
ﬁﬁTr{pO[ P A(t)e Mo — A1) B(Y)}
hBTr{[ (t), po] B(')}
1

)
= (= §melmlam. B ).
where we have used the fact that A(t) = L[Ho, A(t)]. Therefore, the response

function can be rewritten as

xap(t —t') = B{A(t); B(t)). (2.49)

2.5 Density Functional theory

Density functional theory (DFT) is a remarkable theory that make it possible
to calculate complicated structures in various real materials. Instead of solving the
Schrodinger equation of the N-electron wave function, DFT follows a new scheme
handling the electron density n(r) where = is the coordinates of electrons.

Generally, the non-relativistic Hamiltonian for a molecule is

H = TN(R) + T ( ) + UeN(’I‘ R) + Uee( ) + UNN(R)

e 2
R ITAL V 224 - R 1) (2.50)
e? Z7;e?
+ — :
XZ:; drep|r; — XZ:; dmeo| R; — Ry
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where 7, j label the electrons and nuclei, R and r are the coordinates for electrons and
nuclei, respectively, M; refers to the mass of each nucleus with Z; being the associated
charge. T and T, are the kinetic energies of electrons and nuclei. Uyy and U,
are the corresponding potential energies. U,y represents the Coulombic attraction
among electrons and nuclei, which mixes the electronic and nuclear coordinates so
that we can not use the product of electronic and nuclear wavefunction to obtain
the total wavefunction. To separate the mixed coordinates, the Born-Oppenheimer
approximation is assumed under the fact that a nucleus is much heavier than an
electron. Therefore, with this approximation, the nuclear coordinates R could be
regarded as parameters in electronic wavefunction, 7.e. the total wavefunction can
be separated as Wiy = Ve (r; R)Yn(R). In this way, nuclei are just parametrically
distributed in the space with electrons moving around.

Having made the Born-Oppenheimer approximation, from the electrons’ per-
spective, the T, can be neglected and the U,, can also be excluded since it only
contributes a constant. Therefore, the Schréodinger equation for electrons can be

written as
Hope(r; R) = [To(7) + Uen (7, R) 4 Uee(7)]|00e(7; R) = Ectbe(7; R). (2.51)

The total eigen equation is

H\I]total(lra R) - [TN + UNN + Ee]lptotal(r7 R)

2
Y 2V t(ri R) - Vi in(R) + Un(R) Vi, elr: R

(2.52)

If we assume the electronic wavefunctions do not vary with respect to the nuclear

32



CHAPTER 2. METHODS

coordinates, the nuclear wavefunctions satisfies

HYn(R) = [ITn + Unn + E YN (R) = Eiota¥n (R). (2.53)

This equation can be interpreted as the nuclei evolve in an effective potential
including the electronic contribution.

Although the Born-Oppenheimer approximation has simplified the total eigen
equation, it is still impossible to solve the Eq. in general. Therefore, Hartree
made a great progress with a self-consistent field method by assuming electrons are
independent from each other and the original interacting terms are included in a
mean field [66]. In the Hartree’s method, the electronic Schrodinger equation can

be rewritten as

Hetpe(r) = 3 _[Te(ri) + Uext () + Un(r:)[e(r) = Ectbe(r). (2.54)

i
Here Uwt(7;) is the potential from ions and Uy(r;) is the Hartree potential from
averaging all other electrons. Since each electron is independent, the electronic

wavefunction should be a sequence of product,

Ve(T1, T2, ,T0) = Ge(T1)e(T2) - - - Pe(Tn). (2.55)

Each one-electron wavefunctions ¢, (r;) will satisfy corresponding Schrodinger equa-
tion: Hei¢e(ri) = Eeide(ri), where - He; = H,. Obviously, Hartree’s method has
greatly reduced the complexity of the original many-body problem by converting it

into a collection of one-body problems.
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2.5.1 Hohenberg-Kohn Theorems

In Hartree’s pioneer work, two basic principles in quantum physics, the anti-
symmetry principle and the Pauli’s exclusion principle, are completely excluded.
Therefore, the associated exchange and correlation energies are not considered. Fock
came up with a solution to include the missing terms [67]. In the final formulation,
the electronic wavefunction is elegantly expressed by Slater determinant containing
all possible linear combinations of one-electron wavefunctions. The updated method
is called the Hartree-Fock method.

Although the Hartree-Fock method has already succeeded in handling the ex-
change energy, the method itself is still limited by the number of electrons in
practice. Ways to deal with electronic wavefunctions did not achieve great success,
new methodology should be considered. Inspired by the earliest scheme proposed
by Thomas and Fermi, who dealt with the electron density and energy functional,
Hohenberg and Kohn made a great breakthrough in 1964 [68].

The Hohenberg-Kohn theorems redefine the electronic Hamiltonian H, as the
sum of two terms: F' = T, + U,,. only accounting for electrons, and the external
potential vy accounting for the electron-ion interaction. For simplicity, we ignore
the subscript and all items we discussed in this section are for electrons. The

expectation value of the energy and the electron density are obtained as follows:

E = (U|H|)
(2.56)
n(r) = (¥n(r)[¥),

where F contains the external potential ve(r).There are two theorems in the
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Hohenberg-Kohn theorems, one is about the uniqueness of v () as a functional of
n(r), the other is the variational principle.

2.5.1.1 The First Hohenberg-Kohn theorem

The first Hohenberg-Kohn theorem says: the external potential vex(r), and hence
the total energy, is a unique functional of the ground state electron density n(r).
We can prove this theorem by contradiction. Assuming two different external

potentials v} (r) and v?

ext ext

(r) produce the same electron density no(r), the corre-
sponding Hamiltonian H; and H, will have two different ground states, W, and Ws.

Ground states have lowest energy, therefore,

Ey = (U1|Hy|Wy) < (Uy|Hy|Ws) = (U] Hy| W) + (Vo] (Hy — Hy)|Wy)

(2.57)
By < B3+ [ no(r)luha(r) = vy (r)dr.
Equivalently, we also have
B < By [ no(r)vda(r) = vy (r)]dr. (2.58)

Combining the Eq. (2.57) and Eq. (2.58)), we obtain a contradiction: E} + E3 <
E} + E2. Therefore, the external potential vey(7) is indeed uniquely determined by

the ground state density.

2.5.1.2 The Second Hohenberg-Kohn theorem

The second Hohenberg-Kohn theorem says: the ground state energy can be
obtained variationally: the density that minimizes the total energy is the exact
ground state density.

The first theorem indicates the ground state wavefunction ¥ and the expectation
value of the Hamiltonian E are functional of n(r). A density that is the ground-state
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of some external potential is known as v-representable. If there is another density
n(r) with which the energy reaches the minimum and it is different from the ground

state density ng(r), then one has
Eo = By [no] > B, [n] = (V[Ho| V). (2.59)

However, according to the Rayleigh-Ritz variational principle, (V|Hy|V) >= Ej for
any trial wavefunction W. Therefore, the second Hohenberg-Kohn theorem is valid.

For any given ve(7), we have
Fealn] = Fiax[n] + [ n(r)Usee(r)dr, (2.60)

where Fuk[n] = (Ug(n)|F|¥q(n)). Minimizing the energy by varying the density, we

can approach the ground state energy.

2.5.2 Kohn-Sham Equation

Although Hohenberg-Kohn theorems enable us calculate the ground state energy
by varying the electron density to minimize the energy, they do not provide a
practical method. Subsequently, Kohn and Sham constructed a fictitious system of
non-interacting particles generating the same density as any interacting system [69).
In this system, they map the interactions into an effective single-particle potential
U.g, the Kohn-Sham potential, to obtain the one-electron Schrodinger equation,
which is known as the Kohn-Sham Equation. This equation greatly boosts the
numerical calculations for real materials.

Kohn-Sham method regroups the Hamiltonian in the Eq. (2.60)) to form an
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exchange-correlation energy F\.:

Ecxt[ FHK +/ oxt
(2.61)
= Tnon[ ] + EH[ ] + Exc +/ eXt(T)dT'
Here the exchange-correlation energy Ei.[n] is defined as follows:
Eyc[n] = T[n| — Thon[n] + Ece[n| — Ex[n]
= Ti[n] + Ex[n] + Eun|n] (2.62)

E.[n] + E.[n],

where the kinetic energy 7'[n] is divided into the non-interacting Tpon[n] and in-
teracting Tiy[n], Fx and Ei[n] represent the exchange energy and correlations
among different electrons, respectively, E. contains all the correlation energies. The

extracted Ey[n] is the Hartree (electrostatic) energy of the electrons,

r)] = ;//Wdrdr'. (2.63)

For a system with the total number of the electrons fixed as N, according to the

second Hohenberg-Kohn theorem, we need to solve a variational problem which is

{ |+ [ Ues(rn(r)dr — ([ n(rydr —N)} — 0, (2.64)

where p is the chemical potential. The associated Euler-Lagrange equation is

_ dF[n(r)]
on(r)

+ Uext(7) + Uegt (7). (2.65)

Here the Kohn-Sham potential, Ueg (1) = Uexs(r) + Un(r) + Uyc(r). The Hartree

potential and the exchange-correlation potential can be written as

r (SEH[TL ,
Un(r) = on(r) /\r—r’ld (2.66)
i) = 2l



CHAPTER 2. METHODS

Then the effective non-interacting Schrodinger equation for the orthonormal single-

electron states ¢; is
- ;Vz + Ueir(r) | 41(r) = eii(r), (2.67)

where ¢; are the corresponding Lagrange multipliers. The density can be constructed

by summing over all the states up to Fermi energy:

n(r)=>_l¢(r)I*, (2.68)

and the total ground state wavefunction of this system is constructed by a Slater

determinant of ¢;(r;):

1
Uks = det[p(r1)d2(12) - - - On(TN)]- 2.69
m [P1(71)@2(T2) )] (2.69)

So far we have built up the base of the DFT. The only left problem is that the
exact form of the exchange-correlation potential Uy, is unknown and approximations
must be applied. There are many successful approximations, such as the local
density approximation (LDA) [69] made by Kohn-Sham themselves, generalized
gradient approximation (GGA) [70], and other complex approximations. Although
they are still approximations, the obtained results are in good agreement with
experiments for many materials making the DF'T a powerful method in modern
physics. Moreover, many textbooks and developed software packages focusing on
the practical applications of the DFT have greatly deepen our understanding in

condensed mater physics.
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Chapter 3

Charge Transport in Organic Poly-
mers

In this chapter, we combine the NEGF method with the MD method to nu-
merically calculate the charge transport behaviors in the organic polymer, and as
an initial proof of concept, we apply it to a famous one-dimensional (1-D) model,
the Su-Schrieffer-Heeger (SSH) model [4], which describes trans-polyacetylene, one
kind of organic polymer. Besides, we follow the standard routine to explicitly
calculate the diffusion constant for the SSH model based on the BTE method and
compare the two results. Furthermore, based on the first-principles calculations
[71], we implement a similar simulation for another kind of polymer, poly(nickel-
ethylenetetrathiolate), i.e. poly(Ni-CyS,), which is treated as a quasi 1-D chain with

phonons being three-dimensional and electrons being one-dimensional.

3.1 Nonlinear Schrodinger Equation

Let us consider a typical Left-Central-Right (L-C-R) structure with electrons and
phonons coupled in central part and two semi-infinite phonon baths (no electrons)

on the two ends. These two leads are in equilibrium which can be characterized
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by temperature. Under this assumption, the Hamiltonian of this system is, Hi,; =

H, + Hp, + Hepi. The electron part is
H, = c'Tc, (3.1)

which is a traditional tight-binding model with transferring matrix 7". The phonon

part is

1 e o 1 o a, o
Hp= Y. i(u ) +§(u VK
a=L,C,R (32)

+( ) VLC C ( ) VC’R R’

where u® is a column vector of atom displacements which are multiplied by square
root of the atom mass, u* = /ma® (therefore all other quantities should be adjusted
accordingly), u® is the corresponding momentum, K is the spring constant matrix
of this phonon system (we assume all three parts share a same spring constant
matrix), and V¢, ViGF are the coupling matrices between baths and central part

with V¢ = (VE9)T, V¢ = (VGF)T. For the EPI, we assume it is in the form of

Hepi = Z el M cjuk, (3.3)

1,5,k

where Mi’} is the coupling tensor. Working in the Heisenberg picture, we can
obtain the equations of motion for electrons and phonons, respectively, through the

Heisenberg equation. For electrons,
ih¢ =Tec+ Y Mruc. (3.4)
k

For phonons,

’ELC _ —KCUC . M VCL L VCR R
(3.5)

= —Ku® = V3“u®, a=L,R
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The solution of the leads’ phonons is

t oD (t,t
u®(t) = | Dg(t,t’)%o,;c(t’)dt’—i—Oéio’o)ua(to)
0

(3.6)
—D;<t,t0)’aa<to), a = L, R

where D" (t,tg) = —if(t — to){([u®(t),u*(ty)"]) is the retarded Green’s function of

leads’ phonons, and it satisfies the following equation:

O2Dr (t,1)

i+ Dt K = —6(t— )1 (3.7)

Based on this solution, we can obtain the equation of motion for central phonons,
t

i = — KuC — Me - / V=D (8 ) VEC

0

t

(3.8)
+ ViR DRt )V JuC (t)de + €,

where

é: Z ga:

a=L.R (3.9)
Ealt) = Vip® [Dg(t,to)ua(to) ~ Di(t to)ua(to)]

For simplicity, we define the self energy of phonon baths as follows:

I, (¢,¢) = VSDL(t,)ViC, a = L, R,

(3.10)
" =117 + II%.
Then the solution can be rewritten as
t
i = —K° — ctMc— | (¢, )uC(t)dt' + ¢ (3.11)
to
We can prove that the noise £ satisfies the fluctuation-dissipation relation,
(Ea(O)€a(t)") = ihIla(t, 1) (3.12)

where I, (t,1') = 3V§*(Dg (t,) + D5 (¢, ¢'))Viic.
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In normal mode space, we have

sin(Qa(t — 1))
o Uz,

DI (¢, to) = —0(t — to)U,
_ (3.13)

utt) = /50,

(ae—iﬂat() + a[‘l'eiﬂat())7

where (), and U, are the normal mode eigenvalue and eigenvector matrices, re-
spectively, and U,UT = I. At time to, leads are in equilibrium, therefore, (afa) =
n(Qy) = 1/[eM/ksTa _ 1] the Bose-Einstein distribution, T}, is the temperature of

leads. Substituting these formulas into the correlation (&, (t)&.(#')T), we obtain

h
<£a(t)£a<t/)T> = VpgaUa 5~ COs Qa(t - t/) 2n<Qa) +1
ooy

h . N
20, 81n<Qa(t - t’))} Ugvphc.

Note that the greater Green’s function in normal mode space can be expressed as

D> = Ua[— ! sm(Qa(t—t’))}Ug. (3.15)

! COS(Qa(t - t/)) <2n(90‘) t 1) 20,

2€),
Therefore, (£ (t)éa(t')") = iRVG*DZ VG, Similarly, (£4(t)&a(1)") = ihVE*DSVSE.

