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Outline of the talk
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« Method of nonequilibrium Green’s functions

« Applications
 Thermal currents in1D chain and nanotubes
« Transient problems

* Full counting statistics
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Fourier's law for heat conduction

J=—xVTI

f[w] = joo f(t)e™dt

—00

Fourier, Jean Baptiste Joseph, Baron
(1768-1830)



Thermal conductance

where | : thermal current, J :current density
T,, T, :temperature of left and right lead
o . conductance

k. conductivity
S : cross section area



Thermal transport of a junction

Junction
Left 6o 00 o % Right
Lead’ TL o o OOZ © A o Lead, TR

semi-infinite
leads
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H=H +H.+H,+H" +H""+H_

Ha:%p;pa+%u;K“ua, u=+mx, a=LC,R
HaC = U;VQCUC, ua :(U?)

H = %ZTijkuCufuf +%2Tij.klucufukcu,C

i i
ijk ijki

Junction

Left 5 o°% o ° b Right
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Force constant matrix

key O
koLo kOLl VLC 0
0 kp ki
"""""" V CcL K C \/ CR
K KR o
0 VF kS kY K
' 0 kyp ki

ICTP workshop 2012



Definitions of Green’s functions % US>

 Greater/lesser Green'’s function
> 1 I 1 < 1
Gi(t,t) =——{u;Ou, (t)) = G4t )

 Time-ordered/anti-time ordered Green’s function
G'(t,t")=0(t-t")G (t,t") +O(t'—t) G=(t,1"),
G'(t,t") =0(t'-t)G”™ (t,t")+ Ot —t") G (t,t")

- Retarded/advanced Green’s function See text books, e.g.

Gr(t,t')zg(t_t-)(G>_G<)’ H. Haug and A.-P.

Jauho, or J.

a N O > A< Rammer, or S.
G (t’t)_ (9('{ t)(G G ) Datta, or Di Ventra
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Contour-ordered Green’s function

Gy (17 =~ {Tet (D), (7))

Tr

[ H()dr

p(tO)TCuj,Tuk,T'e "

Contour order: the

operators earlier on

T,
the contour are to @—
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Relation to the real-time Green’s
functions

t—>((t,0), or 7=t°, o=%

| _G++ G+—_
G(r,z)—> G (t,t") or
(z,7) (t, 1) & G-
G++ :Gt, G+— :G<
G =G>, G =G'
t+
— —O—

G +G =G'+G' ‘ ° —
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Equations for Green’s functions (in
ballistic systems)

a—zzG(z',r')+ KG(zr,7')=-0(r,7")I

oT
J

;_ZZG""'(t,t') +KG™'(t,t') =—05,, 5t —t")]
I

82

ye“a* (t, 1)+ KG"*'(t,t") =—o(t—t")]

;_Zet(t,t') +KG'(t,t) =5t -t")I

ﬂ
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82 r,a,t I r,at [ [
EG At + KG 2 (1,1 = -5 (t -t
using Fourier transform:

—0°G" W]+ KG"*'[w] = —I

G [w] = (@’ —K) +c8(—K)+d8(w+VK)

G'[w] =G"[a] = ((0+in)*1 -K) ", 70"
G: = f(Gr —Ga), G = eﬂhwG< c and d can be fixed by

initial/boundary

{
G =G r + G< condition.




Transform to interaction picture

Gy (.7 = {u; (PJu ()
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=Tr

=Tr

p(tO)TCuj,ruk,r'e_% )

P Teu; (D (z)e

chr',(r")dr
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Perturbative expansion of contour
ordered Green’s function

G, (z, r)——%<T U (2)u, (z)e e >

:_h<T u, (7)u, (r)<k1——J‘H (z,)d7, + 21(——) jH (rl)drle (Tz)dfz} >

=—%<Tcu,-(r)uk(r')>+§(—% <T ) @[] 2 320 i (772075 )th () ()u, (7 )

-m = °Pq(74’TS'Te)Uo(Q)Up(Ts)Uq(Te)dr4dr5dre>

opq

=Gy (.7 )+---<Tcu,-(f)uk(f W, (71)Um(T2)Un(Tg)Uo(T4)Up(T5)Uq(76)>+---
! (Wick's theorem)

See, e.qg., A.
L. Fetter & J.
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Diagrammatic representation of
the expansion

— + 2ih —(O)— +2ihj>_

o

G (7,7) =G, (7,7) + 7,7,)2, (7,,7,)C o (7,, 7 )d7,d 7,
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Diagrammatic representation of =NUS
the nonlinear self-energy

? +(:8) '@' +(-8) -C)— +(-8)