We define the symmetrized correlation function as

(Ca(O&at)")

ST + &) (3.16)

Then we obtain the fluctuation-dissipation relation: (&, (t)&,(#)T) = ill, (¢, ).
Now we have obtained the equations of motion for both the central electrons and
phonons, and this approach is borrowed from Lii and Wang [72]. For convenience,
we can just drop the superscript identifying the central part. As for now, what
we have done is accurate in quantum level. However, it is difficult to numerically

simulate a totally quantum many-body system, so we have to make some classical
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approximations: we interpret the operators ¢ and u as complex wave function
and real variable respectively. If there is only one electron in the central part,
regarding ¢ as a complex wave function is not an approximation, but replacing u
with real variable is indeed a classical approximation. Under this assumption, we
can implement a molecular dynamic simulation right away. In addition, we can also

try to solve the phonons’ equation of motion formally:

ult) =~ [ D) [e) — () Melt))ar (3.17)

—0oQ
where D"(t,t') is the central phonons’ retarded Green’s function, and it satisfies

2
(aaﬁ + K)D'(t,1) +/ I (¢, ") D" (t", ¢')dt" = —8(t — t')1. (3.18)

In the frequency domain, it becomes: D" [w] = ((w+in)2—K —11 [w]) - Substituting

the Eq. (3.17) back to the Eq. (3.4]), we obtain:

me:%-( / M* kk,tt/)gk/(t/)>c(t)

kK

([ oy, '>Z[d(t’)M{;’cj(t’)Dc(t)

k,k'

(3.19)

It is similar to a Schrédinger equation except that it is nonlinear, so we call it the
nonlinear Schrodinger equation. However, the cost of eliminating phonons from
single electron’s equation of motion is much more expensive than solving the coupled

equations of motion, therefore in our MD simulation, we still solve the Eq. ((3.4])

and Eq. (3.11)) directly.
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3.2 Numerical Simulation for the SSH Model

3.2.1 Model and simulation details

As an illustration, we apply our method to the SSH model with the L-C-R

structure. The Hamiltonian of this model is

H,=— Z ”yc;[cjﬂ + h.c.,

J

1 J
Hyn = 5 > K (ujpr —uj)? + 3 >l (3.20)
J J

Hepi = Z ac}cjﬂ(ujﬂ —uj) + h.c.,
J
where v is the hopping constant of the electron tight binding model, K is the
spring constant, and « is the electron-phonon coupling constant. Compared with
the original SSH model, there is no dimerization in our model for we only put one
electron into the system, which can not be dimerized. Based on the Hamiltonian,

we can derive its equations of motion. The time-dependent Schréodinger equation for

the electron is
ic; = [—y + a(uj — ug)lejn + [y + aluy —ujq)|ejq, (3.21)
and for phonons,

iy = =K (2u; — uj1 — uy-1) + alcjezon + chaey) — alcfye; +chej). (3:22)

We use the 4th-order Runge-Kutta method to solve the time-dependent Schrodinger
equation, and use the central difference method to solve phonons’ equation of motion.
The size of the central part is chosen to be 999 unit cells in our simulation, and the
single electron locates at the center of the central part initially. We do not allow

44



CHAPTER 3. CHARGE TRANSPORT IN ORGANIC POLYMERS

the electron to move into the two leads or the other end point, thus it is a hard
wall boundary condition and it will cause a size effect, which should be eliminated
correctly. The initial displacements of phonons can be obtained using the Eq. (3.17)

with no electron, which is

uty=— [ DT e = —<f—1([)f[w]5[w}))(t), (3.23)

—c0
where the convolution theorem is applied, and we only pick some initial values.
To generate the noise from the baths, we use the Box-Muller method to produce
the distribution we want in the frequency domain, then we switch it into the time
domain by the Fourier transform.

Transferring into the frequency domain, the Eq. (3.12)) becomes
(Ea(W)ea(w)) = 210 (w — w')ﬁa (w] = —ihmd(w — W) [2n(w) + 1}Imﬂg [w], (3.24)

where

Gl = [ calie™at.

- (3.25)
ﬁa(w) = /_Oo TL,(t)e™"dt.
We split the &, (w) to be: &u(w) = a(w) + ib(w), and demand that
(a(w)aw)) = (bw)b(w)) = d(w — w)la(w),
(3.26)

i.e., a(w) and b(w) are two independent variables obeying a normal distribution
with mean 0 and variance Wﬁa(w). The Box-Muller transform is a random number
sampling method to generate a pair of independent, normally distributed variables.

Consider a pair of continuous variables (z,y) which satisfy the following normal
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distribution:
2

_ =z +y2
e 22 dxdy

p(z,y)drdy = o

e 32 drdf), (3.27)

2o

= id@e_zdz,
27

where r and 6 are corresponding polar variables, z = The mean of the two

2
202"
variables is 0, and the variance is 0. Given two uniformly distributed variables U;

and Us,, we can generate the 6 and z by 27U; and —InUs, respectively. Thereafter,

the original variables are obtained as follows:

x = oy/—2InU; cos2n Uy,
y = o4/ —2InUs; sin27U;.

Besides the noise, retarded Green’s functions of phonons are required. Generally,

(3.28)

the Green’s functions for an open system can be calculated with the help of the
surface Green’s functions, labeled as g in this subsection, which can be obtained
numerically by a recursive method developed by M.P. Lopez Sancho et al.[73]. To
illustrate this method, let us consider a harmonic L-C-R leads system with the
spring constant matrices,

K=|ycr gc ycer|, (3.29)

0 VAR KR

46



CHAPTER 3. CHARGE TRANSPORT IN ORGANIC POLYMERS

where
L __
K" = ko koo ko1 |-
k1o koo
koo ko
c ko koo ko
K~ = , (3.30)
k1o koo
koo ko1
R __
K" = ko koo Ko
Here we assume koo = k11 = -+, kot = k1o = -+, k1o = ko1 = - - - for simplicity (not

necessary), and koo, ko1, k10 can be block matrices. For simplicity, we temporarily
write the right lead’s retarded Green’s function in the frequency domain as g%, and

it satisfies

(w* — KMt = 1. (3.31)

We restrict the couplings between the leads and the central part are only nonzero for

corner elements (nearest neighbors) so that we only need g&. For the first column
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elements in ¢, the sequence of equations are
(w? — koo)gtl)% - k’mgf% =1,

—k10g8 + (w? — k11) gl — kongdd =1,

(3.32)
—klogf—lo + (WQ - knn)gr}zzo - kmgfﬂo =1, n>=1.
Eliminating all odd indices, we obtain
[(w? = &5]gly = T+ augh,
(3.33)
{(W2 - 51}950 = 5195_20 + Oqgfﬂo, n>=2,
where we define
ap = k?()l (w2 — ]{500)_1/{?01,
81 = kio(w?® — koo) ™' k1o,
(3.34)

% = koo + ko1 (w? — koo) k1o,

€1 = koo + k1o(w?® — koo) " ko1 + ko1 (w? — koo) o
This operation effectively doubles the lattice constant. If we keep applying this

operation, we can construct an iterative sequence as follows:
_ 2 -1
ap = 06171(60 - 8171) -1,
_ 2 -1
B = Bra(w? —e1) Bi1,
(3.35)

e =el 1+ a1 (W —ego1) B,

gr=c1t+a1(w?—eg1) B+ B (w? —e1) Ty,
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with g9 = €f = koo, @0 = ko1, Bo = k10. Repeating this iteration until o and f; are

small enough so that ¢; =~ ¢;_; and €] =~ ¢j_;, we obtain
gt~ (W — )7 (3.36)

This Green’s function is known as the surface Green’s function gj,. We can obtain
gor, in the same way. With the left and right surface Green’s functions, the self
energy is simply:

' w] = Vg VEC + VElgr v i, (3.37)

Fortunately, exact solutions are feasible for a uniform and harmonicl-D chain

[74]. In the frequency domain, the retarded Green’s function satisfies

. -K 2K -K .
w?D"w] — D'w] = 1. (3.38)
-K 2K -K
00 X 00
In elements, it is
(w* = 2K) D% [w] + KD!_y;[w] + KDj o [w] = 655, (3.39)

We assume the solution is: [);j, [w] = CAV=7'l and j > j' without loss of generality.
|A| < 1 must be required to make sure the D;Tj, [w] goes to zero when |j — j'| — oo.
This solution also satisfies the translational symmetry. If 7 # 5/, the A can be easily

obtained,

—(w? = 2K) £ /(w2 — 2K)? — AK?

>\1,2 = )
2K (3.40)

Ao =1,
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with |[A;| < 1 and |Ag| > 1. If j = j/, the constant C' can be determined,

1 1

w2—2K+2K)\ K()\]__)\Q) ( )
Therefore, the complete solution is
R )\Ilj—j’l
Dl |w| = ————. 3.42
4= T (3.42)

We can also obtain this solution by breaking the chain into three parts. Since it is a
uniform chain, the leads” Green’s functions just satisfy the same equations except the
indices are semi-infinite, and we only need one surface Green’s function. Therefore,

the corresponding surface Green’s function and self energy are

A o~
golw] = =22 Tlw] = 2°gp. (343)

For the parameters, we use the typical SSH model parameter sets: v = 2.5 eV,
a=41eV/A K =21.0eV/A2 m = 1349.14 e¢Vfs? /A2 lattice constant a = 1.22 A.
For simplicity, in this section, every time when we say « and K, it means «o/v/m
and K/m in atomic units, i.e., v = 0.09 hartree, a/y/m = 0.00052 hartree/ay,
K/m = 9.1 %1075 hartree/a2, a = 2.3 ag, where a is the Bohr radius. As for the

time step, we choose it to be 1.0 a.u., which is about 0.0242 fs.

3.2.2 Results and Discussions

To check the validity of the noise we generate, we can calculate the energy of a

pure phonon system according to the Eq. (3.23). The energy of the 1-D chain can
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Figure 3.1: Energy of the 1-D lattice vibration with 99 sites. Black dots are numerical
results averaged over 1000 time points with 100 ensembles for each time point. Red
solid line and blue solid line are quantum and classical equipartition predictions,
respectively.

be derived theoretically.
Loy

(B) = (3 5+ 3 5 K wir — )
= (O K(uj1 — u;)*)
/ (3.44)

1 . qa 2ml
hwq<n(wq) + 5), Wy = 2\/K|sm?|7 =%

=

=

[e=]

1 N—-1
~ NksT + 5 3 ooy, kT > e,

1=0
From the first line to the second, we have used the viral theorem, and the formula in

the second line can be used to evaluate the energy in our numerical simulation. The
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Figure 3.2: (a) Evolution of the charge density with central size 99 and total
simulation time 1000 in atomic units (about 24.2 fs). « is set to be 0.00052
hartree/aq. (b) Plot of the ensemble averaged squared displacement versus time at
T = 300 K with central size 999 and total simulation time 10000 in atomic units
(about 242 fs).

third line is the standard result of the 1-D lattice vibration. n(w,) = 1/[e"a/ksT —1]
is the Bose-Einstein distribution. If the temperature is high enough, we obtain the
classical equipartition result plus a quantum correction, which is the fourth line. We
have performed a comparison in Fig. [3.1] from which we can conclude our simulation
is consistent with the quantum predictions.

The electron stays at the center initially, then its wave function will spread to
both ends due to the hopping terms. The evolution of charge density can be observed
in Fig. (a), and obviously, there is a size effect. To study the electron’s motion

more quantitatively, we calculate the mean squared displacement of the electron

((r=m0)*)(t) = > (4 — Jo)*|e (4, 1), (3.45)

J

and take the ensemble average over 10000 ensembles. In Fig. 3.2(b), we illustrate
the comparison between two cases, with EPI and without. From this figure, we
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Figure 3.3: Electron’s movement for different coupling constant « value at 7' = 300
K. The unit of the « is hartree/ag, and the total simulation time is 10000 in atomic
units (about 242 fs).

can conclude that EPI indeed slows down the movement of the electron, but its
effect is not strong enough to go into a diffusive region. Naturally, we increase the
value of the coupling constant o to explore the electron’s behavior further, which
is given in Fig. [3.3] The increased coupling constant causes a further decrease of
the displacement of the electron, and as expected, we observe diffusive behavior for
suitable large a.

However, there is one issue that if the a is too large, ((r — r)?)(t) will have

a sudden increase, which is unreasonable. After analyzing our simulation results,
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Figure 3.4: (a) Different slope of (r?) versus time for different temperature When
a = 0.00156 hartree/aq (3 times of the original «). (b) The relation between diffusion
constant and temperature (in SI units) based on Fig. [3.4{a) when o = 0.00156
hartree/ay.

we find that it can be understood that even in the diffusive region, there is still
a ballistic part whose velocity is not affected by the EPI, but determined by the
hopping parameter. Therefore, when the ballistic part hits two ends, it will be
trapped in the vicinity of the ends due to our boundary condition, while the diffusive
part is far from the ends at the same time. Although the ballistic part is very weak,
the cumulation of this trapping effect will result in a sudden increase in the ensemble
averaged squared displacement when « is large. To eliminate this size effect, we

separate the {(r — ry)?)(t) into two parts:

((r = 10)*)(t) = Penas{(r — 70)*)(t) + Prsiaaie{(r — 10)*) (), (3.46)

where P.nqs and Ppiqqie represent the corresponding proportions which should be
determined through numerical tests. This separation is only applicable for those

situations in which the diffusive part takes much longer time to reach the ends than
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the ballistic part. In our simulation, the middle part occupies eighty percent of the
length and we only use the middle part to study the diffusive behavior. Figure (a)
shows the behavior of {(r — ry)?) at different temperature, and the corresponding
diffusion constants are given in Fig. [3.4(b). The diffusion constant fluctuates at

low temperatures, and then keeps decreasing for increasing temperatures. Using the

eD
kT’

Einstein relation p = we can immediately know that the increase of temperature
will result in a decrease of mobility, which is the feature of bandlike charge transport.

In 2006, Troisi and Orlandi published a paper where they did a similar work
as ours but with a slightly different model [75]. In their model, they just treated
phonons as independent harmonic oscillators, and they observed diffusive behaviors.
Therefore, we have tried to modify the SSH model to be close to Troisi’s one by
adding an onsite term which is much larger than the off-diagonal terms in phonons’
Hamiltonian, and using the same parameters. The results are completely different
from theirs, and the electron is almost ballistic under the EPI. However, this
difference is expected. In our model, the off-diagonal terms represent the couplings
among harmonic oscillators, and as a consequence, there are only acoustic phonons,

while in Troisi’s model, there are only optical phonons. Even small off-diagonal

terms can decrease the scattering rate between the electron and phonons remarkably.

3.2.3 Comparison with Boltzmann Theory

According to the Boltzmann transport theory, the electron states in solids can

be described by a distribution function f(r,k,t), which satisfies the BTE,

of of of _ of

a5 F. —
T T k) ot

= 4
ot or At (3-47)
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where v is the velocity, and F' is the external force. The scattering part usually is

very complicated, therefore, we invoke the relaxation time approximation,

0 k)—
of|  _ S~ fo as)
8t scatt Tk
We can also evaluate the scattering term by the Fermi’s golden rule,
2
Pk — k) = % SO IM (kK |?6(ex — er), (3.49)
k/

where M(k,k’) = (k|0U|K’) is the scattering matrix, and 0U is the interacting

potential. Combining these two evaluations, we obtain

1 2T
— = DM (e, k) Po(e — ) (1= cos ) (3.50)
k;l

in which the 6 is the angle between k and k’ [76]. Therefore, the key point is to
work out the scattering matrix M (k, k’). In the SSH model, there are only acoustic
phonons, so we can use deformation potential method to carry out the scattering
matrix, which was firstly developed by Bardeen and Shockley in 1950 [77]. In the
deformation potential theory, the shift of the electron band edge caused by the
EPI can be attributed to a perturbative effect of a deformation potential. The

deformation potential, induced by the lattice distortion, can be written as follows:
oU = E1 AV, (3.51)

where F; is the deformation potential constant, AV is the lattice deformation. We
assume the displacement of each atom in our model is u; = \/meja with strain
constant € , and lattice constant a. Thus the electronic energy dispersion relation is

E = -2[y — a(uj41 —u;)| coska
(3.52)

= —2(y — V/maae) cos ka.
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Here £ is the lattice wave vector. Comparing with the original energy dispersion

relation £ = —2~ cos ka, we can find the Fjy,
E; = 2y/maa cos ka. (3.53)

With the second quantization, the displacement of an atom in this 1-D chain is

h
Ui = g 2wgNm

Wy = QW‘SiH%‘.

(age + afe ),

(3.54)

The dilation AV is defined as 2%

9Ga)’ and the eigenstates of non-interacting tight-

binding model is |k) = 3 ﬁe“‘“ja. Therefore, the scattering element (k|6U|k’) can
J

be written as

h
k|SUK'Y = iE f 3.55
(RUIK) = By 5ol (3.59)
qi
Taking the thermal average of its modular square, we obtain
hE2q2
kISU|K 2>: ——(2n, + 1 :
(HHBUII") = 5 (ony + 1), (356)

where n, = is the Bose-Einstein distribution function. Since the deformation

1
efhwg 1
potential theory is only applicable for long wave limit, i.e., only for acoustic phonons,

we take ¢ — 0 forcing n, — I%‘%ZT > 1 and w, — VKqa = cq. Thereafter, the

scattering matrix (in this 1-D case, it is just a number) becomes

_ kpTE}

(2

MGk, 1O = k10U 1K) ) , (357)
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where ¢;; = Nmc? and c is the lattice wave velocity. Substituting the scattering

matrix into the Eq. (3.50]), we obtain the explicit formula for the relaxation time,

1 2T kBTE
T2 Nmka 25( — ) (1 — cos )
dk' 2m kgTE? 1
Sa T BT 2 5(k — k) -2 (3.58)

2 B NmKa? hlvg]
_ 8aa’kpT cos® ka
FLQK”Ukl

Here the factor 1 — cosfy is replaced with 2 because in 1-D, only when k = —k/,
this factor equals to 2 with the constraint ¢, = &/, otherwise it is 0. With the

relaxation time, the diffusion constant can be worked out [78§],

2 —Be’;‘k s
V. Tr€ - _
% kk foa dl{?’U%Tke Ber

D= — = (3.59)
% 6_65}@ foa dl{eiﬁsk
We further simplify the formula to be
Ka2~2 b (b2—$2)ewd
0 o , (3.60)

" 2ha? 1o \/bzi
where b = 237.

Since the BTE method always predicts diffusive behavior, immediately, we are
aware that it contradicts with our simulation results for SSH parameters. Therefore,
to make further comparison, we calculate the D —T relation using the Eq. with
a = 0.00156 hartree/ag, which is shown in Fig. Compared with our simulation
results, values in Fig. are much smaller and is monotonically increasing, which
implies the relation that the BTE method predictions are not only quantitatively,
but also qualitatively inconsistent with our MD simulation results. In 1987, Jeyadev
and Conwell calculated polaron mobility in trans-polyacetylene [79] based on the

BTE and deformation potential method. They added a velocity limit to the polaron
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Figure 3.5: D-T relation predicted by Boltzmann transport theory under deformation
potential theory for v = 0.00156 hartree/ay.

so that the diffusion constant starts to decrease when temperature is above certain
value. When temperature is lower than that value, the diffusion constant still
increases as temperature is increasing. Their results are qualitatively similar to our
MD simulation, but quantitatively smaller. Moreover, their results are obtained
using the original SSH parameter, with which we cannot observe a diffusive behavior
in our simulation. Therefore, BTE method, even with a velocity limit, cannot explain
our results. This inconsistency may originate from that Boltzmann transport theory
predicts more scattering events than there really are in this 1-D non-dimerized SSH

model.
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Figure 3.6: Structure of the poly(Ni-CyS4). The upper one is viewed from a side,
and the lower one is from the top. Grey, yellow, blue, and white balls represent
carbon, sulphur, nickel, and hydrogen atoms, respectively. Reprinted figure with
permission from [71]. Copyright 2021 American Chemical Society.

3.3 Numerical Simulation for Poly(Ni-C,S,)

3.3.1 First-principles Calculations

The poly(Ni-CsS4) has a quasi 1-D structure with polymer backbones lie along
the x axis as shown in Fig. In each monomer, there are one nickel, two carbons,
and four sulfurs, and they can move in three-dimensional space, which means there
are 21 phonon modes. According to our collaborator, Tianqi Deng, who is one of
the authors of the published work cited as [71], the B3LYP exchange correlation
functional [80] in Gaussian 09 program [81] with LanL.2DZ basis set [82] for Ni atom
and 6-31G(d) basis set [83] for other atoms are employed to optimize the structure,
and the lattice constant turns to be a = 6.113 A.

We use H® to represent the electron hopping integrals obtained form the first-
principles calculations, where i is to locate relative positions between two monomers.

The value of i ranges from -8 to 8 (8 is the chosen cutoff based on the first-principles
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Figure 3.7: (a) Electron band. (b) Phonon dispersion. Both plots are along the

high-symmetry path I' — X, where I' = (0,0,0) and X = (0.5,0,0).
calculations) indicating we not only consider onsite and nearest neighbors, but also
further neighbors. The extracted spring constant matrix between any two monomers
is labeled as Kj,, where i still represents the relative positions with the range [—8, 8],
and [, ' =1,2,3,---,21 refer to the normal modes. With these numerical results,
we can easily calculate the corresponding electron band and phonon dispersion.
Since we want to simulate single electron’s motion, only the first conduction band
of the poly(Ni-C,S,) as shown in Fig. [3.7(a) is considered. Twenty-one phonon
branches are plotted in Fig. (b), from which we can determine the frequency
range used in calculating the phonons’ Green’s functions.

The EPI in this polymer can be expressed by a tensor Mi’}l. We use the index
l to declare the phonon normal modes from 1 to 21, the index k£ to address the
phonons in k-th supercell, and the indices 7, j to locate the electron wavefunctions in
i-th and j-th supercell interacting with the phonons in k-th supercell. Based on the

results of the first-principles calculations, we truncate the EPI accordingly so that
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li — j| <=8, and min(|k — i|, |k — j|) <= 8. For simplicity, we can take an index
transformation: ¢ —i—j, j — j—k, k — (k—1) x 21 +1 so that the transformed 7
represents the relative position between two electron wavefunctions ranging from —8
to 8, 7 represents the relative position between one of the electron wavefunction and
the phonons, which is in the range [—16, 16], and k merges the location of phonons
and their normal modes with a new range from 1 to N x 21, where N is the number

of supercells. The updated indices 7, j should satisfy the restriction |i — j| <= 8.

3.3.2 MD Simulation Details, Results and Comparison

In our MD simulation, there is still only one electron, and we only allow the
electron to hop between monomers. Therefore, compared with previous simulation
for the SSH model, the only difference is the degrees of freedom of the phonons.
Since the phonons’ Green’s function can be easily extended to three dimension using
the same algorithms as before, it is not a big problem. Recall the Sancho’s iterative
method we introduced previously, the ingredients kqg, ko1, k1o for the phonons’

Green’s functions are block matrices in this case,

KO Kt ... K8 0 0O --- 0
K- KO ... KT K¢ 0 --- 0 .

k’()o = 5 ]{501 = 5 ]{310 = kOl‘ (361)
K-8 K-7 ... KO K! K2 ... 0

The real issue is how to generate the noise in this case. The noise still satisfies the

fluctuation-dissipation relation, except that the self energy II"[w] is a block matrix
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Figure 3.8: Ensemble averaged squared displacement versus time at 7" = 300 K for
the poly(Ni-CsS,). The step length of the time is chosen to be 2 in atomic units,
and the total simulation time is 2000 in atomic units (about 48.4 fs).

now,
k10g] [w]kor O 0
II"w] = 0 0 0 , (3.62)
0 0 korghw]kio

(Nx21)x (N x21)

where we have assumed the leads-center couplings are only non-zero for corner block
elements. The surface Greens’ functions are also block matrices. To generate the
noise, we can use the algorithm discussed by Fishman in his book [84] using the

Cholesky decomposition. If a random vector Z has a mean vector p and a covariance
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Figure 3.9: Ensemble averaged squared displacement against time at 7' = 300 K for
different strength of the EPI with time step length 2 and total simulation time 2000
in atomic units.

matrix > which is positive definite, it can be generated by following equation:
Z=cX +p, (3.63)

where c¢ is the lower triangular matrix of the Cholesky decomposition of X, i.e.,
ccl’ =%, and X is a vector obeying standard uncorrelated Gaussian distribution
N(0,1).

Due to the complexity of this three-dimensional case, we only put 99 monomers
in the central part with total simulation time 2000 in atomic units (about 48.4 fs).
We still let the electron locate at the middle site initially. The ensemble averaged

64



CHAPTER 3. CHARGE TRANSPORT IN ORGANIC POLYMERS

mean square displacement of the electron against time with and without EPI are
illustrated in Fig. It can be seen that the two cases are almost coincident. The
slope in this log-scaled plot is about 1.99 meaning that the electron’s motion is in
the ballistic region. After reviewing the original data, we find that the EPI tensor
is several orders of magnitude smaller than the electron hopping term. Therefore,
we can conclude that in this polymer, the EPI is too weak to affect the electron’s
hopping, which implies there should be high conductivity. In the limit of low
concentration of charge carriers we can reach, the BTE method predicts that the
diffusion constant D is about 66 cm?s™! [71], which is already very high. According

1 although it does not converge due to

to our simulation, D can reach 90 cm?s~
the size limit. Moreover, if we manually enlarge the EPI, the electron’s motion gets
slowed down and can be localized when the EPI is strong enough as indicated in
Fig. 3.9 The EPI effectively contributes a random onsite terms to the electron’s
Hamiltonian making it similar to the Anderson tight-binding model, which results

in the Anderson localization [85]. However, the original EPI in the polymer is rather

weak that the localization length is too large to reach in our simulation.

3.4 Summary

In summary, we have developed a MD method to explore single electron’s
transport behavior in 1-D among a phonon system with phonon leads at two ends.
In our approach, although we have made some classical assumptions, the bath effect
is treated quantum mechanically at least, and it has the advantage that it can

deal with large system where fully quantum-mechanical treatment is not applicable.

65



CHAPTER 3. CHARGE TRANSPORT IN ORGANIC POLYMERS

Based on our results, the motion of single electron in the 1-D SSH model with
parameters for trans-polyacetylene does not lie in the diffusive region, but in a super
diffusive region. When we increase the coupling constant «, it becomes diffusive.
However, even in the diffusive range, the diffusion constant is much larger than the
prediction of the BTE method. Therefore, the BTE method is inapplicable to the
1-D SSH model. Furthermore, the simulation for poly(Ni-CoS,) tells us that the EPI
in this polymer is so weak that we need to simulate a large size for a long time to
observe a small effect on electron’s motion, which is not acceptable. Nonetheless, at
least we can conclude that for both the SSH model and poly(Ni-CyS,), our simulation

gives higher diffusion constant than what the BTE method predicts.
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Chapter 4

Phonon Hall effect

Phonon Hall effect, as a phonon analog to the quantum Hall effect of electrons,
was not discovered until last decade. However, a hint of this effect can be traced
back to a pioneer study by Mead and Truhlar in 1979 [86]. Consider a system with
a Hamiltonian as follows:

Htotal = th(R) + Hel</r) + HEPI(T7 R)u

N (—ihVg,)?
Hon =2 "0,

n=1

(4.1)
+U(R),

where the three terms represent the phonons’ Hamiltonian, electrons’ Hamiltonian,
and electron-phonon interaction, respectively. R locates the ions, and r locates the
electrons. M,, is the mass of n-th ion, N is the total number of ions, and U(R) is
the total potential among them. If we apply the Born-Oppenheimer approximation

to this system, the total wave function is

¥(r, R) = ¥(R)|ai(R)), (4.2)
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where 1) is the nuclear wave function, and «;(R) is the i-th member of the set of

orthonormal eigenstates of the electronic Hamiltonian satisfying

(He + Hepr)|ai(R)) = €i(R)|ai(R)),
(4.3)
{(@i(R)|ai(R)) = b,
where ¢; is the electronic energy. It can be seen that under the Born-Oppenheimer

approximation, electrons’ degrees of freedom are not considered in the total wave

function. Therefore, the total wave function satisfies

ST L U(R) 4 R (R)a(R) = Bu(Ra(R),  (4.4)

n=1
where F is the total energy. The second-order derivative of the first term in the left

hand site can be expanded to be

Vi, (U(R)ai(R)) = Vi, - [ (Va, 0(R)) [ai(R) + 6(R) Vi, | )|
= (V3,0(R))|ai(R)) +2(Vr, o(R)) Vg, |o:(R))  (45)
+U(R)VE, |oi(R)).

Multiplied by (a;(R)|, the Eq. (4.4 becomes

For convenience, we define A,(R) = ih{o;(R)|VR,|a;(R)), which currently is
difficult to compute in first-principles calculations and needs further investigations.
Moreover, if we insert the completeness 3 |o;(R)){;(R)| = I into the second-order

derivative on |o;(R)), and use the Born-Oppenheimer approximation again so that
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other electronic states do not couple to each other, i.e., (;(R)|Vg, |ai(R)) = di,

we obtain
1 0(R) Vi, s (B)) = 1 3 {u(B) Voo (R) 0 (R Vo (R)
= 12(0i(R)|V R, |ai(R))? (47)
= A2

Therefore, the Eq. (4.4) can be further simplified:

{NP ~A,)?

Z + Vg(R) |¥(R) = Hogto(R) = FY(R), (4.8)

n

where we have used the definition P,, = —iAVg,, and define V.g(R) = U(R)+¢;(R)
as an effective potential term. The A, (R) is just the Berry phase of the electronic
structure in this system. Moreover, this effective Hamiltonian has the same form as
the Hamiltonian under a magnetic field indicating that the Berry phase here plays a
similar role as the vector potential of a magnetic field.

Although this derivation has been known for a long time, the effect of the Berry
phase is usually ignored due to the difficulty to calculate it. Since it is similar to a
magnetic field, applying an external magnetic field to the system should have the
same effect, which is exactly what experiments did in recent years. More generally,
it is natural to think that if there is any other kind of interaction contributing a

Berry-phase-like term, we should observe the same effect.
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4.1 Phonon Hall Effect under Non-zero Vector
Potential

What is the most general form of a Hamiltonian for phonons that can result in
a Hall effect? Let us consider a very general system described by 2N Hermitian
variables y;, j = 1,2,--- ,2N, for a system of N degrees of freedom (2-D case).
In column vector notation, we denote this by y, where x components come first,
then followed by y components for each degree of freedom. We assume that the
Hamiltonian takes a quadratic form of H = %yTH Yy, here we assume H is real and
symmetric, superscript 7" is the matrix transpose. The operators y; are completely
characterized by their commutation relations, [y;, y;/] = ihJ;j;. We assume that J;;
is a complex number. Since y is Hermitian, we can show that the matrix J is real

and antisymmetric. The Heisenberg equation of motion is simply

dy
2 — JHy. 4.
o = JHy (4.9)

Two common choices of y appear in the literature, that of Zhang et al. use
conjugate pairs of displacement coordinates u and momenta p, while Qin et al. use
the displacements u and velocities v = du/dt = p — Au. Here in this paper, we

follow Qin’s convention. Then the matrix J takes the following form:

0 1 U
J = , with y= : (4.10)

-1 —2A v
here the matrix A is antisymmetric and it is related to the vector potential A(R)
discussed in last subsection. The vector potential can come from the electronic

Berry phases but can also be the effect of other interactions such as Raman-type

70



CHAPTER 4. PHONON HALL EFFECT

spin-phonon interaction, external magnetic fields [25], or spin-orbit interaction within
electronic structure [2]. Through out this subsection, index j for bold symbol stands
for atom sites, for unbold symbol, j also includes Cartesian components. In a
periodic lattice system with a harmonic approximation, we can transform the system
into the reciprocal space, and use a combined coordinate and velocity variable y, so
that H = %Zq yle (q@)yq- Here g is the wavevector sampling over the first Brillouin
zone. Note that y, is not a Hermitian operator; it is a vector of smaller dimension
varying over twice the degrees of freedom per unit cell for each q. Elements of the

H(q) matrix are determined by y,. The commutation relation in g space is [2§]

[yjqa y}’q’] = ihJjj (Q)éqq" (4.11)

Next by assuming y, = ¥,e ", the corresponding eigensystem of the equation

of motion will be
iJ(Q)H(q)q = Herthg = Wiy (4.12)

Since the effective Hamiltonian is non-Hermitian, the left eigenvector is not related
by Hermitian conjugate to the right eigenvector. We can choose the left eigenvector
as 1y = ng (@). The normalization condition is then ng (@)thg = Ygtbqg = 1. This
eigen equation is general to any possible source of the non-zero vector potential. For
example, we can choose y; = (ug, v4)" Where v, = Uy, ujq = \/M;/N ¥, @ ;e 4R
with R} being the real space lattice vector, x;; being the deviation from equilibrium
positions of atom j in cell . N is the total number of unit cells. We write u,

without the index j as a column vector consisting of the degrees in a unit cell.
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4.1.1 Phonon Hall Conductivity

In last subsection, we have written the general form of a 2-D phonon system with
a non-zero vector potential in its Hamiltonian, now we can study the heat transport
in this system based on the traditional linear response theory [87] and a correction
to it which is called energy magnetization [26).

4.1.1.1 General derivation

Consider a general Hamiltonian H = [ dre(r), where ¢ is the energy density.
Applying an external gravitational field ¢ (r) [8§] to this system, we obtain the new

energy density e, (r) = (1 + ¢(T))8(T) The continuity relation requires

Oey(r) 1
ot ih

[ew(r), H] = =V - Jy(7), (4.13)

where Jy(7) is the heat current. Then we assume there is a simple scaling law
between the perturbed and unperturbed heat current that: J(r) = (1+¢(T))2J(T).
This assumption is consistent with the energy scaling. When in equilibrium, we can
always define the heat current as the curl of a vector M describing a circulating

current due to the property that the divergence of a curl is always zero,
(S] 2 € J— 2
T (r) =V x My(r) = (149(r)) Jr) = (1+¢(r)) V x M(r).  (4.14)

2
Therefore, M, (r) = (1 +¢(r)) M (7r)+ V¢(r), where ¢(r) is an arbitrary function.
Of course, this circulating current can exist even not in equilibrium, which is usually
ignored. In equilibrium, the density matrix is: py = Zioe*ﬁoH , where By = 1/kgTy,

Ty is the corresponding temperature. When not in equilibrium, to be consistent
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with the thermodynamics that

! [—/dr (L v(r)e(r) , (4.15)

—1
we define f(r) = {k:B(l + w(r))T(r)} with the conjugate force X = V(7).
The nonequilibrium density matrix can be approximately divided into two parts:
py = P4+ dpy. pdis the local equilibrium density matrix determined by the local

temperature 7'(7) [26],

Pl = ;exp[ - /d‘r k]jg()r)} (4.16)

The second term is the linear response correction to p*d which is determined by
ihOpy /0t = —[Hy, py]. With the help of the density matrix, we can calculate the

expectation value of the heat current:
T () = T T ()] + Telop o ()] (4.17)

With no doubt, the second term is the standard Kubo contribution J¥"°. The extra
contribution is due to the inhomogeneous temperature field. To handle it, we assume
1/T(r)~1/To + 5(1/T(r)), and define the perturbation as z(r) = —T06(1/T(r)>.