+(4)$+(4)@ +(-2) +3iQ +(-6)'@' +(9)
0 00 S +<m8+<6><§ +<ﬁ%
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Explicit expression for self-energy

oo’ oo oo da)
n, jk [w] 2IZ:lem rsk J GO Ir [a) ]GO ms[a) w ]E G
Imrs
+2i68, . Y o"T, T, j G [01GS . [w ]_ i)
Imrs o"
+0O(T Jk)
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General expansion rule

2=;>®_ = 2;§ih + i{z// ® +'Gi. L,
3/ .. 3/ .. 3/ .. 3 .
1 ‘ 1./" }
tlo—p, * T o2 —g
3/ . 3/
Single line GO(T,T')
3-line vertex T (zi 7,7 )
n-double line i
- ij...j (7'-; 21"'1Tn):__<T uj (Tl U, (Tz)“'uj (Tn)'

vertex
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Junction systems FNUS

« Three types of Green’s functions:

» gfor isolated systems when leads and centre are
decoupled

« G, for ballistic system
 Gfor full nonlinear system

Equilibrium at T

Governing
Hamiltonians H+H-+HR +V +H
H +Ho+Hg +V
G
W G Green’s function
0
d, - -

t=—o ‘
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Three regions NUS
(UL\ (Ui\

U= uC ’ UL: UE : uC:...
\uR) e

G, (r,7') = —%<Tcua (r)uﬁ(r')T >, a,f=L,C,R
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Dyson equations and solutions
G 0= gC_I_gCZGO! Z:VCLgLvLC _I_VCRngRC
G=G,+G,2,G

Gy =((@+in)? 1 K -27) ", 0
G, =G,2°G, (Keldysh equation)

r r\— r -1
G"=((Gy)*-2) .
G*=G'E:G* + (1 +G'=[)G; (I +23G?)
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Energy current (Meir-Wingreen)

} =—<d;L>=<u[VLCuC>

= —%TTr(V LCGSL[a)])ha)da)

:__jTr (G'[w]z{[w]+ G [w]z}[w] ) hodw
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Landauer/Caroli formula

dH, \ ¢ . d
| :—< dtL>: | hoTr(GLT G T e )(f, - fR)Z—”
0

r, =iz} -%%)

G- =G'2XG? ix=fI +fTI,
G*-G' =iG'(I' +I';)G"
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Ballistic transport in a 1D chain

* Force constant matrix
—k
-k 2k +k,
—K
0
0

« Equation of motion

Ui =ku;_, —(2k +ky)u; +ku

j+11
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Solution of g

« Surface Green’s function

((0+in)* —K*)g, =1, n—0'
2k +k, -k 0 I
| K 2kek ko0
0 -k  2k+k, —k

0 0 —k |
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Lead self energy and transmission

" KA 0 0 - y Tl
O 0 0 O -
2, = , -
O 0 -. O
b ~p0 GINCE

\Z
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Heat current and “universal”
thermal conductance

dw
|, = | hoT|w]( f, — 1
j [@]( o= fo)-
_ lim ||_ jha)af da)’ £ hl
oRT =T, J o aT 27 el 1
21, 2
SUUELL LI SN
3h
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1D nonlinear model

0.5

o o
w SN

Conductance (10_9W/K)

0.1
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mean-field

ballistic

Three-atom
junction with
cubic
nonlinearity
(FPU-a). From
JSW, Wang,
Zeng, PRB 74,
033408 (2006).
Cross + from

| QmD:Jsw,
Wang, Lu, Eur.
Phys. J. B, 62,
4(|)0 | 6(|)0 8(|)0 1000 381 (2008)-
Temperature (K)
—QOOOOQECDEOOOOOOOO—
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Carbon nanotube, nonlinear effect

18 - | N The transmissions in
o 1= 4 s | 3 0NG-uNIt-COI
- carbon nanotube
s N T Ny junction of (8,0) at
£ 12- | wilbasl 300K. From J-S
2 kR I ? i Wang, J Wang, N
E Zeng, Phys. Rev. B
£ 74, 033408 (2006).
0 . .

T T T
250 300

T T T
50 100 150
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Transient problems

2 1 0]

semi-infinite left lead N '\

1

semi-infinite right lead

coupling is switched on at =0

H,=H, +H,

rHO’
H(t) =<

| (t) = 7k Im
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OG"(t,t)

t<0

Hy+uV=u,, t>0

ot

bt =t
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R L R R L L T
——» = .—© ________ P e
T, B2 T, - T, . T,
G g g O o "/t
T2
R R L L R L
+ T‘l ©ra """" @:'Tb T, Contour C
g" g g™