Using the linear response theory, we obtain
Tt = T (1)) = Tpodu(r)] + [ dr'x(r.r)a(),  (48)

where x(r,7") = Bo(e(r’); J(r))o. Let us calculate the divergence of this response

function,

V- x(r, 1) = —foe(r); (r))o

_ 1
ik

(4.19)
([e(r’),e()])o,
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where we have used the equations: V- J(r) = —£(r), and —ifify(A; B)o = ([A, B])o.

Define the response function in q space as follows:

X, () = /dr'x(r,r')e_"q'("_"/). (4.20)

Then the divergence of x,(r) is

. 1 / ! —ig-(r—r’
V- x,(r) = —ig - x,(r) + %/dr ([e(r"),e(r)])oe a-(r=r’) (4.21)
If we set 1+ ¥ (r) = 9", the right hand side becomes
1/dr’<[5¢(r’) Epsi(T)])oe 29" =V - (eQiq'TJ(r))e’%q""
ih ) Cpsi
= (V- J(r))o + 2ig - (J(7))o (4.22)
=2iq- (V x M(r)),
where we have used [Hy,ey(r)] = ihV - Jy(r), V - Jr) = 0, and J*(r) =

V x M (r). Therefore, the response function x,(r) satisfies
VX, (r) +iq - X, (r) — 2iq - (V x M(r)) =0. (4.23)

This equation has a formal solution: x,(r) = —2ig x M(r) + e 9"V x Ay(r),
where A4(r) is an arbitrary function.

In the Eq. (4.18)), the linear response term can be related to Ag—o(r),
8J(r) & — [ dr'x(r, ) To6(1/Ty)
= —Xqo(r)Tod(1/Tp) (4.24)

=~V % [Ageo(r)To8(1/Ty)]

Meanwhile, this deviation can be defined as §J%(r) = V x dM(r). Therefore,

comparing these two equations, we obtain

M _ TOE)M(T).

Aa=ol(r) = =75 ) aT,

(4.25)
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To pick out the Ag_o(r) from X,(r), with the help of the cross product rule
Vx(AxB)=A(V-B)—B(V-A)+(B-V)A—(A-V)B and V x (¢A) =
(Vo) x A+ ¢V x A for any scalar ¢ and vector A, B, we apply Vx to x,(r):
V X X,(1) = V4 x { —iq x [2M(r) - e_iq""Aq(r)” + Vg x V x e Ay (r)]
- (—iq){Vq oM (r) - eiq-mqm}} + [2M(r) — 07 A,(1)] V, - (iq)
- {[2M<r) — e A (r)] Aq}(—z’q) +iq - Vg [2M(r) — e 1A (r)]

+ Vg x V x [e‘iq'TAq(r)}.

(4.26)
Since A(V,-q) =3A and (A-V,)q = A, if we take ¢ — 0, we obtain
Vo % Xq(P)lgso = 4iM (1) = 2iAgo(r) + Vg x V x [0 A (r)] ]H]. (4.27)
By defining U (r) = £V, x {e_iq'TAq(r)} ’q—>0’ it becomes
;vq X Xg(P)lgmo = —2M (r) + Agey — V x U(r). (4.28)

Finally, to obtain the global circulating current M = [ drM (r), we integrate over

r on both sides so that

oM 1
2M — Ty = V¢ X X4lg—0
Bo
= qu X (e-q; Jq)olg—o0,

where we have assumed that [drV x U(r) = 0 for it is an integral of a total
derivative of a well behaved function. €_,, J, are the Fourier transform of e(r), J(r),

respectively.
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Let us go back to the Eq. (4.18)), with the inverse Fourier transformation of
x(r,7'),

dq
(2m)?

x(r,r) = [ L= 2ig x M(r) + e 1TV A (r)] 0, (4.30)

the local equilibrium current can be rewritten as follows:

1 / dq iq- Ne—iar’
J s J(r) + [ dr =1~ 2[V (e )] x M(r) + Ay(7) pz(r')e ™"

/ / (27) { } (4.31)
= Jr) + 2M(r) x Vz(r) + V x /dr’A(T,T')x(T'),

where we have used

/ dr’ / (;%))eiq'(’"_’"/)x(r') - / dr'S(r — ') (r') = a(r), (4.32)

and defined A(r,r') = f(;Tq)SAq(r)e*iq"“/. Recall that z(r) = —T05(1/T('r)>,
and (5(1/T(r)> = (1/T(r) - 1/T0>. Therefore, Vz(r) = =T5V(1/T). Moreover,
J = (1 + ¢(r))2V x M (r). Combining all these formulas, the local equilibrium

current is

T (14 gb(r))QV x M(r) — 2M(r) x TOV(T(lr)). (4.33)

Furthermore, the derivative of the inverse of local temperature can be related to the

external filed ¢ and predefined 5(r):

1
V() = ¥ () (1 + w(r)
1 1
~5er@ X e (4.34)
1 1 1
= (m(1) + ) [ )* frray T
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Substituting this formula into J®(r), we obtain

70 (1 0(n) 'V M (1) +290(r) x M(r) = o5 M(r) x X(1) + 7 x 6M(r)
=V [(14 () M(r)| = 225 M) < X () + ¥ x M)
=V X My(r) — 5(27’)M('r) x X(r),

(4.35)
where we keep only the linear order of 1(r) and 6(1/7(r)), and define M ,(r) =
(1+4(r)) M(r) + 6M(r),M(r) = [ dr'A(r, 7')x(r).

Going through the derivation, the Eq. (4.17)) can be rewritten as

Jy(r) = JP(r) £V x M y(r) — %M(r) x X (r). (4.36)

However, this expression does not satisfy the fundamental Onsager relation and
Einstein relation in nonequilibrium thermodynamics which require the heat current
should be proportional to the conjugate force, X (r), in our case. Therefore, we

define the transport heat current as follows:
JU(r) = Jy(r) = V x My(r). (4.37)

Integrating over r, we obtain the global transport heat current,

J" = ‘l//er“(r)

, (4.38)

B(r)

In linear response theory, to calculate the transport coefficient, we choose the “rapid”

1
== / dr[ T80 (r) — M (r) x X(r)].
case [88], i.e., the external fields vary rapidly so that the energy density almost
stays the same. In this situation, the temperature field can also be regarded as a
constant. Moreover, if we set ¥(r) = 1,e4", then Vi) (r) = ige'?"1,. In the “rapid”
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case, ¢ — 0, therefore, Vi(r) will be irrelevant to r. Based on the discussion
above, we can extract X out of the integral. With the Kubo formula [8§], the Kubo

contribution is [26]

1 —
V/erK“bo('r) = L X,
(4.39)
— 1 . . © g
Loy = v £1_I>r(1)(111£r(1) 0 dte™*(J;,—g; Ja,q(t))o-
Therefore, the total transport heat current becomes
— 2
J'"=LX - —M x X. (4.40)

V5o

By definition, J" = k" V7. When we measure the thermal conductivity « in a 2-D

system, we set 1 = 0 so that X = —VT/kgT?. Comparing the two sides, we obtain

—
o Ly | 2M,

W kgT? VT

K (4.41)

This result was obtained by Qin et al. in 2011 [26].

4.1.1.2 Application to Lattice System

Previously, we have introduced a general 2-D phonon system with non-zero
vector potential. The transport phonon Hall conductivity in the system contains two
parts: one is the traditional Kubo contribution and the other is from the circulating
energy magnetization M. Compared with a typical phonon system without vector
potential, it is the vector potential that causes the energy magnetization. To obtain
the phonon Hall conductivity in practical calculation, we apply the general formula
to that 2-D phonon system.

In the lattice system, we use R;; = (R;, ;) to represent the positions of nuclei,
where R; = lya1 + [2ay labels the [-th cell with integer pair (I1,[2), r; labels the
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7-th ion within the cell. The energy of [-th cell is

1 1
g = §'Ul2 + 5 Z’LLZK”/’U,Z/
2 (4.42)

1
= 1 Z leHu/yl/ + h.c.
l/

Here we define u;; = ,/mjx;; as the reduced displacement. K is the force constant
matrix with dimension 2N, and v; = p, — (Au); is the velocity under vector
potential A(R). y = (u;,v;)? combines the displacement and velocity so that

H = diag{ K, I}, I is identity matrix. Energy density can be defined as follows:

l (4.43)
/dre(’r) —H
Continuity requires
azgr) +V-j(r,t)=0,j(r,t)=3"(r,t) + V x M(r,1). (4.44)

Transferring into continuous Fourier space by ey, = [ e(r)e~*7dr, 5, = [ j(r)e *"dr,
and taking limit k — 0, we have
o

{Zgleqk-Rl’H}
l

[ZE[ — ik - ZQR[,ZQ/}
l l

l/

_1
T
1

(4.45)

~
~

_ St = S

= %Zk : Rl[a’fl,&/}

i

= Qith . (Rl — Rl/)[a’fl,&/}.

uw
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Since Ilﬂir% Ik = [ 3,dr = Jhear With Jyear as the total heat current, we can eliminate
—
the k on the both sides to obtain the total heat current Jye... Expanding the

commutator using the Eq. (4.42)), we obtain

1

(R — Ry)er,ev] = Z (R, — Ry)
2ih w w
1 1 T

b Z Y Hlmym + h.c., 1 Z Yy Hyp Yy + h.c.}
(R, — R){y% Hypy TVH, (4.46)

322h zzz;n%; 1 1 {m v (Y Yo | Himy

+ ngl’m’ [yl» yr:,r;/]Hlmym + y;THlm[yn"w yg]Hl/m’yl’

+ 4 Hin [Yom, yﬁ,]Hm/l/yl/} + other three terms.
Similar to previous definition, [y;,yf] = ihJy,J = —J'. Moreover, we define

(AB);, = (R, — Ry)(AB);y. With the definitions, the commutators can be further
simplified:

1

QZh (Rl - Rl, 5[, gl/ = 32 Z Z [ ’Hm'l'J;’lHlmym + qu;(HJ);’lHlmym

w w mm/

+ i (HJI )y Hyrr Yo + sz(HJH)Ez/yz']

+ other three terms.
(4.47)

In the same way, it is easy to find that 3 (R; — Ry) [Z Yl HypYm, (3 y}f’Hl/m/ym/)T} =
i m =

(R, — Ry) [ZleHlmym, ZleHl/m/ym/}, and the rest two terms are the conjugate
w m m

of these two terms. Therefore, the heat current is

Jheat 16 Z Z [ 'Hm’l’nglHlmym + ylj;(HJ);’lHlmym
i mm' (448)

+ le(HJ);l’Hl’m’ym/ + le(HJH);l/yl’ + hC} .
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Furthermore, it is natural to define the local current operator j, as

l Z Z [ym’H 'Z’Jl’lHlmym + Yy (HJ)l’lHlmym
16
mm’ (4.49)

+ ! (HT )y Hy Yo + 5 (HTH )y + hec|.
For convenience in subsequent derivation, we define Heg = iJH, (H o) = i(JH )y,
which has the property that (HZy) = i(HJ)),.
Let us firstly work out the Kubo term. Switching to reciprocal space, we define

the second quantization as follows:

Yy = Z h|w’€ ik.Rlaka k= (k,O'),

[a‘k‘u 0’1];-/] = Sgn(o')ékk/, (450)
k —k> Wk W_k,

where ¢, = ! Hy, wy, is the eigenvalue of the system which has positive and negative
branches labelled by o. This choice differs from the standard second quantization
in solid state textbooks where the w is in the denominator. With this choice, the

Hamiltonian can be written as

= 15 (S Hute e mal (3 e o) + e
ZZW%G iRy (k=K') [y _ik'(Rl_Rl’)iﬂk/alak/ + h.c.

i kk' (4.51)

— Z h\/ wk||wk/ Hkl/zklékk/azak/ + h.c.

kk/

=3 zk: h|wk|azak.

Here we have employed the identity Z e Ry (k=k) — N @, and w,inwk/ = Yty =

Ok from the eigensystem in the Eq. (4.12)). The Hermitian conjugate of the first
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term is just the same itself. Note that this representation includes both positive and
negative wy. If we only consider the positive branches, it is just the typical form of
Harmonic oscillators with second quantization: H = ¥ fiwy,(alay + 1)

%

In the reciprocal space, the local heat current becomes

) . g h
Gg= gt = 6N DD DD IR |wil|wn |afarb]
;

i mm' kk'
X [ Hopir Ty Hygne ™ B V8 Bon =10 R (F )i H = B 00K R i B (4.52)
+ (HJ)jy Hypye™®Ftw B =0 B (LT H ) o7 RN Re=ia By,
+ (h.c., g — —q).

With the help of the discrete Fourier transform and its identity relation, we can

further simplify the expression:

. h - ~ ~ —_—
Ja= 15 > wkllww | afaw] [HkaHk’ + ViHy + Vi Hy + (HJTH)y
k!

Hyd o Hy + HiV o + HeV i+ (HITH)x |0y g,
(4.53)

where Jy, = iV Jy, Vi = Vi (Hlg)e, (HTH) = iV (HJH),. Substituting the

matrix form of J and H defined before, the final formula for the local heat current is

. h ~ > ot ot
dq =g 2\ wrllwwlalar bl (Vie+ Vi + Vi + Vi)t g (454)

KK/
Compared with the formula in an old paper by Hardy for the current [89], the
position of eigenfrequencies in our formula is different since we choose a different
basis and quantization.

In the Kubo term, two heat currents are in simple multiplication, therefore it is
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safe to take g — 0 initially:

Z \/ wk||wk/|akak/¢k Vk —+ Vk>¢k:’5k’

G (4.55)
— Z Nwr|wir [0k V et O (ahars + arral).
kk’

Here we have used the following properties of this system:

VIV e = WL Vi) = (UL V)",

Vp = Yok, Wy = Wp = —W_y,

V=V 4 Hi=H_, (4.56)
CLL = Q—p,

0V = V.

We calculate the Kubo term in the phonon Hall conductivity using the Eq. (4.39):

Kubo
xy

]' fst
= ol a8 [ e i) 0
h? .
= ot [ [T e Zzwwkuwuwpnwp (BT BV

kk' pp’

X Suae Sy (@l (TN (—iBN)ah (D (1))

+ <al(—@'h/\)ak'( ih\)ay (t)al(t))o] + h.c.

].6VT kk! pp’ pr| ’wp |¢kvywk/wpvxwp

X O’ Opp [(akak/cﬁap Yo + (akak/ap/aT>0]

p

B o0 .
< lim [ dx [T dtel et

s—0

hB(wy—wyr) _

1 -~ - ~
/ / Vy / Vw /
- »3 oo oV ellntlepllap T2 bV,

X 5k:k:'5 [(akak/afap >() + (akak/ap/a > ] + h. C.,

(4.57)
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where ay,(—ih)\) = are ™ a,(t) = a,e”“r'. Wick theorem says

<a£ak'a;ap'>o = <a2ak'>o<a2%’>o + <aLap'>0<ak’aL>o + (CZLGDO@M%')O- (4.58)

The first term separates the j; and 72 4 exactly, which should be 0 for in equilibrium

there is no transport heat current. Therefore, we only focus on the last two terms.

Since (alay) = ngsgn(k)duy, ng = 1/[e?™ — 1], we have

(aLak/a;ap/)o = (a}iak/ap/apo = sgn(k)sgn(k ) ni(1 + np) (Orp Onrp + Ok—pOrr, —1'),
(4.59)
where sgn(k) = sgn(o), the branch labelling. Substituting into the Kubo formula, it

becomes

ih ehBlwr—ww) ]

Ko = TV 2

el (wr — Wiy ) (wp — wyr)

x [24(1 4 )] [sgn(k)sen (k)

X \/|Wk| |wr | lwp|lewpr | (rp Oy + 5k,—p5kf,—p')%Ek‘?ky%ﬂ/jpvf%/5kk'5pp'} +h.c.

th N — Nk - - - -
= /5 / v / / 1/‘ Y 1y * — ! h .
ST %; (wh — g 2K O [0 Vi owr b Vigthn, + e Ve VEp—r] + hee

ih N — Ngr - =~ -~ ot Tt
= /5 / Y / ! 1/‘ / h ..
ST %; (h — g 2K O UKV w [hw Vigibe + Y Vi ] + hee

(4.60)
The sign part together with the square root is always positive so we can ignore it.

To further simplify the formula, we take one of the terms as an example to show the
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procedure:

ZFL N - ~ _ -
/(S / 4 / / z/
SUT %; (o — wk/)2wkwk Kk Vi Vi Ui b Vigaby,

__ih Tk _— .
ih N B aHeff - 8Heff
= VT Z 2 Wi qu/)kz ak‘ wk]¢k] 8k w )

iy (Wi — wWij)

(4.61)
n az/}k]w 5%@
8VT,“J )
ih a¢kz N awkl
T RVT 4 '(Z ok, i Vi Vi G )
8VT Mok, " Ok,

For simplicity, we ignore the subscript of the matrices. From the third line to the

fourth line, we have used the property of the eigensystem that

8H off

_ O Ouwgg
ey = (s = ) Vij | i

ok, ok,

(4.62)

Intraband terms are ignored for they only contribute symmetric partial derivatives

Owg; Owp;
Ok, Oka

which will be cancelled by their Hermitian conjugate. In the last two lines,
&kiwkj = 0;; and Heg = Ewkjl/zkj@@kj are employed. Following the same procedure,
J

we obtain all eight terms:

Oki o, Oki | Ok oy OV
Kubo __ ks He ki HT ki
Foy T RYT %”’“ "k {(%y ok, | Ok, Ok, .
— _ .i. _'_ *
Oy 1Ok OV h o Ot
HoH it 7O o k).
ok, Hertl g+ g, Heallgp " = (ke o k)
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Since v = Y1 H, HT = H, the last two terms can be further simplified:

a@zkz adjkz a,ébkz

al/”“’H H1 Hi H o

ok, ™ ar T ok,
i, O 8% i Ok,
~ Ok, Hengp ok, Hen 31,

O H. OH™' & Ol ot OH

¢kz

- T 7pkz eff

Ok, " Ok, ok, Ok, @60
O w0V, 00,

ok, ok, T Ok, "ok,

Ol 1 OH OH , OH' .\ 0y, | OH

8k: effak_ wkl wkz y eff 8k: wkz a/{?y HH, ffH akmwkz

O, O 31/11CZ t 8%
~ Ok, Hen oy, ok, Hen o,

In the last line, we used the properties: HHeygH ' = iHJHH ' = iH.J = H';, and

oK . OK !
H H—l = 0 0 i o< — 0
O, OH | om Ohs —0-1. (4.65)

ok, o o
0 0) \—iK —i2A 0 0
Therefore, the final formula for the Kubo term is

Kubo __

W 4VT £

Ori . Oy 3@% ems
Heff 8k5 ak Heff ak (kz A ky>:|

ok,
OV 3@%‘ OV ]

o (4.66)
ki
VT Z“’“”’“Im{ Ok ok, T Ok, ok,

This formula sums over both the positive and negative branches of the eigensystem.

Next we will show that this Kubo term is cancelled by the inter-band contribution
of the energy magnetization. We calculate the energy magnetization term in z
direction according to the Eq. (4.29):

oM, - :
T Mz = flvq X <€—q;.7q>0|2,q_>0
o (4.67)
(4
=~ | dMe_,(—ih)\)j* — .
T S AL I CRe)
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There is a derivative with respect to q in this formula, therefore we must explicitly
work out the Kubo correlator up to the first order of the q. The energy density

operator in the reciprocal space can be quantized as follows:
€ g= Zsleiq'Rl
Z Z elq Rl \/ (ij ’ ’wk’/ ‘ (17&;267“6.}{1 Hll/wklelk Rl/U/T G/k/ + h C. ) (468)

i kK

— Z W[% Hye + Hy )V ajaw b .- q}

kk’

Firstly, we integrate over variable A as before so that

~ Zh 8 eﬁh Wi —Wp /
Z = Wl lWer [ w1
= 100 2 (=) %l il |
X b (Hy, + Hyg )bl (VE + Vi + VI% 4 Vi) (4.69)

X (alak/altap/>g§k/,k_q(5p/,p+q — (< y).

q—0

Again, we utilize the Wick theorem and the fact (¢ )0 =0, (j,)o = 0 when g # 0

to obtain
(a,zak/a;;ap/)() = (aLap/>0(ak/a;>o + (ala;%(ak/ap»o
(4.70)
= Sgn(k)sgn(k:/)nk(nk/ + 1)[5kp’5k’p + 5k,—p5k’,—p’]'
Therefore, previous M, becomes
~ ih 0 N — N
T Zwkwk'ﬁ%(ﬂk + Hy )tw
B RO (4.71)

X lez’(‘?km + sz/ + Vkm + VT/m)l/}kék/’k_q — (I‘ < y),

q—0

where we have used the properties in Eq. (4.56)). It seems rather messy if we take
the partial derivative term by term, however, many terms will not contribute due to

the x <> y symmetry.
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Let us apply the Taylor expansion to w up to the first order so that wi_q.r =

wi — (Owg/Ok) - q. When the partial derivative works on wy in the formula for M.,

Owyy /0qy = —0Owy,/ Ok, and the rest terms will just take ¢ — 0 to maintain the linear

order of g. dnys/0q, is the same due to the chain rule. Since ’QD;LHk@/Jk/ = Ypth = O

there will be only intra terms. Moreover, due to the property of the system described

by Eq. 1} we have w,ivk%k = Vi, = Owy/Ok,. As a result, we obtain a
Auwi, dwy

factor being ke Ok which will be canceled by x <+ y operation. Therefore, non-zero

terms in M, is

—n
WL = S ™ D B Hy e
P e O (4.72)

—(z e y).

q—0

Firstly, we calculate the inter-band term that k£ = (k,o) # (k,0’) = k" in the
formula. In this case, the partial derivative can only act on the term qﬁ,i(H k+ Hy ) g

otherwise there will be a dgx contradicting with our assumption.

M 100,

gy W (Ve + Vi) = (@ )

~ . — Ny —
M;nter — Z Wkwk’ k [wk
kk’ Wr — Wy aky

- Oy - 0 - -
i 3 k—fk, g = (e G) e + Wi~ @ o)
kk’ Y

SULVE + ViIYwb, (VE + Vi), — (2 < )

Z WrWg! 5 (

kk’

= —Re[ Zwkwk/(

kk'

— Wk )

o O+ VYLV + V|

(4.73)
where properties in the Eq. (4.56) are employed again. The last line is valid for

the x <+ y operation is equivalent to take the Hermitian conjugate. Recall the Eq.
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(4.60), we can rewritten it as follows:

Kubo Zh NE — Ny

K =
e VT % (wk — wk/)

QWka’5kk’1Zk‘7lgywk’ [ Ve + 0L VOl + hee.

Zh NE — Ny 7 5 t ot
- !/ V / / x /V h . 474
VT % (o — wk/)kawk UpVatbw (Vg Vid b + Y Vi) +hee (4.74)

ZFL NE — Ny 5 ~ b ~ i
= , Vy V. Y , , V:E )
VT % (wp — wk/)kawk U (Ve + Vi ) (Vid + Vi)

From the first line to the second line, we use the properties HiVy = Vi, and
V,:H I = V,: The third line is obtained by taking the Hermitian conjugate and

switch k <+ k' (note the factor ny — ng will change sign after this switch). It is easy

to verify this expression is real, which is consistent with the fact that /if;bo is a
physical observable. Compared with the inter-band term M inter - we have
Minter — —VTHJKubO
z Ty
(4.75)

h 8 ) i 8 7 a ) 7 a 7
_Zwkinkilm[aiz H, ¢k - wk Heg aqlil: .

ok, Ok,
For k = k/, the partial derivative can not act on the ~,§ because it will result in

a symmetric second order derivative cancelled by the z <+ y operation. Thus the

intra-band term is

|/ intra ih N — N 6#’ a¢ Crx Crta
M =152 o LHO{ [ -+ vl ak‘“M(Vk + V)
8¢k 8¢l1<-: rtx 7t
_2[37‘/ Uk +37Vk 1?14}} — (7 < y)
o ank 6¢k 8wk T@QL}; Ow, a’g/}k " 877/);2 e t]

(4.76)

Since 9y Heg = withy, applying the partial derivative 9/0k, to both sides, we obtain

al/% + aHeff ~ Owy - 5%
ak: F ~ Ok, “r ok,

(4.77)
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Subsequently, we multiply 0vy/0k, to the right on both sides so that

- Oy, Qwy, - 8%
Uk Bk, O, Ok, (Hor = )

awk n a1T—[ef'f 8¢k
ok, o, Ok,

(4.78)

Similarly, if we apply this procedure to H of = wk¢k, we obtain another term in

e,
v g}f g:: = gﬁ“ (Hly —w )W’“ v a;iiﬁ gif. (4.79)

Therefore, the M™ becomes

i ]

(4.80)
Obviously, the sum of the last four terms are real, so they have no contribution.

Therefore, the intra-band contribution is

~ri ank:z a&ki O a&ki O
Mlntra - _ [ He _ ; _ off — ; :|
z Z Wi akx ( i Wk ) aky 8]{7y ( ff Wi ) 8l€x
5 Ong; O O Oy O }
- He - He 1QZ )
Z ki { g Hon ok, ok, "k, J + e
(4.81)
where Qp,; = —Im[ag,’c“ X aép’,:,] is the Berry curvature of the eigensystem.

Finally, we integrate over temperature 1" to obtain the M,. For convenience, we

define

Oni L O

ok T Ok (482)
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and rewrite the Eq. (4.67)) with 8 = 1/kgT as follows:

oM ~ OM -
z — Mz : z — Mz
aoT )]
s 28M. + m‘g _ BT (4.83)
8ﬁ2 z "~
= BM?.
ap p
After integrating over the [, we obtain
M. =~ [7 \iTd
z — BQ /O z .
_ L h . Onki(A) 2 0z Oi(A)
(4.84)
Only ng;(A) and 8”5&)()‘) = ﬁdngi\(’\) contains A. The integral containing the partial
derivative can be worked out as follows:
g i(A BN dngg; (A
/ Q) gy 7 X dnaY)
0 Wgki dA
[A%k, | - / WAni(N)d] (4.85)
wkz
2
_ O / 2\ (\)dA.
W, Wgi 40
Substituting the result into the Eq. (4.84)), we obtain
h z h 2 Oz z
M, = 1 > WM — 1 > Wi + 232 Z szkz/ Ani(A)dA. (4.86)
ki ki B
Therefore, the total phonon Hall conductivity is
K = 2VT Zwkzﬂiznkz - 62 Zwkz% / Mgt (\) A, (4.87)
To make the formula more compact, we define a new quantity ,,(€),
N do,(€) 1 ;
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With the ¢,,, the phonon Hall conductivity can be rewritten as

Ky = 21T /o:o ded (€) [62n(€) -2 /E xn(x)dx}

1 ) n(e)
QTUW()[EH —2/ xn(x dx . / de€® 0, (€) e

(4.89)

where x = e\/f3. Since o,(€) = [ drd,, (), 04y(—00) = 0. 04,(00) is also 0 due

to the symmetry of ;. Therefore, the final formula is

1 oo n(e)
tro 2 ] 4.
Ky T [m dee aajy(e)—d6 (4.90)

Although the derivation is rather long and tricky, we have rigorously confirmed Qin’s
result [2].

To sum up, once we have obtained the eigenvalues and associated eigenvectors
of the effective Hamiltonian, we can calculate its Berry curvature and phonon Hall

conductivity using the following formulas:

Qi = —Im[a(;%" X ag;i}, (4.91)
and
Ry = _21T /_O:o d6€2amy(e)6h;(€6), (4.92)
where
(€)= =7 2. Qo (4.93)

)Lw.)ql<e

n(e) = 1/(e/*8T) —1) is the Bose function at temperature 7', and kp the Boltzmann
constant. For clarity, here we replace the k with g as the phonon wave vector
in subsequent sections. In the above summation over mode qi, all modes with

both positive and negative frequencies, are included. Since we are dealing with a
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two-dimensional sheet, the volume V is an ill-defined concept. We use V = L?aq,
the area times the thickness, choosing a somewhat arbitrarily to match the units of
W/(mK) of the usual three-dimensional thermal conductivity. When estimating the
phonon Hall conductivity x,, in a graphene-like lattice, we assume the thickness of

the sample is the same as the bond length a = 1.42 A of graphene.

4.1.2 An Optimization: the Theta Function

Although equation (4.92) is enough to calculate the phonon Hall conductivity,
it is usually difficult to implement the integral over the energy accurately for the
Berry curvatures at some g have large values. However, it is possible to avoid this

difficulty if we integrate out the intergral by hand:

1 L[, dn
Koy = Srvm ;qu /_OO dee“f(e — hwqi)a
’ (4.94)
_ kT e
q,?
where 0 is the step function, 8 = 1/kgT, and
o) = / y2dn, (4.95)
with the substitution fe — y. By integration by parts, we will obtain
x? % 2udy
o) = ——+ [ (4.96)

When x = 0, the first term is a indeterminate value, but the original integral in
this case has a definite value 72/3. When z # 0, we make another substitution

y — —Inu so that

x e
Or) = —— - 2/0+ . (4.97)
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Again we use integration by parts,

2 —x

e e 7 Inll —
O(x) = w:r Tt 2lnudn(|l —ul)| —2 ualu
(& ; o+ 0+ Uu (498)
e~ In|1 —
_ T oum( ety —2 [ =l
e’ —1 o+ u

The last term is related to the Spence’s function or the dilogarithm function,

v _ Lig(x), x <1,
_/ Inf1 —ul , _ (4.99)
0

o 72/3 —In*(z)/2 — Liy(1/x), = > 1.

Since Liy(z) + Lia(1/x) = 72/6 —In*(—x)/2, we can combine two cases so that finally

we obtain

2 2zIn(|e” — 1]) + 2Re[Lig(e )], = # 0.

er—1

O(zx) = (4.100)

72 /3, x=0.
Here we always take the real part of the Lis(e™") for when e™* > 1, it is a complex
value while ©(z) is real. Although the Liy still contains an integral, there are
developed reliable packages to calculate accurately in many langauages such as
fortran, C++ and Mathematica. With this integrated equation, the accuracy can

be greatly boosted, therefore I call it an optimization.

4.2 Current-induced Non-zero Vector Potential

Lii et al. |18] theoretically studied the effect of electric current on a molecular
bridge connecting two metallic electrodes. They found a new mechanism, which
involves Berry phase, that can lead to a breakdown of the bridge by a “run away”

mode. Their discovery inspired us to ask if we introduce electric current into a
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lattice system, e.g., the honeycomb lattice, is there a phonon Hall effect? The “run
away” mode means the amplitude of oscillation including those perpendicular to the
molecular bridge will grow in time, therefore if we extend it to a 2D lattice, this
“run away” mode induced by electric current may result in a phonon Hall current.
Figure provides a possible setup on a honeycomb lattice for this current-induced

phonon Hall effect.

Figure 4.1: The schematic setup to detect current-induced phonon Hall effect.
Electric current and temperature gradient are needed which are parallel to each
other. A very small magnetic field, which is about 107° tesla, is to perturb the
system and distinguish the direction of the phonon Hall current.

For convenience, we use the renormalized coordinate u;; = /M;x;; to denote the
nucleus displacement in real space. Electrons in a metal or a semi-conductor carrying
electric current can interact with the lattice phonons through the electron-phonon

interaction (EPI). In the NEGF formalism, EPI effect is included as a self-energy
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term in the phonon retarded Green’s function [1],

- 1

D(w,q) = [w*] = Kq = Tl(w=0) — I}*(w)| (4.101)

where [ is the identity matrix in site space of a unit cell, [N(q is the dynamic matrix.
II(w=0) is the second term in the equation below. We subtract it off so that the
leading contribution is proportional to the frequency w in the so-called non-adiabatic

self-energy due to electrons:

1 *

mnk (4.102)
% [ fmk+q_fnk . fmk+q_fnk
Emk+q — Enk — hw — 277 Emk+q — Enk ’

where f is the Fermi function, ¢ is the converted EPI matrix falling in electron
mode space and phonon reciprocal space, k and q are wave vectors of electrons and
phonons respectively, €, is the electron dispersion relation, the subscripts m and n
indicate the electron bands, and the subscripts j and j’ denote the atomic labels in a
unit cell including both atom sites and Cartesian directions. The summation is over
the first Brillouin zone of the electrons. A small positive n attributes the electrons
with a finite life time. The self energy can be computed from a first-principle
package.