G (r,7") = jdrlgR(r—rl)V g (¢, - 7")
C

+jdrljdrzgR(r —, Vg (r, -7, VG (7, 7")
C C
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current [nW]

first-order

14 all orders
40 H | / B
80 | K first-order |
-120 (a) - % (b) -
_160 L L L L L L
0 10 20 3 40 O 10 20 30 4

time [1074g]
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time [1071g]

-120

-160
0

The time-dependent
current when the
coupling is suddenly
switched on. (a) Current
flow out of left lead, (b)
out of right lead. Dots
are what predicted from
Landauer formula.
7=300K, £=0.625
eV/(A2u) with a small
onsite A;=0.14. From E.
C. Cuansing and J.-S.
Wang, Phys. Rev. B 81,
052302 (2010). See also
PRE 82, 021116 (2010).
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Finite lead problem U2

' I
100 /
0

[nW]

Ikgkgkgkl Ikgkgkgkl
7] kO kO kO kO kO IQ)
Ng, Tq

(a) - N, T,

(a) two separate & stems

current

N, +Np

(b) combined ¥ stem

| | | |
0 50 100 150 200 250 300 350 400

time [107"s]

Top 1: no onsite (k=0), (a) M =
Ng = 100, (b) M =Nz=50,

temperature 7=10, 100, 300 K z
(black, red, blue). ;=117 Tx=  _
097 5
Right : with onsite 4,=0.1kand 5

similarly for other parameters.
From E. C. Cuansing, H. Li, and
J.-S. Wang, Phys. Rev. E 86,

031132 (201 2) Y0 50 100 15(t)ime 20[(10_14 SjSO 300 350 400
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ANUS
National University
of Singapore

Full counting statistics (FCS) %

 What is the amount of energy (heat) @Q transferred
in a given time £?

« This is not a fixed number but given by a probability
distribution A Q)
» Generating function |
2(¢)=]e*°PQ)dQ
* All moments of Qcan be computed from the
derivatives of Z

* The objective of full counting statistics is to compute

Z9).

‘ﬂ

ICTP workshop 2012 34



A brief history on full counting —
statistics

« L.S. Levitovand G. B. Lesovik proposed the concept
for electrons in 1993; rederived for noninteracting
electron problems by I. Klich, K. Schénhammer, and
others

K. Saito and A. Dhar obtained the first result for
phonon transport in 2007

« J.-S. Wang, B. K. Agarwalla, and H. Li, PRB 2011; B.
K. Agarwalla, B. Li, and J.-S. Wang, PRE 2012.
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Definition of generating function NS
based on two-time measurement

7 = Tr[p' eié‘HLe—ifHL(t)] Consistent

history quantum
mechanics (R.

p = Z P.oP, Griffiths).

H |a>=ala>
H, (t)=U(0,t)H U(t,0)

| l’ - — 1 .
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Approaches to compute £

- EXpress Zas expectation value of some effective
evolution operator over a contour

« Evaluate the expression using

« Feynman path integral/influence functional

« Feynman diagrammatic expansion
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Product initial state

pcpec || e, [P,HI1=0, p'=p

a=L,C,R

Z =Tr| pelte 0]

T :peifHLU (0,t)e”"U(t, O)]

= Tr[ pe 20 (0, )¢ U (1, 0)e' ™
= Tr[ pU,,,(0,0U ., (t,0)]

U (t.t") = IXH | K e—ixHL




U (t t' ) e'XHLTe jH(t)dte—ixHL
Ir Te—ELIHX(t)dt +

H, (t) =e""H (t)e™™
=" (H, +H;+H, +HY + H)e™
=H_ +H.+Hg +H" +e"H g™
=H, +H™ +(u)'V=u" =Hg + H{
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Schrodinger, Heisenberg, and
interaction pictures

Schrédinger W) >=U(tt)|¥(')> p = ZWi |1 ><1]|
picture _ '
in 9N ou )
Heisenberg AHa(t) :tU (0,1)AU(t,0), [P, >=|¥(0)>
p|Cture |h Ala—lt( ) _ [AH (t), HH (t)]
Interaction H=H,+H,
picture ;

|\, (1) >= e%HOt |P(t) >=S(t,t") |\, (t') >
oS(t,t') H e

= H, (t)S(t,t'), S(t,t')=Te " >t

17
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Compute Zin interaction picture

Z =Tr[pU,,,(0,0U_,(t,0)] —t_
_ e HGLL O —— -/t
=Tr[pT.e ] +2 Ty
i (O P
—Tr pTc{l—%jCH,(r)dHE(—%j [[HI@OH (= )dzdr+---H
| €26
=1+%Tr[chCLgEVLC]+---

InZ - —%Tr IN[l= go (ZF +5.)] = —%In det[(1— g.Z)(1 - G.=%)]

_ —%Trln[(l—Gto\)]
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Important result