Alternatively, the movement of the ions can also be described semi-classically by
an equation of motion taking into account the effect of the electrons. For a general
electron-phonon system, there is a generalized Langevin equation describing the

atoms’ movement [90]:

iv=—Ku— [ (= #)u()d + €. (4.103)

epi
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Here we do not consider the bath contribution and set the noise term & to zero, for

r
epi

our system is infinitely large. We can define dI'(¢)/dt = 117 ,(¢t) and integrate by

parts so that the equation of motion becomes:
t
i =—Ku— / Lt —t)u(t)dt'. (4.104)

Next we apply a Markov approximation to I'(t — ') so that I'(t —¢') = 4A(t')d(t —t')

(factor 4 is for consistency). The final expression of the equation of motion will be
it = —Ku — 244, (4.105)

where K is the spring constant matrix in real space corresponding to the dynamic
matrix f(q in reciprocal space, and A can be regarded as the matrix representation of
the vector potential induced by EPI which is antisymmetric. Therefore, the phonon
Green’s function is:

D(w,q) = [*I — Ky + 2iwA,] . (4.106)

Comparing the two expressions, if we ignore the higher order terms of w in ITN4(w),
and note that A, is anti-Hermitian (the anti-Hermitian part of TTNA(w) is the source

of dissipative Joule heating, which we will ignore.), we can conclude that:

A i )+ (AP ()

w—0 —4iw

(4.107)

The Markov approximation adopted here is well justified as the electrons move on a
much faster time scale than that of the nuclear degrees of freedom. In terms of the
energy scale, an electron has typical energy of order eV, while phonon Aw is of the

order 100 meV or less. So keeping the leading w dependence only on self-energy is a
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good approximation. We can trace back to an effective Hamiltonian for phonons

with the electrons taken into account through a non-dissipative term as
H= §(p — Au)” + U Ku, (4.108)

and the corresponding eigen equation is

wipg =1 g

(4.109)

—iK, —i24,

Here we choose yq = (ugq,vq)", and vg = p, — A(q)ug as before.

4.3 Model Implementation on a Graphene-like
Lattice

4.3.1 Hamiltonian and Self-energy

Graphene has been widely studied and it has remarkably high electron mobility,
therefore we choose a graphene-like lattice to implement our settings. We use a

standard spinless tight-binding model for the electrons:

A

H, = —t Z [CLLICB,Z—HS + CTB,ZCA,H-(S]a (4.110)
1

where ¢t = 2.8V is the hopping parameter. A and B indicate the two sublattices,
and [ runs over the Bravais lattice sites and ¢ runs over the displacements of the
three nearest neighbors of a given site. Zhang et al.[25] have proposed a simple
phonon model for a graphene-like lattice in which the coupling matrix is diagonal
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when the bond orientation is in the z direction between two atoms,

K, = , (4.111)

where K = 0.144 eV/(uAQ) is the longitudinal spring constant and Kr = K /4
is the transverse spring constant. In our coordinates, unit cell lattice vectors
are a; = (3a/2,v/3a/2) and ay = (3a/2, —v/3a/2). The explicit coupling matri-
ces among three nearest pair can be obtained by a rotation matrix U which are
Ko = U(n/3)K,U(—7/3), Koo = U(—n/3)K,U(n/3) and Ko3 = U(m)K,U(—)
respectively. Based on these matrices, we can construct five coupling matrices

between unit cells,

Ko + Koz + Kos —Kos
Ky = , (4.112)
—Kos3 Ko + Koo + Kos
0 0 0 0
K, = LKy = , (4.113)
_K02 0 _KOI 0
0 —Kope 0 —Kn
K3 == ,K4 = (4114)
0 0 0 0
Then the dynamic matrix is
Kq = Z K”/ei(R?f’R?)'q
l/
— KO + Klei(fﬂ(Iza/Qf\/gqya/Q) + Kzei(3qza/2+\/§qya/2) (4115)

+ ngfi(3qza/2ﬂ/§qya/2) + K4€fi(3qza/2+\/§qya/2).
In this model, we have ignored the z mode and consider only the in-plane motion.
The reason is that the motion in the direction perpendicular to the plane couples
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quadratically to the electron degrees of freedom, and this is a higher order effect
to the electron-phonon interaction. The electron bands and phonon dispersion of
this lattice model are illustrated in Fig. 1.2} In Fig. £.2|b), we compare the phonon
dispersion of our model with the DFT results of the graphene. It can be seen our

model is a rough model simulating the real graphene.

2500
(a)

2000

<2 1500
L T
5 0 g
g s 1000
m 2
—4
500
-6
-3 0
I M K I r M K r

Figure 4.2: (a) Electron bands. (b) Phonon dispersion of the model compared with
the phonon dispersion of graphene calculated by DFT.

For the electron-phonon interaction, we take a SSH-like model, as used in a

previous work by Jiang and Wang [91],

Hepi = 1 Y[l icnivs + clyyscal]
G (4.116)

X [(uBirs — way) - €1s),
where J; = —6.0eV/ A and €5 is the direction between two nearest atoms. The g

matrix is given by

Gmni (K, q) Z (k+q)Z),,(k,q)Sum(k), (4.117)
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where j = {Ax, Ay, Bx, By}, ¢mnj(k, Q)" = gnm;(k + g, —q) due to hermicity of the

Hamiltonian,

1 1 eio(k)
S(k) = , (4.118)

with eiok) — f(k)/|f(k:)|, f(k:) — p—iksa ei(kza/2+\/§kya/2) + ei(kza/Q—\/ﬁkyam)’ and

=J
—m/'n’

(k,q) is the reciprocal EPI matrix corresponding to I:Iepi. The non-zero

reciprocal EPI matrix elements are
= (k@) = — il cos(vBh,a/2) — ¢,
=0 (k, q) = —J1V/3ie** %sin(v/3k,a/2),
R0 (k. q) = Ji[e" T Peos (VB Ky + gy)a/2) — e ], (4.119)
Enn(k,q) = JV/3ie' B 2sin(V3(k, + q,)a/2),

=halk,q) = (BAs(k +a.—q)) . j = {Ax, Ay, Bx, By}.

In this work, we focus on the EPI for k points near the Dirac points of the
electrons and q near the I' point of the phonons, for we find that they are dominant
in determining the final phonon Hall conductivity. It seems that we have prepared
all the ingredients to calculate flq. However, there is a problem that when we
apply an electric current to this graphene-like two-dimensional surface, assuming
the drift velocity v; of current is along the = direction, it is in a nonequilibrium
state, therefore we cannot just substitute the Fermi function into the formula. To

solve this problem, we use a single-mode relaxation approximation [62] so that:

af°

— Ecb ~ fOe — @), (4.120)

f=1r
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where f0 = [e(e=#)/k8T 4 1]7! with u being the chemical potential of electron, and

® = ;. is mode dependent:

(4.121)

where E' is the applied electric field, 7,5 is the relaxation time which is only related
to the magnitude of the wave vector. In practice, since we don’t know the relaxation
time, we combine it with the electric field and replace them with the drift velocity
vy, for graphene-like lattice [92]:

0z

P, = v1 Re [z* @kJ /(hvz), (4.122)

where vp = 3at/(2h) is the Fermi velocity, a = 1.42 A is the distance between atoms,
and z = —tf(k). By requiring this correction to the Fermi function, the self-energy

can be numerically calculated, and thereafter, the flq matrix.

4.3.2 Geometric Way for Berry curvature

Usually there are two ways of calculating the Berry curvature, one is the explicit

way,

¥; aé{eﬁ Yirpy Bettap, — (q, ¢ q)
Q=-Im)_ I v
i

(@i — w2 (4.123)

However, to calculate the partial derivative of H.g, we need numerical differentiation
which will cost a large amount of computation to be precise enough. Therefore, we
choose another way, a geometric way by dividing the Brillouin zone into plaquettes
each consisting of four points on a square with area AS and calculating the Berry

phase around them [63} |16]:

¢ = —Im In(P19a1abaibaibathathy), (4.124)
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Compared with the Hermitian case, we have replaced the Hermitian conjugate
of the eigenvector by the left eigenvector. If investigated further, we find that
this replacement is not correct for ¥, # (¥y10y)*. This break of the equality, a
fundamental property of the inner product in Hilbert space, will invalidate Stokes’

theorem so that we cannot obtain Berry curvature through Berry phase. To overcome

this, we define a new version of inner product:

1211/}2 + (1;21#1)*

<151¢2> = 5 (4.125)

With this definition, property of inner product in Hilbert space and validity of

Stokes’ theorem are restored. Then the Berry curvature is calculated by

0 —Tm In (110 (Wats) (hstha) ($atfn))

dim N . (4.126)

4.3.3 Uniqueness of the Berry Curvature

As we have discussed in the previous section, the choice of y4 is not unique — at
least three different choices exist in the literature. Zhang et al. choose y, = (uq, pq);
Qin et al. choose y, = (ugq,vq), Liu et al. choose y, = (IN{q_%uq,vq) [25, 2 93]. The
difference between Zhang’s and Qin’s choices is like the difference between Lagrangian
mechanics and Hamiltonian mechanics, therefore they are more or less equivalent.
The special choice of Liu results in a Hermitian effective Hamiltonian, which implies
immediately the eigenfrequencies are all real. When the vector potential term
can be separated from the usual potential energy term as in our case, these three
bases are related by similarity transformations explicitly. However, this kind of
variable transformations is not gauge invariant. Therefore, generally, if flq is not
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Figure 4.3: The Berry curvatures along the high-symmetry path under three different
bases [25] [2, [93]. Although they do not differ so much from each other, they are
indeed different. The inset shows the details of the Berry curvatures near the I'
point.

a constant matrix, they will result in different Berry curvatures. The question
then arises as which one should be used to compute the phonon Hall conductivity?
To illustrate and confirm that there is indeed a difference, we choose a smooth
Ay = (A +4|A]) * (b - q + ¢) matrix, where A is a constant 4 x 4 antisymmetric
matrix, |A| takes the absolute value of each element in A, b is a constant vector
parameter, and c is another constant parameter. In principle, these three bases

should result in different Berry curvatures, but in practice, the differences are small,

especially between Zhang’s and Qin’s choices, therefore we choose such a highly
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anisotropic case. We plot the corresponding Berry curvatures of the three bases
along a high-symmetry path of the graphene-like lattice in Fig. [£.3] The parameter
set is chosen to be: b-¢q = (1000A,1A)-g,¢c = 0.1 rad/ps, and A is a constant
antisymmetric matrix with upper triangular elements, lower triangular elements and
diagonal elements being 1.0, -1.0, and 0 rad/ps respectively. We see that there are
sharp peaks at the I' point. However, the signs of the peaks are opposite for Liu et al.
definition to that of Zhang and Qin et al.. Away from the I' point, the values tend
to be close among the three. In conclusion, since only Qin et al. derived the correct
formula for the phonon Hall conductivity with their definition of the Berry curvature,
which considers an energy magnetization contribution to Hall conductivity [2] while
Zhang et al. did not, we prefer to follow Qin’s definition. It is natural that if we use

other choices, we will obtain different formulas for phonon Hall conductivity.

4.3.4 Numerical Results and Discussions

In order to have a well-defined topological structure, we need to perturb our
system to open tiny gaps at I' and K points, as the Berry curvature becomes
ill-defined when the bands are degenerate. This goal is achieved by adding a small
onsite potential term to the phonon dynamic matrix and a nearly zero magnetic field
which goes into the Hamiltonian through Raman-type spin-phonon interaction [25].

The effect of the magnetic field is described by a constant antisymmetric matrix Ay:

B, 0 0 h
Ay, = B, = : (4.127)

0 By —h 0
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r M K r

Figure 4.4: The dispersion relation of positive branches along high-symmetry path
- M—K—T withv; = 1.0 x 10* m/s, T = 300K, u = 0.1eV. A small onsite
potential Vysie = 1.0 x 1073 K}, and a nearly 0 magnetic field measured by effective
parameter h = 1.0 x 107 rad/ps are employed to perturb the system. The inset
shows one of the anti-crossing points. Note that the out-of-plane ZA mode is not
considered here.

where h is an effective parameter representing magnetic field with units rad/ps
(1 rad/ps =~ 33.3 cm™!). Adding this matrix to our previous A, will introduce
magnetic field into our system. When we calculate flq, a 400 x 400 k grids is used
and the parameter 7 is set to be about 0.2 eV. We note that as a function of a
constant magnetic field h, the Berry curvatures and the Chern numbers are odd
functions of h and experience a discontinuity at h = 0, thus ill-defined at h = 0.

Our results presented below thus should be considered as the limit when A — 0T
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and Vongte — 0. This is physical since we can always apply a small magnetic
field and put the system on a substrate, thereby acquiring an onsite interaction.
There is one more important thing to note that inside the formula of flq, since we
only focus on g points near I' point, there is a hidden ¢ function behavior when
temperature is low. This ¢ function originates from the difference of the intra-band
Fermi functions in the numerator of flq if we take a Taylor expansion of g near I
point at low temperature. To handle this ¢ function numerically, we should compute
in a very dense k grids which requires a lot of computation power. However, we can
also broaden this § function by tuning the electron parameter § = 1/kgT. Through
computation, we find that the differences of EPI at low temperature range, e.g.,
below 300 K or even below 500 K, are very small, therefore, when we calculate flq
at low temperature, we can make an approximation to fix the broadening parameter
to be the value at higher temperature like 300 K or 500 K.

Figure [4.4] shows the positive part of the dispersion relation of our current-
induced system, from which we can see that the two acoustic branches are very
close to the pure phonon system without the drift current, while the two optical
branches get modified drastically. This behavior is easy to understand if we review
the EPI form of our model. The strength of EPI in our model is proportional to the
relative displacement of atoms, therefore the optical modes, in which atoms move
relatively, are equipped with stronger EPI than acoustic ones. It deserves notice that
there are several anti-crossing points in the dispersion relations. These points will
possess much larger Berry curvatures, therefore they are dominant in determining
the topological properties of the system. Points in acoustic branches near I" point
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and anti-crossing points near K points also have large Berry curvatures. However,
these pairs of Berry curvatures should cancel each other for they are similar to pure

phonon system where there are no PHE.
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Figure 4.5: (a) Phonon Hall conductivity ,, versus drift velocity v; at a temperature
T = 300K. The broadening parameter is § = 1/(kg x 300K). (b) Phonon Hall
conductivity ., versus temperature at v; = 10000m/s. The broadening parameter
is set to be f = 1/(kp x 500K). These two plots share the same set of parameters
of temperature, chemical potential, onsite potential and nearly 0 magnetic field as

Fig. (4.4

Figure [4.5(a) demonstrates the relationship between k,, and the drift velocity
V1. Kgy is roughly linear dependent on v, for our picked velocity sequence. When
vy is gradually close to the Fermi velocity of this graphene-like lattice system, our
theory and approximation on EPI will gradually break down. The Chern numbers
of positive branches are C! = 1,C? = C? = 0,C* = —1, respectively. In our
range of the drift velocity, there is no jump among Chern numbers as the Fig.

shows, which seems kind of trivial. Since the topological structure of the system
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does not change, the discontinuities should come from numerical errors. Figure
4.5(b) shows temperature dependence of k,,. When the temperature is very small,
PHE tends to disappear, and in our temperature range, the absolute value of the
phonon Hall conductivity gradually increases as temperature is increasing, but we
can not conclude what the exact relationship between r,, and temperature is. In
our calculation, numerical errors mainly come from the calculation of A(q) and

cubic interpolation to obtain its values with denser grids, which is 2000 x2000.
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Figure 4.6: Chern numbers of four positive branches k., against the drift velocity
vy. Larger indices are associated with higher frequencies.

The order of magnitude of our current-induced &, is one order smaller than
the case with the magnetic field parameter h being several rad/ps. It is instructive
to compare the magnitude of the Hall conductivity to the universal conductance

quantum which is Gy = T(wkp)?/(3h), when converted into the same units of
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Figure 4.7: Phonon Hall conductivity x,, versus magnetic field parameter h. We can
see Kgy changes sign as h changes sign and there is a discontinuity when A crosses 0.

conductivity, Go/a, at 300 K, we find it is about 2 W/(mK). Our result is about
1/100-th of the conductance quantum. Since k,, with our model is only about one
order smaller than a pure magnetic field experimental results [19], it should be still
observable experimentally in principle.

Figure [4.7 shows this sign jump of the phonon Hall conductivity. The role small
magnetic field played in our system is to perturb our system at I" point to induce

)

circular polarisation like the “run away” mode in the work by Lii et al., for the
current-induced A(q) is 0 there due to the translational symmetry. Therefore, the
magnetic field determines the sign of the phonon Hall conductivity. Away from I"

point, current-induced fl(q) starts to affect the system so that there is a discontinuity

of kgy. Previously, we said we ignore the Joule heating effect. However, in practice,
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Joule heating always exists without special flowing direction. Therefore, it will not
prevent us from observing PHE. We simply prepare a sample with temperature
gradient in a direction, let electric current flow parallel to this temperature gradient,
and apply small magnetic field twice with opposite direction, then measure the
temperature differences in the direction transverse to the current flow. The Joule
heating effect does not change sign while the Hall effect changes sign. From this, we

can deduce the pure Hall contribution.

4.4 Summary

In summary, we have confirmed Tao Qin’s theory through thorough derivation,
and presented an optimization to calculate the phonon Hall conductivity more
accurately. Moreover, we proposed a mechanism of the PHE induced by the electric
current. Compared with other mechanisms of the PHE, no significant magnetic field
is needed in our system. The Chern numbers of some phonon branches are not 0,
but the total Chern number of all the branches is still 0. The property of our system
is that for a suitable range of the drift velocities, the phonon Hall conductivity has
a linear relation on the drift velocity which is proportional to the applied current.
Our mechanism is also consistent with the thermodynamics that when temperature
goes to 0, the PHE disappears. The magnitude of the phonon Hall conductivity
grows nonlinearly when temperature is increasing, but the exact relation cannot be

determined quantitatively.
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Chapter 5

PHE with First-principles Calcula-
tions

Compared with the theoretical studies which are still hovering around the
phenomenon-based models, all the recent experiments are performed on complex
materials. The large phonon Hall conductivity and its strange behaviour in STO
are challenging current microscopic theory [21, |31]. Therefore, it is difficult to
understand them with simplified models, more accurate and persuasive first-principles
calculations are needed.

Usually, harmonic assumption is made in first-principles calculations for phonon
properties like phonon dispersion. However, in some highly anharmonic materials,
harmonic terms alone will produce imaginary phonon frequencies, and it cannot
explain those phenomena such as the thermal expansion, temperature-dependent
phonon dispersion, and some phase transitions. Therefore, beyond harmonicity is a
natural requirement to explore the PHE in complex materials like STO, and it was
argued in a similar perovskite, BTO, that the anharmonic soft phonon modes will
result in a large dielectric constant [46] which could act as a magnifier of the PHE

[30]. Based on this understanding, anharmonicity should play an important role in
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the PHE in real materials. In recent years, many packages based on first-principles
calculations have been developed to calculate anharmonic properties in solids such
as SCAILD, ALAMODE, and TDEP [94] 43|, 95]. With the help of these packages,
it is feasible for us to study the PHE in real materials, which could deepen our

understandings in this area.

5.1 Anharmonic Self-consistent Phonon Calcula-
tion for Soft Phonon Modes

There are currently three approaches to handle the anharmonicity: many-body
perturbation theory [96, 97|, ab initio molecular dynamics (AIMD) [98, 95], and
self-consistent phonon (SCPH) theory [99, 94, 100, 43]. Perturbation theory is only
valid for weak anharmonicity, while AIMD is a nonperturbative approach. However,
since AIMD is based on the time-dependent Schrodinger equation for all particles
approximately [101], it cannot include zero-point vibration which is significant
at low temperature. SCPH provides another choice to address anharmonicity
nonperturbatively considering the quantum effect. Therefore, in this study, we focus
on the SCPH approach, and borrow the ALAMODE package developed by Tadano
and Tsuneyuki [43]. In this section, we briefly introduce the SCPH theory.

A general Hamiltonian with the third- and the fourth-order Taylor expansion of

the potential can be described as follows:

(5.1)

1 1
+ 3 > Tijrusugug + = > Ty,
ijk ijkl
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where u; = \/M,;x;, M; and x; are mass and displacement of the i-th degree of
freedom, respectively. Although the third-order term has important contribution
for most anharmonic behaviors like thermal expansion and phonon lifetime, the
fourth-order term is also important, especially for the soft phonon modes. Moreover,
the fourth-order is simpler than the third if we apply a mean-field approximation
by replacing u* with (u?)u?. With this approximation, the problem goes back to a
quadratic problem with the effective force constant being determined self-consistently.
Therefore, in this thesis, we only focus on the fourth-order correction. By an equation

of motion method [102], the non-equilibrium Green’s function (NEGF) satisfies

G(lv 2) = GO(L 2)
(5.2)
+ /dl’dQ’d3d4Go(1, 1)T(1,2,3,4)G(2,3,4,2),
where G(1,2) = —H(Tu(1)u(2)), G(1,2,3,4) = —{(Tu(1)u(2)u(3)u(4)), T is the
contour order operator, G(1, 2) is the non-interacting version of G(1, 2), and numbers

represent the combination of (jt). To close this equation, we need to apply a mean-

field approximation:

G(1,2,3,4) ~ m[Gu, 2)G(3,4) + G(1,3)G(2,4)

(5.3)
1 G(1L,4)G(2, 3)].
Then we can work out the effective force constant matrix,
K=K+, (5.4)
where we define
Eij =3 Z Tijkl<ukul>. (55)
kl
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The ingredient we need in the PHE is the dynamic matrix, and therefore we need to

transform the equation into mode space, which is

Dnn’(Q) = wn(Q)Qénn’
(5.6)
+3 5" T (0, @) Q@) Qur (@')7),

mm'q’
where () represents normal modes, n and m are indices for normal modes, g and q’
are lattice momentum, and w,, is the eigenfrequency of the harmonic system. This
equation should be solved self-consistently. In 2015, Tadano and Shinji have already

discussed details within their ALAMODE package [43]. Therefore, we utilize their

package to calculate the dynamic matrix for real materials.

5.2 Phonon Hall Effect Theory

Recall the general description of the PHE theory discussed in [Chapter 4] the

phonon dynamics can be described by the following eigen equation:

0 i B
ququjqi = ¢qi = qd}qi- (57)
—iDq —i2Aq

Solving this eigensystem, we obtain the Berry curvatures and phonon Hall conduc-

tivity:
Dgi . Oy
Q,; — —Tm| 28 g } .
= —lm| ZH T, (5.8)
and
R Y dn(e)
Rgy = ﬁ/_oo dee O'my(e)T, (59)
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where
B Dy 0O
=t :
0 I (5.10)
1 V4
Umy(e) - _ﬁ hw%g qua

n(e) = 1/(e/*#8T) —1) is the Bose function at temperature T', € represents the energy,
V' is the volume in real space, and kg is the Boltzmann constant. The summation
includes both positive and negative frequencies. The most common source of the A,
is the external magnetic field which has been applied in many experiments measuring

the PHE. To describe this process, SPI was introduced.

5.2.1 Lorentz Force Effect with Born Effective Charge

After the first observation of the PHE in 2005, several researchers have tried
to explain the experiments theoretically [23, 24, 25|, and all of them focused on
the Raman-type SPI. Under an external magnetic field, the SPI in an ionic crystal

lattice has the form of [25]

Hr =) hg-(uq, xp,) (5.11)

where h, = — 2?\/&1(1 B if it is purely due to Lorentz force, m, and g, are the ionic mass

and charge at site o, u, and p,, are the vectors of displacement and momentum of
the a-th lattice site, respectively. If one assumes the magnetic field is along z-axis,
the SPI can be written as

H; = u” Ap, (5.12)

116



CHAPTER 5. PHE WITH FIRST-PRINCIPLES CALCULATIONS

where A is an antisymmetric block diagonal matrix in real space with the diagonal

0  heg
block being . However, using ¢, as the charge of the ion is not very

—ho 0O

accurate in real materials, and in fact, ionic materials do not have free charges.
Instead, charge property should be described by a tensor, i.e., the Born effective
charge tensor. Born effective charge tensor Z;-Cij describes the linear relation between
the polarization per unit cell along the direction ¢ and the displacement along the
direction j at site a under the condition of a zero electric field, which is equivalent to
the coefficient of the linear relation between the force on an atom and the macroscopic
electric field. These two coefficients are both related to the mixed second-order
derivative of the energy over a macroscopic electric field and atomic displacements
[103].

If we take a careful look at the form of SPI, it can be found that it has the similar
form as the Hamiltonian containing a Lorentz force, therefore, to generalize it to

couple with the Born effective charge, we should start from the magnetic energy.

The energy of a magnetic moment is
Vin=—m"- B, (5.13)

where usually m = £7r X v, e is the charge of the particle. Since the Born effective
charge is a tensor, we should insert it into the equation carefully. A reasonable
argument is from the way Born effective charge acting on the electric field, which is
ZTE. Here we take the transpose of Z because the first index of it is associated
with the electric field [103]. If we change the reference system so that the charge
appears to move with a velocity v, it will also feel a magnetic field E — E + v x B.
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Therefore, Z* should act on v x B, not on B directly. Moreover, in electronic

system, the rate of change of the polarization is ‘Z—f = eZv. Analogous to this, we

propose that in magnetic case, Z acts on v. However, this replacement breaks the
antisymmetry over r and v. To restore it, we add a term with Z act also on r so

that the energy becomes

vV, — _Z[,« x (Zv)+ (Zr) x v] - B
— _Z[((UZT) X B) v+ (v x B)-(Zr)]

(5.14)

e . .
= —Z[UiZkiBlekl]rj + e, By, Zymj]

=——[w-(Z"xB+Bx2Z)-r].
Then compare it with the form of the SPI, H; = u? Ap = —p’ Au, we can conclude

that

(&

A—
4M,

(ZI x B+ B x Z,). (5.15)

5.2.2 Analytic and Non-analytic Part of the Dynamic matrix

In standard solid state physics, the dynamic matrix is given by

1 )
3" Dy (15315 B =R (5.16)

Dnn’(]]/7q) = T
,/Mij/ v

where n represents the total degrees of freedom within the unit cell, M; is the atomic
mass of atom j, ® is the force constant matrix, R; locates the unit cell, and q is the
wave vector. By Diagonalizing this matrix, one can obtain the eigenvalues. However,
this analytic dynamic matrix alone cannot correctly describe the phonon dispersion
of ionic solids sometimes. There will be a so-called LO-TO splitting at I' point in
ionic materials because the Fourier transform of the long range Coulomb interaction
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is not well-defined at T" point [104]. To capture this splitting, we need to add a

non-analytic part of the dynamic matrix [103],

DA q) = —— AT Z Dn(Zj @)
" 7 1/Mij/ vV q-€°q

where V' is the volume of the primitive cell, Z; is the Born effective charge tensor of

(5.17)

atom 7, € is the dielectric constant tensor. ALAMODE provides two ways to add

this non-analytic part. One is the Parlinski’s way [105],
Diotar = D(q) + DM (q)e /7", (5.18)
where o is a damping factor. The other one is the mixed-space approach [106],
Dioral = D(q) + DNA(q)]if Z ol (Ry—Ry) (5.19)
7

We choose the mixed-space approach since it does not need an extra parameter.
Both the analytic and non-analytic part of the dynamic matrix are explicit, therefore,
it is easy to calculate their partial derivatives over q which are required in the PHE

framework.

5.3 Numerical Details, Results and Discussions

Dynamic matrix, vector potential, and Berry curvatures are the ingredients to
calculate the phonon Hall conductivity. We determine the structures of the materials
based on first-principles calculations using Quantum-Espresso (QE) [107], then
calculate their interatomic force constants (IFC) up to the fourth-order with the

help of the AIMD package in QE, and finally using the ALAMODE to extract the

119



CHAPTER 5. PHE WITH FIRST-PRINCIPLES CALCULATIONS

corresponding dynamic matrix including both analytic and non-analytic (with LO-
TO splitting) part. We assume the vector potential is just from the SPI introduced
in the last section with the block diagonal A matrix. The Born effective charge
dyadic is calculated by ph.x module in QE. As for the Berry curvatures, the equation
is too abstract to be used in a real calculation, but fortunately, convert it to a
more explicit form using the eigen equation is already a common skill in topological
physics. Taking the z-component of the Berry curvature as an example:

T OH )
. Vi 5gs Vit i g, Vi
Qj,qqu = —Im Z V2
G£5! (wj — Wy + “7)

- (Qm e Qy> ) (520)

where w; is the eigenfrequency in the Eq. , 7 is related to the inverse of the
phonon lifetime to avoid infinity when there are degenerate points. Since both the
analytic and non-analytic part of the dynamic matrix have explicit formulas, and
the SPI is independent of g, the Berry curvatures can be explicitly worked out.
Thereafter, the phonon Hall conductivity can be obtained by the summation of the

weighted Berry curvatures in the first Brillouin zone.

5.3.1 Numerical Results for NaCl

In 2011, Agarwalla et al. have calculated the PHE in NaCl using “General
Utility Lattice Program” (GULP) with a Coulomb potential and a non-Coulomb
Buckingham potential [29]. However, at that time, they used a not quite correct
theory and their approach was still model-based. Therefore, we recalculate the PHE
in NaCl in first-principles as a new benchmark. In our first-principles calculations,
we apply structure optimization with the PAW-PBE pseudo-potential for Na and
Cl to determine the lattice constant which turns out to be 5.65 A with the energy
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cutoff being 500 eV, and we use a 2 x 2 x 2 supercell to calculate the IFCs. After
several convergence tests, a 50 x 50 x 50 grid and an 8 x 8 x 8 grid, are employed
in calculating the dynamic matrix according to Eq. (5.6) for g and ¢’ respectively.

The small 7 is chosen to be 0.1 cm™!.

300 300
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Figure 5.1: (a) Phonon dispersion of NaCl at 7' = 300 K without magnetic field.

(b) Phonon dispersion of NaCl at 7' = 300 K with an external magnetic field being
3 x10° T.

Figure [5.1](a) shows the phonon dispersion of NaCl at 7" = 300 K without an
external magnetic field with LO-TO splitting included by the mixed-space approach
[106]. It can be seen that in Fig. [p.1]a) there are many degenerate points. If we
apply a magnetic field (along z-direction throughout the paper) of 3 x 10° T, those
degenerate points will be lifted especially for the two TO modes as Figure (b)
illustrates. Therefore, the role magnetic field plays is to open gaps in the phonon
dispersion. Since NaCl has a simple structure, the branches in phonon dispersion can

be well separated from each other by the applied magnetic field. As a result, we can
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draw the corresponding Berry curvatures of each branch, which are shown in Fig. |5.2
Certain symmetries are observed in Fig. [5.2, The first and second acoustic branches
are almost opposite to each other, so are the first and second optical branches, while
the third acoustic branch and the third optical branch have their own patterns. This

behaviour is consistent with the phonon dispersion of NaCl.
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Figure 5.2: The Berry curvatures of six positive branches in b; — by reciprocal plane
of NaCl under the magnetic field B = 3 x 10° T at temperature 7' = 300 K, where
by = 2 (—Gu + Gy + 4.), bo = (¢ — Gy + §.) are the two of three basis vectors
with a being the lattice constant. The horizontal and vertical axes represent the
fraction of by and by in the range of (—0.5,0.5). The unit of the Berry curvatures is
a, where ag is the Bohr radius. From (a) to (f), the associated eigenvalues are in
ascending order.

Figure[5.3|illustrates the dependence of the phonon Hall conductivity on magnetic
field and temperature. It can be seen that as the temperature goes to 0, conductivity
also decreases to 0. This is a favorable correction compared with the blowup of
the conductivity near 0 K in Agarwalla et al.’s plots. For a small magnetic field,

the magnitude of the conductivity is roughly linearly growing up, and when the
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Figure 5.3: (a) Phonon Hall conductivity versus the applied magnetic field at T = 50

K and 7' = 100 K respectively. (b) Phonon Hall conductivity versus temperature at
B=3x10°T and B =5 x 105 T respectively.

magnetic field increases further, the magnitude starts to decrease, the same behavior
as that in Agarwalla et al.’s results. However, the conductivity does not change sign
in the same range of the magnetic field. Moreover, the magnitudes of our results are
about one order larger than Agarwalla et al.’s, which is another progress of the ab
initio approach for stronger PHE can more easily be measured in experiments.
Although we obtain observable values of the phonon Hall conductivity, it requires
a rather large magnetic field, about 10° T at least. In experiments, a magnetic field
with an order of magnitude 1 is enough to induce observable and even large phonon
Hall conductivity in complex materials [19} 21]. Therefore, it deserves to implement

our approach in some much more complicated materials such as materials in the
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family of perovskites.