INZ = —%Tr[ln(l— G,

Gy =0c +9c2G,, X=X +2, Zszi—ZL

>Nz, 7') =2, (¢ +1x(z), o' +hx(r')) -2, (z,7")
X(r) > x"(t)==-&/2if O<t<t,
X (t)=+&/21f 0<t <,

ﬂerwise |- -
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Long-time result, Levitov-Lesovik
formula

InzZ = —%Tr In(1-G,=%)]

I r K a—-b a+b ]
- —%TI‘ In{l_(Go Gaj{ a2+b azbl}
] 0 G, > 2 )]

~—t,, j “PIndet{l - GIILGT, (€ —1)f, + (€ —1) f, + (€9 + &9 —2) f T,

where
a=3;[ol(e?-1), b=x[a](E? -1)
=i(Z, -2%),a=L,R

P o

ICTP workshop 2012 43



Arbitrary time, transient result

InZ = —%Tr In(1-G,X})

\\_ 0'InZ
<<Q >>_ o(i&)"
oInZ 1 0%,
0\ = ==Tr| G, —L
<<Q>> <Q> (i &) o 2 r|: O@(if)}

(@) =(e")- @ - i
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Numerical results, 1D chain N2

20 40 60
— Y T e 1D chain with a
) 0ois o Single site as the
% ] g center.
A —oo1 A A= 1eV/(uA2),
4 1 9 k=0.1k
v —0005 v 7'=310K,
: . . ] 7:=300K,
0 T 7.=290K. Red
r,__-0.0001 0.00015< line right lead;
2 ool | % black, left lead.
A 1 -100001 A B. K. Agarwalla,
“oy-0-0003 1 1 o B.Li,and J.-S.
V00004 505V \Wang, PRE 85,
1 051142, 2012.
00005, 2|o | 4|0 | 6|0 o 2|0 | 4|0 | 6|0 —0
t, (10"%s) t,(10"s)
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FCS for coupled leads

—

KL VLC VLR_
K=|V®* K. V&, G=0g+9gVG
VRL VRC KR

INZ =-t, j —Indet{ [ (€ =) f,(W+ fo)+ (€7 —1) F 1+ fL)]Tg[a)]}

T,[0]=(G[:T:Ga T, ), fa:i[(g;)‘l_(g;)‘j,a:L,R
If center is absent V- =V f¢=0, then

T,[0] > T,[0] = (G T oG, )

From H. Li, B. K. Agarwalla, and J.-S. Wang, Phys. Rev. E 86, 011141
(2012); and arXiv:1208.4915
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FCS in nonlinear systems

« Can we do nonlinear?

 Yes we can. Formal expression generalizes Meir-
Wingreen

 Interaction picture defined on contour

« Some example calculations
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Vacuum diagrams, Dyson
equation, interaction picture
transformation on contour

oInZ :ETr.{G 05, }
o(ig) 2 | a(ig)

G=G,+G, (2 +Z,)G

- i L Hi@dr | 1
G(Z‘l,Tz)Z—%Tr p'T.u' (z)u'(z,) e o

L=LyL, p =pV(0,t,)V(t,,0)/Z,
O'(r) =V (0*,7)O(zx)V (z,0)

i LC

Ue +ugV “Rug)dz
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Nonlinear system self-consistent
results

9.6x10”

o
(=]
X
—_—
S,
&

J
v

<<Q2>>/(tM_to) [(eV)2 A

7.8x10°
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> (z,7") =3inAG(r, 7)o (7, 7")

2 4 6 2
A [eV/(amu2 A4)]

4.5x10™

2 4 6 3

A [eV/(amu2A4)]

4.8x10°

4.5x10°

6

4.2x10

3.9x10°

/s]

o

<<Q3>>/ (tM-to) [(CV)

Single-site
(1/4)Au* model
cumulants.

k=1 eV/(uA?),
k0=0.1 K,
K=1.1k,
VLG, =VCR, =
0.25k, 7,=660
K, 7g=410K.

From H. Li, B. K.
Agarwalla, B. Li,
and J.-S. Wang,
arxiv::1210.2798
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Other results

We can also compute the cumulants for the projected
steady state o

« Entropy production

 Fluctuation theorem, A ¢) = Z-£ +i(5s-8))

« The theory is applied equally well to electron number of
electron energy transport

™ -
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Summary remarks

 NEGEF is a powerful tool to handle thermal transport
problems in nanostructures

« Steady state current is obtained from Landauer and
Caroli formula

* New results for transient and full counting statistics. A
key quantity is the self-energy 2, A

. g | »
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Thank you

see http://staff.science.nus.edu.sg/~phywijs/ for

more information



http://staff.science.nus.edu.sg/~phywjs/�
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