5.3.2 Numerical Results for BTO

BTO has a large dielectric constant, and it was argued that it is due to its
soft optical phonons [46] at T point. Previous study implies that a large dielectric
constant could result in large phonon Hall conductivity [30], therefore, we calculate
the PHE in BTO to verify this point. At different temperature ranges, BTO has
different structures, while this structural diversity is difficult to be precisely caught
by first-principles calculations [108]. Therefore, for simplicity, we still choose the
simple cubic BTO to implement the calculation. PAW-PBE pseudo-potentials for
Ba, Ti, and O are employed with a 2 x 2 x 2 supercell to calculate the dynamic
matrix. The lattice constant is optimized to be 4.024 A, and the energy cutoff is set
to be 800 eV. q and ¢’ grids are 50 x 50 x 50 and 8 x 8 x 8 respectively. The small
7 is still chosen to be 0.1 cm™!.

The phonon dispersion of BTO at T'= 60 K is illustrated in Fig. where the
two soft TO modes can be clearly seen near I point whose frequencies are close to 0.
Applying magnetic field results in a similar behavior as in NaCl which is trying to
open gaps in dispersion. Since our goal for NaCl is to provide a benchmark while for
BTO is to compare with experimental values, we use a reasonably large magnetic
field with an order of magnitude 1 in this case. Within this range, the phonon
dispersion almost remains the same under the magnetic field, therefore, it is not

necessary to demonstrate it here.

Similar to Fig. Figure[5.5)shows the behaviors of the phonon Hall conductivity
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Figure 5.4: Phonon dispersion of BTO at T'= 60 K without magnetic field.

against the magnetic field and temperature. Figure (a) is drawn at 60 K for
this is roughly the lowest temperature range that first-principles calculations can
correctly address the soft optical phonons in BTO [46]. Again, for a small magnetic
field, the Hall conductivity demonstrates a linear relationship with the magnetic
field. For large fields, the phonon Hall conductivity also becomes large and even has
a sign change. Figure [5.5(b) is under a magnetic field of 16 T, the absolute value of
Hall conductivity increases at first and reaches a peak near 150 K, then starts to
decrease. However, the order of magnitude is two orders smaller than the order of

the experimental values in STO. Although STO and BTO are different materials,
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they have very similar crystal structures and both have soft optical modes at low

temperature [45]. Therefore, we think the comparison is reasonable.
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Figure 5.5: (a) Phonon Hall conductivity versus the applied magnetic field at 7" = 60
K. (b) Phonon Hall conductivity versus temperature at B = 16 T.

We note that when we increase the magnetic field, the phonon Hall conductivity
in the BTO encounters a sign change. Since the conductivity is just the sum of the
weighted Berry curvatures in the first Brillouin zone, we should observe clues for the
sign change from the Berry curvatures and phonon dispersion of the BTO. Usually,
the great change of Berry curvatures comes from band-openings or band-crossings.
However, monitoring the evolution of each branch in the BTO is not a good idea. In
the phonon dispersion of the BTO, many branches are deeply entangled so that we
cannot always distinguish each branch correctly traveling around the whole Brillouin
zone, neither the Berry curvatures of each branch. Moreover, the phonon Hall

conductivity is an overall effect summing over all the weighted Berry curvatures so
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we cannot only analyze the individual Berry curvatures along the high symmetry
path. Therefore, we decide to simply split the branches into two groups, three
acoustic branches and twelve optical branches, and draw a plot of contributions to
the phonon Hall conductivity of the two groups, which is the Fig. 5.6, Comparing
with the Fig. [5.5{a), we can conclude that the acoustic contributions are larger than
optical for small magnetic fields so that the total conductivity is negative initially,
and when the magnetic field surpasses some value, the situation gets reversed. Once a
small magnetic field is applied to the system, the degenerate branches will be slightly
lifted (points near the I' point are dominant) so that the Berry curvatures rapidly
increase as shown in Fig. [5.6] Initial tiny gaps nearly produce symmetric Berry
curvatures (dominated by the same 7 in the Eq. ) among all the branches.
However, due to the © function, the acoustic branches with much smaller eigenvalues
will contribute more resulting in a negative conductivity (with a transformation,
it is valid to just consider the positive branches [2]). When the magnitude of the
magnetic field keeps increasing, by zooming in the phonon dispersion, we find that
the gaps in the acoustic branches grow faster than those in the optical branches
against the magnetic field. As a result, the magnitude of the Berry curvatures of
the acoustic branches decrease faster than those in the optical branches. The slopes
of the two groups in Fig. [5.6] verify this statement. Finally, at some value of the
magnetic field, the optical branches contribute more to the phonon Hall conductivity
so that a sign change shows up.

Why are the results so small? Our intuition is that the spin-phonon interaction,
in this case, is too weak for it cannot even remove the degeneracy of the soft optical
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Figure 5.6: Mode-dependent contributions to the phonon Hall effect for varying
magnetic field at T'= 60 K. The red squares stand for the acoustic contributions
and the blue dots for the optical contributions.

phonons. With this degeneracy, although we have soft optical phonons, their effects
just get canceled. This canceling can be easily checked by looking at the mode
contribution to the phonon Hall conductivity. However, currently we have no idea
what are the suitable ingredients to open a gap between soft optical phonons from
first-principles calculations, and we would like to leave it as an open question that
deserves our further exploration. Therefore, we perform a numerical test to open a
gap by hand.

There are two ways to manually open a small gap at and near the I' point, one
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Figure 5.7: (a) Open a small gap by manually lifting 1% of the value of the higher
soft optical phonon branch at and near I' point (the chosen range is where the
frequencies are lower than 100 cm™'). (b) Open a small gap with the same value
and range as (a), but by manually lifting 1% of the value of the lower soft optical
phonon branch which will introduce band-crossing points near I' point. These two
operations can be imagined considering a partially degenerate two-level system.

is to lift the higher soft optical phonon branch and the other is to lift the lower soft
optical phonon branch. The latter one will induce band-crossing points near the
I' point. Figure shows the Hall conductivity after these two operations. It can
be seen that their magnitudes are indeed enlarged to be close to the experimental
values. These two operations result in opposite signs, and usually the phonon Hall

conductivity experiments measured has a negative sign.

5.3.3 Discussions for STO

Last year, an experimental group found a large phonon Hall conductivity in
STO under the magnetic field around 15 T. Therefore, we also explored the PHE in

STO by first-principles calculations. Since BTO and STO have a similar structure,
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the numerical details are almost the same as BTO except for the pseudo-potential
files. Our optimized lattice constant for STO is 3.852 A based on the PBEsol
exchange-correlation functional for Sr, Ti, and O [109], which performs better
than other functionals and is consistent with the previous experimental value [110]
and theoretical calculation [43]. However, we cannot obtain large phonon Hall
conductivity even after manually open a gap, and the order of magnitude is still two
orders smaller than the experiments in STO. The failure could result from many
reasons. Firstly, we choose a cubic structure while at low temperature, STO has
different phases of structure. Secondly, we expect there should be soft phonon modes
with frequencies being close to 0 near I" point so that the dielectric constant of the
STO will be as large as 10* at low temperature, while our current approach utilizing
ALAMODE cannot produce that soft optical modes, and the dielectric constant we
obtained is about three orders smaller than expected. Thirdly, perhaps we cannot
produce large PHE with the SPI.

Right after the experiment, a theoretical paper by Chen et al. discussed this
experiment in detail [30]. The authors pointed out that with Qin’s theory, the phonon
Hall conductivity can only be about four orders smaller than the experimental value.
Although our results are two orders smaller, it is not enough. Moreover, according
to our observation, the SPI we used is too weak to open a gap between two soft
phonon modes at I' point. Therefore the degeneration may cause canceling during
the calculation. We obtain large values as those in the experiment if we open a
gap by hand in BTO (not in STO for we cannot produce soft phonon modes in
STO). In Chen et al.’s paper, they also provide another direction to explain the
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experiment, which is using the Boltzmann transport theory. With their approach,
they made a successful prediction of the ratio between the longitudinal conductivity
and the phonon Hall conductivity. However, there is another new experiment in
STO challenging their theory. Just by replacing the 10 in STO with the isotope
180, researchers found that the phonon Hall conductivity will be reduced by two
orders [31]. It is difficult to explain this behavior using Boltzmann transport theory
for the replacement only changes the mass. Moreover, it is unnatural that we can

only explain the PHE with macroscopic methods.

200 /\
—— without SOC
600 | e With SOC
i
g 400
3
2001
0 |

r X M r R M

Figure 5.8: The phonon dispersion of the STO with and without the SOC at 0 K.
The black solid line stands for the case without the SOC, and the red dotted line
for the case with the SOC.
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When there is an external magnetic field, the ion will experience two effective
vector potentials: one is from the real magnetic field (the SPI in our case), and the
other is from the “Berry phase” due to the phase of electron ground state, which
was first pointed out by Mead and Truhlar [86]. The latter one has already been
considered in Qin’s theory, and Saito et al. have discussed in detail how to include
it in a square lattice model [27]. However, it seems that nobody knows how to
calculate this electron-related vector potential in first-principles calculations. Another
electron-related physical process is the spin-orbit coupling (SOC) of electrons. In our
consideration, the SOC may affect the PHE in two ways. First, the SOC may relate
to the electronic “Berry phase”, but we cannot deal with it yet. Second, the SOC
may modify the phonon dispersion directly [111, 112]. As a quick exploration, we
calculate the phonon dispersion of the STO turning on the SOC at zero temperature,
which is illustrated in Fig. [5.8 It can be seen that the effect of the SOC is so weak
that the phonon dispersion almost remains the same. Although previous research
reported the SOC in the STO-based heterostructures |[113| and gating system [114],
there are no studies on the SOC in bulk STO or BTO before. Therefore, the high
temperature effect of the SOC in the STO or BTO deserves future exploration.
Besides, in our calculations, we do not take care of the cubic potential term which
is related to the phonon lifetime. Qin’s theory starts from the harmonic assumption,
therefore we cannot deal with cubic term with this theory. Currently, we simply add
a small constant value n in the Eq. to represent the inverse of the phonon
lifetime. Although we can tune the n to modify the phonon Hall conductivity, a
systematical theory for PHE considering the cubic term should be developed in future
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work. Therefore, we think the experiments still lack a microscopic explanation, and
our intuition is that it may be relevant to the inner electronic topological structure
of the STO or the cubic potential term in the STO, which is a future project to

explore.

5.4 Summary

In summary, we introduce an approach to calculate the phonon Hall conductivity
in real materials using first-principles calculations, and apply it to NaCl, BT O, and
STO. Although the approach is very direct, it highly relies on whether first-principles
calculations can predict materials properly and how to introduce the effective vector
potential in materials. We have provided a benchmark of the PHE in NaCl to
be examined in the future, and based on our calculation, there is still a gap to
address soft phonons in STO using first-principles calculations. We conclude that
SPI is not a good candidate to explain the PHE in real materials, and propose
that the inner electronic structure or cubic potential term in STO may be possible
directions to explore in future work. Finally, we think the relationship between the
soft mode and kg, is far from clear quantitatively and needs further exploration.
This study provides an effective route to capture the PHE from the accurate first-
principles calculations in any real materials and has implications in promoting

related experimental investigations.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

This dissertation explored the electron and phonon dynamics within the electron-
phonon interaction. Multiple methods such as the nonequilibrium Green’s function,
Boltzmann transport equation, Green-Kubo formula, and density functional theory
were employed to investigate the dynamics.

To inspect the electron dynamics coupled to phonons, a general nonlinear
Schrodinger equation was derived to describe the evolution of electrons. How-
ever, this nonlinear equation is too complex to be solved numerically. Therefore, we
split it into two equations, one for electrons and the other for phonons, and then
we solved the coupled equations by molecular dynamics method. As an application,
we applied our method to the 1-D SSH model with single electron. The results
indicated the charge transport in this case with examined parameters is bandlike
meaning that the diffusion constant decreases as the temperature increases. This
behavior contradicted with the prediction derived by the BTE method both qualita-
tively and quantitatively. Therefore, the BTE method is inapplicable to this 1-D

model. The reason we attributed to is that the BTE method incorrectly counts more
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scattering events than what really occurs in 1-D case. Subsequently, we explored
single electron’s transport in a quasi 1-D polymer, the poly(Ni-CyS,), with data
provided by our collaborator from first-principles calculations. In this polymer, the
phonons lie in three dimensions while the electron still moves in one-dimensional
space. Therefore, our simulation only differed quantitatively from the BTE method,
both of which indicated high conductivity in this polymer except higher values
implied by our results. Unfortunately, we could not explore further with larger size
and longer simulation time due to the complexity of the polymer.

For the phonon dynamics, we focused on the phonon Hall effect, which has been
a rather intriguing area in recent years. Summarizing previous research, we provided
a general description of the PHE and a thorough derivation of the phonon Hall
conductivity. Currently, all the experiments and theoretical mechanisms require
a significant magnetic field, while generally, a magnetic filed is not necessary as
long as there is a source of the effective vector potential. Therefore, we proposed
a mechanism of the PHE induced by electric current with the help of the EPI.
In this mechanism, only a very weak magnetic field was needed to perturb the
phonon system in a graphene-like lattice model. The dependence of the phonon Hall
conductivity on the drift velocity of the driving current and on the temperature were
studied. It was found that the magnitude of the conductivity grows linearly against
the increasing drift velocity in the perturbative region. With increasing temperature,
the PHE becomes stronger, while the exact relation could not determined. The
topology of this system was kind of trivial without jumping of the Chern numbers.
We also discussed a way to observe this current-induced PHE to be examined by
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experiments.

As a first attempt, we linked the general theory of the PHE with first-principles
calculations trying to bridge the gap between experiments and theoretical research.
We obtained dynamic matrix and effective vector potential (provided by the spin-
phonon interaction in our calculation) with the help of the first-principles packages,
and then substituted them into the framework of the PHE to calculate the phonon
Hall conductivity. Our first goal was to provide a new benchmark of the PHE in NaCl
which has been explored in previous work. A major revision that PHE disappears
when temperature goes to zero and a minor revision about the magnitude of the
phonon Hall conductivity were achieved. Another goal was to investigate the PHE in
perovskite BTO/STO since large PHE has been observed in experiments. According
to previous research, soft phonon modes should play a crucial role in determining
the PHE. However, although we successfully produced soft phonons in BTO from
first-principles calculations, the results are much smaller than experimental values.
With further exploration, we found that the two soft modes are degenerate, thereby
the dominant Berry curvatures they produce cancel each other, and if we manually
open a small gap here, the Hall conductivity will be comparable with experiments.
Therefore, we thought the SPI we used to generate the effective vector potential was
too weak to break the degeneration between soft modes. However, PHE in STO is
more challenging since first-principles calculations cannot predict its structure at
low temperature correctly. The results we obtained in normal STO cannot explain
experiment even if we manually open the gap between soft modes, but they are close
to the measurements in SrTi*®*Qs, which could be an inspiration for future research.
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There is still a long way to go to fully understand the PHE in real materials. New

theory and better tools are in demand.

6.2 Future Research Directions

For electron dynamics, our current implementation only considered 1-D or quasi
1-D models with phonon baths. Therefore, the model settings can be enriched such as
adding electron baths, setting different temperature for baths, applying electric field,
and so on. Since we found the BTE method does not give a consistent prediction in
1-D with our simulation, we may seek a way to improve the BTE method in future.
Moreover, we have tried to detect a polaron in our model but failed, and currently,
polaron physics still lacks investigation, which is another valuable future direction.

Although this thesis has dived into the field of the PHE deeply, we have not
reached the end of the story. New ingredients are needed to explain experiments
with current microscopic theory, and possible candidates may be the inner electronic
structure or other anharmonic potential terms, for exampe, cubic potential of the
materials. To capture the inner electronic structure, we need to find a way to
compute the electron Berry connection A(R) = ih{a(R)|V|a(R)) in Mead and
Truhlar’s theory by first-principles calculations directly. There is also a possibility

that better theory for the PHE should be developed.

We believe the above (but not limited to) future research directions will advance

the methodologies presented in this thesis and boost our understandings to associated

fields.
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